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Conformal invariance and conserved quantities of Appell
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In this paper we introduce the new concept of the conformal invariance and the conserved quantities for Appell

systems under second-class Mei symmetry. The one-parameter infinitesimal transformation group and infinitesimal

transformation vector of generator are described in detail. The conformal factor in the determining equations under

second-class Mei symmetry is found. The relationship between Appell system’s conformal invariance and Mei symmetry

are discussed. And Appell system’s conformal invariance under second-class Mei symmetry may lead to corresponding

Hojman conserved quantities when the conformal invariance satisfies some conditions. Lastly, an example is provided

to illustrate the application of the result.

Keywords: second-class Mei symmetry, conformal invariance, conserved quantity, Appell system

PACC: 0320

1. Introduction

The symmetry is a core concept in modern
physics, it makes a general reference to the stan-
dard symmetry and overall symmetry. In theoreti-
cal physics, conformal invariance is a symmetry under
dilatation (scale invariance) and the special confor-
mal transformations. It was introduced into physics
by Bateman and Cunningham shortly after Einstein’s
first paper on special relativity.[? In 1997, Galiullin
studied the conformal invariance of Birkhoff equations
and their relation with the Lie symmetry.[3l In 2001,
Robert investigated the conformal Hamiltonian sys-
tems by geometric methods, in which the author dis-
cussed the geometric structure of conformal systems
with invariance and pointed out the difference of con-
formal dynamics from arbitrary symmetric systems. 4!
Recently, the conformal invariance developed rapidly
in dynamical mechanical systems, Cai and Liu et al.
studied the conformal invariance and conserved quan-
tities of mechanical systems.[>~19] Since Mei presented
a new symmetry—the form invariance, more and more
attention has been paid to research on Mei symmetry
and conserved quantity, which was quickly extended
to all types of mechanical systems.[16—30]

However, until now the research on the confor-
mal invariance and conserved quantities of Appell sys-
tems under second-class Mei symmetry has not been
reported yet. In the present paper, the new concept

of conformal invariance and conserved quantities of
Appell systems under second-class Mei symmetry are
presented firstly. In fact, the aim for studying the con-
formal invariance and conserved quantities of Appell
systems under second-class Mei symmetry is to seek
the one-parameter group of infinitesimal transforma-
tion of equations. By infinitesimal transformation, we
can get the conformal factor of conformal invariance
and the conserved quantities of Appell systems under
second-class Mei symmetry. Therefore, the study has
important significance not only geometrically but also
mechanically.

2. Second-class Mei symmetry of
Appell systems
Suppose that a mechanical system consists of NV
particles with masses m; and its position vectors r;,
and let the position of the system be determined by

n generalised coordinates ¢s(s = 1,... ,n), the energy
of acceleration for the system is expressed as

. 1 .
S =05(tq,q,.q) = imiri (1)

and the non-potential generalised forces is

Qs = Qs(tvqa(j)' (2)
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Let us introduce the infinitesimal transformations
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The Appell equations are written in the form
of time and generalised coordinates as

oS
% Qs, (s=1,....,n). (3)
Introducing a function L as =t Al ¢(t) = ¢s(t) + Ags. (10)
n
[ =§— Z G5Qs, (4) Their expandsion forms are
s=1
Eq. (3) becomes t"=t+eo(t. g, 9),
(5) 05 (") = as(t) + & (t, 4, 9), (11)

oL

aa. =0, (s=1,...,n).
Equation (5) is also called the dynamic equation of the
Appell system. The function L and Lagrange function

where ¢ is the small parameter and &g, &, are the gen-
erators of the one-parameter infinitesimal transforma-

tion group. From Eq. (11), we have

L have the following relation:
oL _doL OL dg? dgs + edé,
. T 14 . . (6) = ——
9Gs dt ¢, 0qs dt* dt + ed&y
=gs+e (65 - stéo) +0 (52) ) (12)

From Eq. (6) we can get

Fs = Ask(tﬂ)dk +B5(t7q7q) - Qs(tvqa(j)a (7)

and

Tl e [(G-ad) — k] +0 (). 13)

where
0L 0L 0%L oL
Asp = ——=—, Bs=— ] " ——. (8 .
b= 84,00 didn T ogor ag O ar?
Let function L be L* under the infinitesimal transfor-

Supposing the system to be non-singular, we can solve
mations Eq. (11). Taking the Taylor expansion of L

with respect to (¢, q, g, §), one can easily obtain

all generalised accelerations as

(9)

4s = as(t. g, ).
|
Tk _ T * *dq* qu*
L= L<t T dt*2>
~ Lo oL oL oL /- . oL . R )
=L (t7 q, 9, Q) +e {atfo =+ qugé + aiqs (gs - QS§O> + i |:<§s - QS§O> - QS50:| } +0 (5 ) ) (14)
and
oL o0 |oL, oL oL ¢ : oL
=&~ | =7 7573*'3 02:702:02 15
5o = | gt 5 Gt g (6 i) | +0(E) = 2 +0() =0 () (15)
\
Definition 1 If the form of Appell equations (5) and its second expended vector as following
keeps an invariance under the infinitesimal transfor- L _ _
mations (11), then the invariance is called the second- X2 — x(1) d (ds qs@ _ (js% 9 (18)
. . dt \ dt dt dt | 0g,’
class Mei symmetry of Appell equations.
Taking the infinitesimal generators as where
- 0 0 3
XO) = gg— + ¢ (16) d o . 0 0 . 0
S i _——=— s~ s~ S A~ . 19
ot 9gs dt Ot ta 0qs ta 94, ta s (19)
its first expended vector Thus Eq. (14) is expressed as
. . d¢, . d&\ o
1 — x 58 5 280 S = o - -
AT ( a T ) 945’ (17) L*=L(t.q.q4,4)+eX®(L)+0(?). (20

090304-2



Chin. Phys. B Vol. 19, No. 9 (2010) 090304

Substituting Eq. (14) into (15) and neglecting
terms that are O (52)or higher, we obtain

9 %@ (L) ~ X0 (Q,).

33 (21)

Equation (21) is called the criterion equations of
second-class Mei symmetry for Appell systems. Then,
we have the following criterion.

Criterion 1 For Appell equations (5), if the in-
finitesimal generators &, &, satisfy the Eq. (21), then

invariance of Eq. (5) under the infinitesimal transfor-

satisfies the following expressions

XON(F,) =ULR), (22)

then the infinitesimal transformations have conformal
invariance of the corresponding Appell system (5),
where the expressions of Eq. (22) is called the de-
terminate equation of Eq. (7), and U! is called the
conformal factor.

In order to get the general expression of the con-
formal factor of conformal invariance, we calculate the

difference
mations Eqgs. (11) is called the second-class Mei sym- )
metry. X(2)( s) — xX® (ES)‘FS:O' (23)
As
3. Conformal invariance of (0 0 24
s = gk,
second-class Mei symmetry for ;tg 8‘1’66 2 o ”
"S _ s 2 s . s . 75..
Appell systems &= T T 2000t ageaq, U T gg, B
(s=0,1,...,n jk=1,... ), (25)
Definition 2 In infinitesimal transformations of
infinitesimal generators &y(t, q,q) and &4(t, q,q), if Fs  therefore
|
X(2) (Fs) = Ask(ék - 2%50 - ngo) + X(l)[(Bs - QS) + Asqu}
< s . . [y aBs_ S
— At~ 2aido — o) + XOUAundh+ (B~ Q)+ (G — o) 25— 2
& &, & %y . . (0% | 0& .
= A, 2 i q — 24,
k ( o2 ‘a0t T " ag0q TV 3, ¢ ) Kk ( ot g, >
9% 9% d*&o 98 .. > .
Ae ] 2 'r 'r a_ 4r X(O) As Bs - S
+ Ak ( 52 T aqTatq + 0r0q; q quraqrq > + [Askdx + (Bs — Qs)]
agk afk aEO 850 (Bs - Qe)
+[8t+8r o *ag & 0
0 . 0%\ . . (0& 0% . ©
= A, - . — 24, X© 4 C(t,q,q), 26
k(aqr 5, ) @ Kk 8t+ar + ke +C(t,q,q) (26)
where C(t, q, q) is the sum of items in which ¢, are not contained. Similarly there is
o o0&, . 0 9&o 350 .
X(z)(Fs )|Fs=0 = Ask (5% - Qkaqr> Qp — 2Askak ( ot + 6qr + X( )Askak + C’(t,q,q), (27)
where a3, = —A**By. From Egs. (26) and (27), we can get
X(z)(FS) - X(2) (FS)‘FS:O
0 . 0%\ . . 9% 850 .
= A, - - — ay) — 2445 (G — XO A (i — ag). 28
k <8qr % Bg, (Gr — o) k(G — ou) ot +8 0" + k(G — ou) (28)
On account of
ix — ar = i + AM By = AM Ay + Bi) = AME, (29)
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X(z)(Fs) - x® (F,)

Fo—0 = Ask (afk - k8£0> A"F — 24, AV (8&) + O, ) Fi+ XA, AMF

8QT 8QT ot aqr
_ afk . 850 rl 850 850 (0) kl
= |:A (8qr qk 8qr A 5 8t + 8 0 + X AskA E
= UlF,. (30)

Furthermore, we can find the conformal factor that the conformal invariance would be second-class Mei sym-
metry for Appell systems as

Ul = Ag, (gz’“ — G gj()) At 95t (3;;0 + gf]o qr> +X© 4, AR (31)

Deduction Suppose the differential equation (7)  conserved quantity is given by the following proposi-
can be transformed into the standard forms tion.

Proposition For the Appell systems given by

Fs=Gs —as(t,q,4) =0 (32) Eq. (5), if the infinitesimal generators & correspond-

. o . ing to a Lie symmetry of the system satisfy
by the action of infinitesimal transformations of one-

parameter group, the conformal factor under second- d f _ Oag €+ Oas E ¢ (34)
class Mei symmetry of Eq. (32) is dt )T gt 0dk 4§
Ul &, of % (33) and there exists a function p = u(t,q,q) satisfying
5 dq 0 8ql the following condition
o). Oaig d
4. Conserved quantities of con- 96, T mr=0 (35)

formal invariance for second- then the Lie symmetry of Appell systems under

class Mei Symmetry second-class Mei symmetry can directly lead to a Ho-
jman conserved quantity as follows:
The conformal invariance of Appell systems un-

der second-class Mei symmetry would also lead to = laa (1&s) + laa (ui@) = const. (36)
conserved quantities. Let us study Hojmal conserved KOs H 94s
quantities. In virtue of the special Lie symmetry for Proof
Appell systems, a method of finding out the Hojmal Since
|
d d (1 0p d [0¢, d[10oud o (d
—I=—1- s - -8 1>
de.dt <M s 5‘) T <5qs) T [u 9g, dt>* o 94 i (37)
we can easily verify
d [0, o (d Oayy, O
< - Le ) - s 38
at (aqs> o (%) ~ 0 o5 (38)
d d 0 [ Oag 8 [da, d
o (i) = a7 (aqk ) + o (o et (39
d 0 (d 0 d o (d day, 0 [ d
-5, -,Ss | = s | — 4,55 | — — 5. | 7Ss ) - 4
dt 0¢s (dtf ) D dt ( ¢ ) 0qs <dt5 > 0qs Og, (dt5 ) (40)
Substituting Eqgs. (38) and (39) into Eq. (37), we have
d d [10u d /10opd 9% ag o, d
—I=—1|- s - | =53¢ . — Sk 41
dt dt (u (‘3qs5 ) + dt (,u dqs dt5 ) * (‘3qk8qs£k * JGr0qs dték (41)
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Utilising the condition (35), we have

d (10 o 1 op 1 dp O
( a gk) = - gk + - ( 58) - *7{)6 kgsa (42)
1 95 9qr9qs 1 0qs 1 Odp. aqs
d [10 Pa, (d 1 a0 10pd (d 19
410w (T L (Ce )+ S ( L, £ £.<43>
dt [ p 0qs 99045 \dt™") 1 dqs0dn 0y dt \dt™*) 11 dq,
Substituting Egs. (42) and (43) into Eq. (37), and using Eq. (34), we obtain
d 1o [d o d O
7_[ —— R s = 44
' = 1 {dt < : ) (dt5 ) gk] “
The proof of the proposition is accomplished.
. \
5. Illustration example Then, we have
As an application of the conformal invariance of Fi=d + %41
Appell systems under second-Mei symmtery, an illus- F= ) 2 (48)
tration example is introduced. =g+ T

A system has the energy of acceleration

1 4.\ .
S = 5 (Ch + fb) <2 + tlh) a1 — q, (45)
and the non-potential generalised forces
2. 2.
Q1 =1+¥(J17 Q2:—1—¥Q1~ (46)

Let us study its conformal invariance and conserved
quantities under second-Mei symmetry.

The differential equations of motion of the system
can be expressed as

2. . 2.

Gi=a1=-1——-q41, Gp=az=-1-— T (47)

dt

X@ (p) = [dfl L9 (d§1> %
1

dt 8q1

From determining Eqs. (34) of Lie symmetry under

the infinitesimal transformations, we have

& & 6041 d 6041 d

dt dt™! (’9q dtg1 8q dté (49)
d d 8012 d 6012

&&52 B dt§1 iy dt§2 (50)

Taking infinitesimal transformation generators

1 1,\°
G=&=5atta+t"), (51)
then we know that the Appell equation of system is
Lie symmetric.

On account of

L2
s\ 9 F1:Q1+¥Q1

+ —_— JE—
(@)oo b

F=q+ i
] 1 . 2,
(I1+(I1+§t2 0 [ Fi=di+h
- 1 2. | (52)
Q1+Q1+§t2 0 F2:d1+¥q'1
we get conformal factor
1
g1 +aq1 + §t2 0
Ul = 1 (53)
g1 +q1 + 5752 0
Using Eq. (31) we can get
0 . 0% ! 1 (9% 350 5
U= Ag | == — g At — 26! ¢ ) +X© A, AR
s ‘k<8q,« 3, ot T ag, Ir) T Ak
1
Qi +aq+ 5152 0
= (54)

) 1
q1+q1+§t2 0
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From Eq. (35), we have

d 2
—Inpy=- 55
Fme=g (55)
and its solution is
p=t% (56)

Using the proposition, the conserved quantity expres-
sion (36) yields

1
I=qt+q + §t2 = const. (57)

6. Conclusion

The Appell systems exhibit conformal invariance
and conserved quantities under second-class Mei sym-

metry. For an Appell equation, if it possesses the char-
acteristics of conformal invariance of second-class Mei
symmetry, then it possesses second-class Mei symme-
try. By introducing the concept of the conformal in-
variance for Appell systems, we can find the conformal
factor in the determining equations and the conserved
quantities as shown in Egs. (31) or (33) and (36). The
conformal invariance may lead to corresponding Hoj-
man conserved quantities when the conformal invari-
ance satisfies some conditions. The results can be ap-
plied to other fields, and lay the foundation for the

corresponding study of holonomic system.
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