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Fusion and fission solitons for the (2+1)-dimensional
generalized Breor—Kaup system*
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With a projective equation and a linear variable separation method, this paper derives new families of variable

separation solutions (including solitory wave solutions, periodic wave solutions, and rational function solutions) with

arbitrary functions for (241)-dimensional generalized Breor-Kaup (GBK) system. Based on the derived solitary wave

excitation, it obtains fusion and fission solitons.
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1. Introduction

Modern soliton theory is one of the most impor-
tant aspects of nonlinear science, which are widely
applied in many natural sciences such as chemistry,
biology, mathematics, communication, and particu-
larly in almost all branches of physics like fluid dy-
namics, plasma physics, field theory, optics, and con-
densed matter physics, etc.! =7 Searching for an an-
alytical exact solution to a nonlinear system has long
been an important and interesting topic in nonlin-
ear science both for physicists and mathematicians,
and various methods for obtaining exact solutions of
nonlinear system have been proposed, for example,
the bilinear method, the standard Painlevé truncated
expansion, the method of ‘coalescence of eigenvalue’
or ‘wavenumbers’, the homogenous balance method,

and the mapping method, etc.[8—13]

The mapping ap-
proach is a kind of classic, efficient and well-developed
method to solve nonlinear evolution equations, whose
remarkable characteristic is that we can have many
different ansatzs and therefore, a large number of

solutions.[14—24]

In this paper, with a projective equa-
tion (¢' = o¢ + ¢?) and a linear variable separation
approach, a new family of exact solutions with arbi-
trary functions of the (2+41)-dimensional generalized
Broek—Kaup system (GBK) is derived, based on the
derived solutions, we find a few novel localized excita-

tions, such as fusion and fission solitons.

The (2+41)-dimensional GBK system is

Hy — Hypp +2HH, + Uy + aU +bG =0, (1)
G+ 2(GH), + Gy + 4a(G, — Hay)

+ 4b(G, — Hyy) + ¢(G —2H,) =0,  (2)
U, — Gy =0, (3)

where a, b, and c are arbitrary constants.

The GBK system is recently derived from a typ-
ical (1+1)-dimensional Broer—-Kaup (BK) system by
means of the Painlevé analysis.l?® Obviously, when
a =b = c =0, the GBK system will degenerate to
the usual (2+1)-dimensional BK system,!?6=28] which
can be derived from inner parameter-dependent sym-
metry constraint of Kadomtsev-Petviashvili model.l?!
Using some suitable dependent and independent vari-
(291 have proved
that the (241)-dimensional BK system can be trans-
formed to the (241)-dimensional dispersive long-water

able transformations, Chen and Li

wave equation®® and (2+1)-dimensional Ablowitz—
Kaup-Newell-Segur system.[?!] Actually, the (2+1)-
dimensional BK system has been widely investigated
by many researchers.[32=34 However, to the best of our
knowledge, the GBK system has not been discussed
quite well though Huang and Zhang®® derived some
special soliton-like solitons to a simplified GBK sys-
tem (b = 0) by a variable-coefficient projective Ric-
cati equation method, and Zhang and Chenl3®! ob-
tained certain semifolded structures via a Painlevé-

Béacklund transformation. In the following parts of

*Project supported by the Natural Science Foundation of Zhejiang Province of China (Grant Nos. Y604106 and Y606252), and
the Natural Science Foundation of Zhejiang Lishui University of China (Grant No. KZ09005).

TCorresponding author. E-mail: msh6209@yahoo.com.cn

@© 2010 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

090305-1



Chin. Phys. B Vol. 19, No. 9 (2010) 090305

this paper, we will derive some new soliton solutions to
the GBK system by a projective equation and variable
separation method. The basic idea of the algorithm
is as follows. For a given nonlinear partial differen-
tial equation (NPDE) with the independent variables
x = (xg = t,x1,%2, ..., ZTm), and the dependent vari-
able w:

P(u, ug, Ug,, Ugyz;s -+ ) = 0, (4)

where P is in general a polynomial function of its ar-
guments, and the subscripts denote the partial deriva-
tives, the solution can be assumed as
n
w="S"{Ai(@)¢ g} (5)
i=0
with

¢ =00+ ¢ (6)

where o is a constant and the prime denotes the dif-
ferentiation with respect to ¢q. To determine u ex-
plicitly, one may substitute Eqgs. (5) and (6) into the
given NPDE and collect coefficients of polynomials of
¢, then eliminate each coefficient to derive a set of
partial differential equations of A;(x) and ¢, and solve
the system of partial differential equations to obtain
A; and ¢. Finally, Eq. (6) possesses the general solu-

tion

L -1+t h 1 #0
50’ i an §O'q , O 5

71 _lJr th 1 #0
57 _ co 50| o ,
1T 1

¢p=4q —=c|l—tan(=0oq ||, o#0, (7)

2] 2

,1 _1+ t 1 #0
57 _ cot | soq ||, o ,

-1

—, o =0.
q

Substituting A4;(x) ¢ and Eq. (7) into Eq. (5), one can
obtain the exact solutions of the given NPDE.

2. Exact solutions of the (2+41)-

dimensional GBK system

Now, we apply the projective equation and the
variable separation method for the (2+1)-dimensional
GBK system. First, let us make a transformation for
Egs. (1), (2), and (3). Differentiating Eq. (1) with re-
spect to variable y once and substituting Eq. (3) into
(1) we obtain

(Hy — Hyy +2HH,)y + Gy + aGy + Gy =0, (8)

G+ 2(GH)y + Gyy + 4a(Gy — Hyy)
+ 4b(G, — Hyy) + ¢(G — 2H,) = 0. (9)

Hereafter, we take the following Béacklund transforma-
tions for Egs. (8) and (9),3]

H="2" 1 Hy, G=2% _2%% ()
P ¥ 0

where ¢ = p(z,y,t) and Hy = Hy(z, t) are arbitrary
functions of indicated arguments. Based on Egs. (10)
and (3), we have

G =2H,, (11)
and
U=2H, + A(z,t), (12)

where A(z, t) is an arbitrary integral function of
(z, t). Substituting Eq. (11) for Egs. (8) and (9) yields
an identical NPDE

(Hy + Hyy + 2aH, + 2bH, + 2HH,),, =0, (13)

which is which is equivalent to
Hyy + Hyppy + 2aH,y + 20H,,, + 2(HH,), = 0. (14)

By the balancing procedure for Eq. (14), Eq. (5)
becomes

H = f+g6(q), (15)

where f, g, and ¢ are functions of (z,y,t) to be deter-
mined. Substituting Egs. (15) and (6) into Eq. (14)
and collecting coefficients of polynomials of ¢, then
setting each coeflicient to zero, we have

1G30 + Gux + g1 + 20bgy + 2ag,

J==3 0o
S (16)
g = 2‘]35

with the function ¢ in a linear variable separation form
similar to Ref. [37],

q = x(x,t) + ¢(y — 2bt), (17)

where x = x(x,t), ¢ = p(y — 2bt) are two arbitrary
variable separation functions of (z,t) and of (y — 2bt),
respectively. Based on the solutions of Eq. (6), one
can obtain the exact solutions for the GBK system.

Case 1 For o # 0, we can derive the following
solitary wave solutions and periodic wave solutions of
the GBK system:
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H,

G

Uy

Hy

Go

U,

Gs

Us

H,

G4

1
1 Xaz + Xt + 0t + 2axs + 2bpy, — x2o tanh |:20(X + cp)]

2 Xa ’

1 2
=2y — 4bpy, + XigoyUQ — XigoyUQ tanh [QU(X + gp)}

1
2 Xz 7
2 L 2
ﬁ —2XxXzzr — 2Xa Xzt + 2X50 tanh §U(X + 90) Xez T 2Xoq0
x

1 2
+ X302sech [QU(X + w)} + 2Xaa (Xt + Pt + 2b<py)} + A(z,t),

1
Xaz + Xt + 0t + 20Xz + 2bp, — x20 coth {20()( + @)}

1
2 Xz ’
1 2
) =2yt — 4bpyy + X2py0% — X2p,0° coth {2a(x + <P)]
2 Xa ’
1
w {_QXxXxx:c = 2XaXat + QXia' coth |:20'(X + SO):| Xzz + 2X§;x

2
1
— X302csch [QU(X + sﬂ)} + 2Xaa (Xt + Pt + Qbsoy)} + A(z,t),

1
| Xaw Xt + ¢+ 20X + 2y + X20 tan [2U(x + @]

2 Xa ’

2
1
1 20yt + 4bpyy + X2py0? + Xapyo® tan [2U(X + Sﬁ)}

2 Xz

)

1 1
- 2 {2XmXa:m:c + 2Xmet + 2xiotan |:U(X + ‘p):| Xzz — 2)(31
2x3 2

1
+ XiUZSeC[?’(X +©)* — 2Xaa (Xt + @1 + 26%)} + A(z,t).

1
| Xow Xt + @i+ 20X + 2bpy — X20 cot {20(x + w)}

2 Xa ’

2
1
1 20yt + 4bpyy + X207 + Xapyo? cot {20(96 + 90)]

2 Xa ’

1 1
~5v3 {QXxX:rzz + 2Xa Xat — QXiU cot [U(X + 90):| P — 2X3:13
Xz 2

2
1
+ Xzo csc [QU(X + w)] — 2Xaa (Xt + ¢ + 2b<py)} + Az, t)

with three arbitrary functions x(z,t), p(y — 2bt) and A(x,t).

Case 2 For o =0, we can derive the following variable separation solution of the GBK system:

Hs = 5

1 Xoo + Xt + ¢t + 2axaz + 2bpy 4 Xe

Xz X+

oyt +2bpyy 22Xy

Gs =

1
U5 = ?(Xxm(l + Xt + e+ way) - Xz(th + Xw:zw)) +

Xz (x+¢)?’

X+e (x+9)?
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with three arbitrary functions x(z,t), ¢(y — 2bt) and A(x,t).

3. Fusion and fission solitons in the GBK system

In this section, we mainly discuss the interactions between two solitons in the (241)-dimensional GBK
system. For simplification, we only discuss the field Hsy of Eq. (21), namely

1
| Xow + Xt + @1 + 2axa + 2byp, — x20 coth {go(x + 90)}
H=H,= -5 . . (33)
xr

The interactions between solitons may be regarded as completely elastic. For instaince, when y(z,t) and
©(y — 2bt) are considered to be

X = 2sech(z 4+ t) + sech(z —t), ¢ = sech(y — 2bt), (34)

and a = 1, b = 1/2 in Eq. (33), we can obtain the interactions between two dromion solitons. Figure 1 shows an
evolutional profile corresponding to the physical quantity H expressed by Eq. (33). From Fig. 1 and through
detailed analysis, we find that the shapes, amplitudes and velocities of the two dromion solitons are completely
conserved after their interactions.

0.05

Fig. 1. The evolutional profile of two solitonic structures for the solution of H Eq. (33) with the condition Eq. (34)
at different times: (a) t = —8; (b) t = —4; (¢) t =0; (d) t = 4; and (e) t = 8.

Now we focus our attention on the following intriguing fusion and fission phenomena for the solitory wave
solutions H. For instance, when we select the x(z,t) and ¢(y — 2bt) to be

X =1+ 0.8exp(x +t) + 0.6sech(z — t), ¢ =1+ 0.5exp(y — 2bt), (35)
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and substitute Eq. (35) with a = 1, b = 1/2 into Eq. (33), we can obtain the fusion phenomena of two dromion
solitons. From Fig. 2, we can clearly see that the two single dromion solitons fuse to one soliton finally. Along
with this line, considering x(x,t) and ¢(y — 2bt) to be

X = 0.5+ 0.1exp(x —t) + 0.2sech(x +t), ¢ = 0.5+ 0.6sech(y — 2bt), (36)

and a = 1, b = 1/2 for the solution of H Eq. (33), we can obtain another new type of solitary excitation with
apparently different properties presented in Fig. 3. From Fig. 3, we can find that one single dromion soliton
fissions into two solitons.

0.10
T 0.05

Fig. 2. The evolutional plot of two dromion solitons into one soliton for the solution of H Eq. (33) under the
condition Eq. (35) at different times: (a) t = —6; (b) t = —2; (¢) t = 0; and (d) ¢ = 5.

Fig. 3. One single dromion soliton fission into two solitons evolutional plot of the solution of H Eq. (33) under the
condition Eq. (36) at different times: (a) t = —4; (b) t =0; (¢) t = 1; and (d) t = 4.

\
4. Summary and discussion Based on the derived solitary wave solution of H

Eq. (33), we find some new localized excitations—

In summary, with the help of a projective equa-  the fusion and fission soliton solutions of GBK sys-
tion and a linear variable separation method, the  tem. Usually, the interaction between soliton solu-

(241)-dimensional generalized BK system is derived.  tions of integrable models is completely elastic, that
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is to say, the amplitude, velocity and wave shape of a
soliton are not changed after their interaction. How-
ever, for some specific cases, the soliton interactions
may be fusion and fission. From the above analysis,
we can see that these intriguing phenomena may oc-
cur in a higher-dimensional soliton system if we choose
appropriate initial conditions and/or boundary condi-
tions for the given system, which are similar to those
in some (141)-dimensional cases studied by several
authors.[?3=40 In this paper, although we have given
out some soliton fusion and fission phenomena in the
(2+1)-dimensional case, it is obvious that there are
still many significant and interesting problems to be
further discussed. As Wang et al.**) have pointed out
in (1+1)-dimensional cases, these problems are as fol-

lows. What is the necessary and sufficient condition
for soliton fusion and fission? What is for soliton elas-
tic and nonelastic interactions? What is the general
equation for the distribution of the energy and mo-
mentum after soliton fusion and soliton fission? How
can we use the soliton fusion and soliton fission of
integrable models to investigate the observed soliton
fusion and soliton fission in the experiments? These
are all the pending issues to be further studied.
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