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This paper studies the chaotic behaviours of a relative rotation nonlinear dynamical system under parametric

excitation and its control. The dynamical equation of relative rotation nonlinear dynamical system under parametric

excitation is deduced by using the dissipation Lagrange equation. The criterion of existence of chaos under parametric

excitation is given by using the Melnikov theory. The chaotic behaviours are detected by numerical simulations including

bifurcation diagrams, Poincaré map and maximal Lyapunov exponent. Furthermore, it implements chaotic control

using non-feedback method. It obtains the parameter condition of chaotic control by the Melnikov theory. Numerical

simulation results show the consistence with the theoretical analysis. The chaotic motions can be controlled to period-

motions by adding an excitation term.
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1. Introduction

Since the theory of rotational relativistic mechan-
ics was first established by Carmeli in 198512 the ro-
tational relativistic system has been an active research
topic. In 1996, Luo set up the theory of relativistic
analytical mechanics of the rotational systems and ex-
tended the Hamilton principle, Lagrange equation and
Hamilton canonical equation on rotational relativis-
tic system.!34 Recently, the algebraic construction,
Noether symmetry and Lie symmetry of rotational
relativistic system have been researched.[®6 The the-
ory, the time and space construction and the geomet-
ric character of rotation are known. In recent years,
more attentions have been paid to the research field
on the rotational relativistic system. Many achieve-
ments have been obtained in this popular research
field, which include the dynamical characteristic of rel-
ativistic variable mass systems,["~9 the basic integra-
tion theory of the dynamics of a rotational relativistic
system,!'% the theory of relativistic analytical statics
of rotational systems,!'!] the basic theory of relativis-
tic Birkhoffian dynamics of rotational system,!'2—2"

etc. The stability, integral solution and series solution

for the relative-rotation motion equation have been re-
ported in Refs. [22]-[25]. The dynamic behaviours of
relative rotation nonlinear dynamic system have been
analysed in Refs. [26]-[34]. The chaotic behaviours
of a relative rotation nonlinear dynamic system under
nonlinear stiffness and nonlinear damping have been
investigated in our previously works.!3!

In this paper, the chaos and its control in a rela-
tive rotation nonlinear dynamical system under para-
metric excitation are studied by theoretical analysis
and numerical simulation method. The dynamic equa-
tion of system under parametric excitation is deduced
according to the dissipation Lagrange equation of an-
alytical mechanics. The criterion of existence of chaos
under parametric excitation is obtained by using the
Melnikov theory. The chaotic behaviours are further
verified by the numerical simulations including bifur-
cation diagrams, Poincaré map and the maximal Lya-
punov exponent. Furthermore, we implement chaotic
control by adding an excitation term. The chaotic
control is illustrated by theoretical analysis and nu-
merical simulations.

The paper is organised as follows. The novel
relative rotation nonlinear dynamical system under
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parametric excitation is presented in Section 2. The
chaotic behaviours of a relative rotation nonlinear dy-
namical system under parametric excitation are anal-
ysed in Section 3. The chaotic control is illustrated in
Section 4. Finally, conclusions are presented in Sec-
tion 5.

2. Dynamical system

Based on our previously works, 335 we study the
system of two inertial relative rotation under nonliear-
ity parametric excitation torsional rigidity and non-
linear damping force. The total kinetic and potential

energy of the system are given by

2

el R T Y
E= ; S 107 = S0 + S 103, (1)
1
U = §K [1 + f1 COS(Qt)] (91 — 92)2
1
+ZK1(01 — 04, (2)

where I; (1 = 1,2) is the moment of inertia; K is the
linearity torsional rigidity. fi cos ({2t) represents the
nonlinear parametric excitation item; Ky denotes the
cubic nonlinearity torsional rigidity of the system; 6;

(i =1,2) and 6; (i = 1,2) are angle of rotation and
rotational speed respectively.
The generalised force @Q; (i = 1,2) is given by

2

.00,
Q': Fiz 17
J 1:21 aqj

(] = 1’2)7 (3)

where F! = T; + F¢; T; is generalised force(generalised
torque); FY is generalised damping force; ¢; (j = 1, 2)
is generalised coordinates.

Suppose
Ff = —D(61 — 65), (4)
F5 = =D(02 — 61) + f (61 — 0), (5)
then
Fl =T, — D(6; —6,), (6)

F? =Ty, — D(0 — 01) + f(6; — 05), (7)

where D denotes linearity damping coefficient; f (91 —
92) is nonlinearity damping force.
Using the dissipation Lagrange equation

d OF 0OE 00U )
587%_87%+87%in (1=1,2), (8)

we obtain the following Lagrange equations of motion:

L6, + K [1+ ficos (2t)] (61 — 02) + K1(01 — 02)° + D(6, — 65) = Ty, (9)
Ly + K [1+ ficos(82t)] (02 —61) + K1 (02 — 91)3 + D(éz - 91) - f(91 - 92) =T, (10)

where 6;(i = 1, 2) is the angular acceleration. From Egs. (9) and (10) we obtain the following equation of

relative angle:

(61 — ) + %K [L+ ficos (20)] (01 — 02) + %Klwl —62)°
YL p ey I rG —dy = L (nm - ). (11)

11, 115

115

Let 6a = 01 — 02, 0a = 61 — 03, Oa = 61 — 03, ag = (I + ) /I I, f(61 — b2) = —a(fy — 62) + B(61 — 62)?,
a; = KCLQ, ag = Klao, bo = 12/11[2, b1 = Otbo — CL()D, b2 = 61)0, F(t) = boT1 + (bo — ao)TQ, we can rewrite

Eq. (10)

Oa + ay [1+ f1cos (28)] Oa + az0% — biOa + byb% = F(1). (12)

3. Chaos for parametric excita-
tion

Let a1 = w2, wot = 7, Op/A = ¢, a = by /wy,
b = bowoA?, ¢ = A%/wias, w = R/wy, F = 1/w3,

A=bof, Th =T>, =0, Eq. (12) is rewritten as
G+ [1+ f1cos (wr)] @+ c® —ap +bp> = 0. (13)

Let ¢ = ¢, ¢ = ¢ = 1, Eq. (13) can be rewritten
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as
¢ =1,
1,b = —[1+ ficos (wr)] ¢ — cd® + arp — byp>.

Consider the small parameter e, Eq. (14) is rewritien

(14)

as
¢ =1,
)= —¢—c¢3+€(aw—bz/)3 —flcos(w7)¢).

If e = 0, then Eq. (15) is considered as an unperturbed

(15)

system and can be written as

¢=1,
Y =—¢—cp’. 1o

The unperturbed system has two heteroclinic orbits

¢ (1) = j:\/_TCtanh <\/}> ,
17
YO (1) = :t\/_TQCsech2 <\/}> . "

The heteroclinic orbits break when the perturba-
tion is added. According to the Smale—Birkhoff ho-
moclinic theorem, the existence of such orbits results
in chaotic dynamics. To study the chaotic behaviours
of Eq. (15), we use the Melnikov method.[?=39 The
Melnikov function for Eq. (15) is

M) = [ [ (o) =5 [0 0] - frcos (e (r+ ) 6 (0] 4 () dr

_ /oo a [ (T)]2d7'+/oo —b[¢° (7)

— 0o — 00

]4d7'—/o;¢0 (1) ¢° (1) f1cos (w (T + 7)) dr

= /00 a [1/)0 (7’)]2 dr + /OO —b [1/)0 (T)]4d'r + fisin(wp) /:X? 0 (1) @° () sin(wT) dr

— 00 — 00

= Il + IQ + flfgsin(wm),

where 7q is the cross section time of the Poincaré map
and can be interpreted as the initial time of the forcing

term,

I :/OO a[¢° (T)]2d7' = fQ—ﬁa,

oo 3c
o 4 8v/2
I, = / b [ (r)] dr = ~3pa?

I3 = /_OO Y0 (1) ¢° () sin (wr) d7

Tw? (\/§ )
=——csch| —mw | .
c 2

Obviously, when f1, a, b, ¢, w satisfy f; > f =
I + Iy /I3, M (79) has simple zeros, namely

2\/§a 8v/2 .
> 3c 35¢2

Tw? (x/i ) .
——csch [ — 7w
c 2

This implies that if ¢ is sufficiently small, the trans-

(19)

verse heteroclinic orbits exist and Eq. (15) may be
chaotic.

Take ¢ = —1, ea = —0.7, eb = 0.7, w = 2, and
let €f; change in a wide range. The bifurcation dia-
gram of Eq. (15) in (ef1, ¥) plane is shown in Fig. 1.

(18)

The maximal Lyapunov exponents corresponding to
Fig. 1 is shown in Fig. 2. The chaotic theory valve
of efy is 2.9976 according Eq. (19). From Fig. 1, we
can see that the nonlinear dynamic equation (15) ex-
hibits chaotic behaviours when the parameter ef; is
[3.0, 3.3]. The largest Lyapunov exponent given by
Fig. 2 can be convinced from the occurrence of chaotic
motion. Figure 3 describes the phase trajectory of a
chaotic state in Fig. 1 with ¢ f; = 0.327, Fig. 4 shows
chaotic attractor for Poincaré map corresponding to
Fig. 3. The largest Lyapunov exponent is found to be
positive, and indicates chaotic behaviours.

0.6

0.4

0.2

= 0

—-0.2

—0.4

—0.6 R
2.2 2.4 2.6 2.8 3.0 3.2
efi

Fig. 1. Bifurcation diagram of system (16) in (ef1, v)

plane for ¢ = —1, ea = —0.7, b = 0.7, w = 2.
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Fig. 2. The largest Lyapunov exponents corresponding
to Fig. 1. Fig. 4. Strange chaotic attractor for Poincaré map corre-

sponding to Fig. 3.

1 4. Chaotic control
To suppress chaos, we use non-feedback method
s 0 to make the Melnikov function of the new system hav-
ing no simple zeros. The method is realized by adding
the excitation term. Now the form of the new system
-1 is
2 -1 0 1 2 é =,

V= —¢—c® +e(ay — by — freos (wr) ¢
Fig. 3. Phase trajectory of a chaotic state in Fig. 1 with

cfi = 0.327. —pf1 cos (W + ), (20)
|

where pf1 cos (wr + ¢) represents an added excitation term; u, w, ¢ are amplitude, frequency and phase of the

excitation term respectively. The Melnikov function of system Eq. (20) is

M) = [ [0 ()= [0 (1)) = frcos o+ 1) 6° () = ufrcos (w7 + 0+ 9))] 40 (7) dr

—0o0

= I + I, + f1Izsin(wrg) — /0O YO (1) pfr cos (w (T + 70 + @) dr

I + Iy + fiI3sin(wTg) — pfiIscos (wro + )

I + Iy + fiIzsin(wrg) — pfilssin (wro + @)

=1L+ I+ f1 (I3 — plycosy’) sin(wry) — plysing’cos(wTp)]

=1+ I+ fiAsin (wro + ), (21)

I, = /: Y0 (1) sin (wr) dr = “—LQC /O:C sech? (\/57’) cos (wr)dr = \/_lcmu csch (?WW) ,

—2ulysing’

where

A:\/Ig_Z,U,Ig.LLCOSSO/"—/J/QIE, tan¢:m.

Introducing a new variable: ' = uly/I5, we can write Eq. (21) as follows:
]\/[ (7’0) :Il +IQ +f1]3AISiH (WTO+1/1), (22)

where

A" =\/1=2p cos¢' + /2, cp'zgo—&-g,
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when
flI3A/ < I + Is. (23)
That is
I + I
A < , 24
fil3 (24)

M (79) has no zeros thus the chaos is suppressed.
Obviously, when the parameters f1, a, b, ¢, w, p,
¢ satisfy A’ < I + I/ f113, M (79) has simple zeros.
The suppression of chaos can be fulfilled by adjusting
the two parameters u and ¢ In Section 3, the para-
metric excitation system expresses chaotic behaviours
when we fix ¢ = —1, ea = —0.7, ¢b = 0.7, w = 2,
f1 = 3.27. The chaotic behaviours can be controlled
when A’ is less than 0.9167 according the calculation
of Eq. (24). Take u = —1.0, ¢ = 0.5 with the initial
condition (z, y)=(-0.3, 0.5), and let £f; to change
in the range of chaos. The bifurcation diagram after
control is shown in Fig. 5. The maximal Lyapunov
exponents corresponding to Fig. 5 is shown in Fig. 6.

0.26

0.24

0.22

0.20

2.8 2.9 3.0 3.1 3.2 3.3
ef1

Fig. 5. Bifurcation diagram of Eq. (21) in (e f1, ¢) plane
forc=—-1,ea=-0.7,eb=0.7,w =2, up = —1.0, ¢ = 0.5.

0.1

ALy z

—0.1 ‘ . s .
2.8 2.9 3.0 3.1 3.2 3.3

ef1

Fig. 6. The largest Lyapunov exponents corresponding
to Fig. 5.

The largest Lyapunov exponent is found to be neg-
ative, and it indicates chaotic behaviour to be con-
trolled. Figure 7 describes the phase trajectory with
efi = 0.327 in Fig. 5. Figure 8 shows Poincaré map
corresponding to Fig. 7. The largest Lyapunov expo-
nent is found to be negative, and it indicates chaotic
behaviours to be controlled in periodic motion, which
illustrates the validity of this method.

2
1 L
=
0 L
—1r
-08  —04 0 0.4 0.8
¢

Fig. 7. A closed orbit in phase plane in Fig. 5 with
efi = 0.327 for p = —1.0, ¢ = 0.5.

—1.0

—1.2

0.1 0.2 0.3

Fig. 8. Poincaré map corresponding to Fig. 7.

5. Conclusions

In this paper we study chaos and its control for
a relative rotation nonlinear dynamical system under
parametric excitation. First, the criterion of existence
of chaos under parametric excitation is obtained by
using the Melnikov theory. Secondly, the suppressing
chaos can be realized based on the Melnikov function.
The chaotic behaviours are suppressed by adding an
excitation term. Also the top Lyapunov exponent,
Poincaré cross-section and phase portrait are carried
out to confirm the obtained results. Thus excellent

agreement between these results is found.
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