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Conformal invariance and Hojman conserved quantities
for holonomic systems with quasi-coordinates∗
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We propose a new concept of the conformal invariance and the conserved quantities for holonomic systems with

quasi-coordinates. A one-parameter infinitesimal transformation group and its infinitesimal transformation vector of

generators for holonomic systems with quasi-coordinates are described in detail. The conformal factor in the determining

equations of the Lie symmetry is found. The necessary and sufficient conditions of conformal invariance, which are

simultaneously of Lie symmetry, are given. The conformal invariance may lead to corresponding Hojman conserved

quantities when the conformal invariance satisfies some conditions. Finally, an illustration example is introduced to

demonstrate the application of the result.
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1. Introduction

The symmetry principle is one of the top-level

principles in physics. The symmetries and the con-

served quantities of a dynamical system play an im-

portant role in the fields of modern science and tech-

nology. The conformal invariance is a type of sym-

metry. In theoretical physics, conformal invariance is

a symmetry under dilatation (scale invariance) and

also under the special conformal transformations. It

was introduced into physics by Cunningham[1] and

Bateman[2] shortly after Einstein’s first paper on spe-

cial relativity. In fact, the conformal invariance means

that the equation by the action of the infinitesimal op-

erator equals a conformal multiplier matrix multiplied

itself. In 1997, Galiullin et al.[3] studied the confor-

mal invariance of Birkhoff equations and their rela-

tion with the Lie symmetry. In 2001, Robert and

Matthew[4] investigated the conformal Hamiltonian

systems by a geometric method, discussed the geo-

metric structure of conformal systems with invariance,

and pointed out the difference between conformal dy-

namics and arbitrary symmetric system. In recent

years, Mei studied the conformal invariance and con-

served quantities in dynamical mechanical systems,

and Cai and Liu et al. studied the conformal invari-

ance and conserved quantities, which was quickly ex-

tended to all types of mechanical systems.[5−12] Some

work was also done to discuss this problem. The the-

ory of conformal invariance developed rapidly and pro-

vided us with some direct and useful methods of solv-

ing practical problems.[13−27]

Since dynamical equations with quasi-coordinates

are much more complex than general dynamical equa-

tions, the research of symmetries and conserved quan-

tities must be more difficult correspondingly. How-

ever, the study of the conformal invariance for holo-

nomic systems with quasi-coordinates is of significance

not only geometrically but also mechanically. Up

to now, the researches on the conformal invariance

and the conserved quantities for holonomic systems

with quasi-coordinates have not been reported yet. In

the present paper, we study the conformal invariance

and the conserved quantities for holonomic systems

with quasi-coordinates. In fact, the aim of studying

the conformal invariance of holonomic systems with

quasi-coordinates is to seek the one-parameter group

of infinitesimal transformation of equations. Here,

the conformal invariance of holonomic systems with

quasi-coordinates is discussed in detail. The confor-

mal invariance is first defined and the conformal fac-

tors of holonomic systems with quasi-coordinates are

obtained by infinitesimal transformations. We find

the Hojman conserved quantities of holonomic sys-

tems with quasi-coordinates by the determining equa-

tions of Lie symmetry. Finally an illustration example

is introduced to demonstrate the application of the re-

sult.
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2. Differential equations of holo-

nomic systems with quasi-

coordinates

Suppose that the configuration of the mechani-

cal system is determined by n generalised coordinates

qs(s = 1, . . . , n). We introduce the quasi-velocities

with n degrees and are independent of each other. In

general, the quasi-velocities can be written in the form

ωs = ωs(qk, q̇k, t) (s, k = 1, . . . , n), (1)

therefore

det

(
∂ωs

∂q̇k

)
̸= 0, (2)

and we can solve q̇s as a function of ωk

q̇s = q̇s(qk, ωk, t). (3)

In a particular case, the quasi-velocities can be taken

to be in the linear homogenous form of the generalised

velocities

ωs = ask(q)q̇k, (4)

and

det (ask) ̸= 0. (5)

Therefore, we have

q̇s = bsk(q)ωk, (6)

where bsrark = δsk. The motion equations of system

are written as

d

dt

∂L∗

∂ωs
+

∂L∗

∂ωk
γk
rsωr −

∂L∗

∂πs
= P ∗

s , (7)

where L∗ is the Lagrangian function expressed by

quasi-velocity and its relations with Lagrangian as fol-

lows:

L∗(t, qs, ωs) = L(t, qs, bskωk), (8)

γk
rs is called Boltzmann three signs, i.e.

γk
rs = −γk

sr, (9)

and

γk
rs =

(
∂akm
∂ql

− ∂akl
∂qm

)
blrbms. (10)

The P ∗
s is generalised non-potential force expressed by

quasi-velocity and its relation with generalised non-

potential force Qs, and expressed as

P ∗
s = Qkbks. (11)

Note that the quasi-coordinates do not appear in

the function. The partial derivatives with respect to

the quasi-coordinates are defined as

∂

∂πs
=

∂q̇k
∂ωs

∂

∂qk
, (12)

where q̇k has the form of expression (3).

Suppose that Eq. (7) is non-singular, that is,

det

(
∂2L∗

∂ωs∂ωk

)
̸= 0. (13)

From Eq. (7) we can obtain

Fs ≡ Ask(t, q)ω̇k +Bs(t, q,ω)

− P ∗
s (t, q,ω) = 0, (14)

where

Ask =
∂2L∗

∂ωs∂ωk
,

Bs =
∂2L∗

∂ωs∂πk
ωk +

∂2L∗

∂ωs∂t
− ∂L∗

∂πs
. (15)

Using Eq. (15), we can solve all generalised accelera-

tions ω̇s as follows:

ω̇s = αs(t, q,ω). (16)

3. Definition and criterion of con-

formal invariance

The aim of studying the conformal invariance of

holonomic systems with quasi-coordinates is to seek

the sets of transformations with independent or de-

pendent variables corresponding to the conformal in-

variance. We study one-parameter group of infinites-

imal transformation of Eq. (7) or (14) and take the

infinitesimal transformations of time and generalised

coordinate as

t∗ = t+∆t, and π∗
s (t

∗) = πs(t) + ∆πs, (17)

their expended forms are as follows:

t∗ = t+ εξ0(t, q,ω),

and

π∗
s (t

∗) = πs(t) + εξs(t, q,ω), (18)

where ε is the small parameter; ξ0 and ξs are the gen-

erators of the one-parameter infinitesimal transforma-

tion group.

Taking the infinitesimal generators as

X(0) = ξ0
∂

∂t
+ ξs

∂

∂πs
, (19)
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its first expended vector is

X(1) = X(0) + (ξ̇s − ωsξ̇0 − γs
rtωrξt)

∂

∂ωs
, (20)

and its second expended vector is

X(2)

= X(1) + [(ξ̇s − ωsξ̇0 − γk
rtωrξt)

. − ω̇sξ̇0]
∂

∂ω̇s
. (21)

Definition In the infinitesimal transformations

of infinitesimal generators ξ0(t, q,ω) and ξs(t, q,ω), if

Fs satisfies the following condition:

X(2)(Fs) = lls(Fl), (22)

then this kind of invariance is called the conformal

invariance of Eq. (14) under one-parameter infinitesi-

mal transformation (18). Equation (22) is called the

determining equation of conformal invariance for holo-

nomic systems with quasi-coordinates, and lls is called

the conformal factor.

In order to obtain the general expression of con-

formal factor of conformal invariance, we calculate the

difference

X(2)(Fs)−X(2) (Fs)|Fs=0 . (23)

Since

ξ̇s =
∂ξs
∂t

+
∂ξs
∂πk

ωk, (s = 0, 1 . . . n), (24)

ξ̈s =
∂2ξs
∂t2

+ 2
∂2ξs
∂πk∂t

ωk +
∂2ξs

∂πk∂πj
ωkωj

+
∂ξs
∂πk

ω̇k, (k, j = 1, . . . n), (25)

therefore

X(2)(Fs) = Ask(ξ̈k − 2 ω̇k ξ̇0 − ωk ξ̈0) +X(1)(Ask)ω̇k +X(1)(Bs − P ∗
s )

= Ask(ξ̈k − 2 ω̇k ξ̇0 − ωk ξ̈0) +X(0)(Ask)ω̇k +X(0)(Bs − P ∗
s ) + (ξ̇k − ωk ξ̇0)

∂(Bs − P ∗
s )

∂ωk

= Ask

(
∂2ξk
∂t2

+ 2
∂2ξk
∂πk∂t

ωr +
∂2ξk

∂πr∂πj
ωrωj +

∂ξk
∂πr

ω̇r

)
− 2Askω̇k

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
− Askωk

(
∂2ξ0
∂t2

+ 2
∂2ξ0
∂πr∂t

ωr +
∂2ξ0

∂πr∂πj
ωrωj +

∂ξ0
∂πr

ω̇r

)
+X(0)(Ask)ω̇k +X(0)(Bs − P ∗

s )

+

[
∂ξk
∂t

+
∂ξk
∂πr

ωr − ωr

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)]
∂(Bs − P ∗

s )

∂ωk

= Ask

(
∂ξk
∂πr

− ωr
∂ξ0
∂πr

)
ω̇r − 2Askω̇k

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
+X(0)(Ask)ω̇k + C(t, q,ω), (26)

where C(t, q,ω) is the sum of items in which ω̇s is not contained. Treating alike leads to

X(2)(Fs )|Fs=0 = Ask

(
∂ξk
∂πr

− ωr
∂ξ0
∂πr

)
αr − 2Askαk

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
+X(0)(Ask)αk + C(t, q,ω), (27)

where αk = −AskBk. From Eqs. (26) and (27), we have the difference

X(2)(Fs)−X(2) (Fs)|Fs=0

= Ask

(
∂ξk
∂πr

− ωr
∂ξ0
∂πr

)
(ω̇r − αr)− 2Ask(ω̇k − αk)

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
+ X(0)(Ask)(ω̇r − αk), (s, k, r = 1, . . . , n). (28)

On account of

ω̇k − αk = ω̇k +AklBl = Akl(Almω̇m +Bl) = AklFl, (29)

we have

X(2)(Fs)−X(2) (Fs)|Fs=0 = Ask

(
∂ξk
∂πr

− ωr
∂ξ0
∂πr

)
ArlFl −2AskA

klFl

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
+X(0)(Ask)A

klFl

=

[
Ask

(
∂ξk
∂πr

− ωr
∂ξ0
∂πr

)
Arl − 2δls

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
+X(0)(Ask)A

kl

]
Fl

= βl
sFl, (s, k, r, l = 1, · · ·n), (30)
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where

βl
s = Ask

(
∂ξs
∂πr

− ωr
∂ξ0
∂πr

) +

Arl − 2δls

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
X(0)(Ask)A

kl. (31)

If expression (14) is of Lie symmetry by the infinites-

imal point transformation of one-parameter, thus

X(2) (Fs)|Fs=0 = 0. (32)

From Eqs. (30) and (32) it follows that

(lls − βl
s)(Fl) = X(2) (Fs)|Fs=0 , (33)

and then

lls = βl
s. (34)

Equation (34) is called the necessary and sufficient

conditions of the conformal invariance, and it is si-

multaneously of Lie symmetry under the infinitesimal

point transformation (18) for holonomic systems with

quasi-coordinates. Thus, there is the following propo-

sition.

Proposition 1 For holonomic systems with

quasi-coordinates, the necessary and sufficient condi-

tions that the conformal invariance would be of the Lie

symmetry, are that Eq. (14) is the conformal factor

satisfying Eq. (34).

We have the following deduction.

Deduction Suppose that differential Eq. (14)

can transform into the standard forms

Fs ≡ ω̇s − αs = 0, (35)

by the action of the infinitesimal point transforma-

tions of one-parameter group, the necessary and suf-

ficient conditions of conformal invariance which are

simultaneously of Lie symmetry, are as follows:

lls =
∂ξs
∂πl

− 2ξ̇0 − ωs
∂ξ0
∂πl

. (36)

4. Conformal invariance and Ho-

jman conserved quantities

The conformal invariance of holonomic systems

with quasi-coordinates can also lead to conserved

quantities under certain conditions. By the action of

special infinitesimal transformations when there ex-

ists the conformal factor which makes the differential

equations have conformal invariance and Lie symme-

try simultaneously, then the Hojman conserved quan-

tities can be educed. Assume that the infinitesimal

transformations of time and generalised coordinate

have forms (18), the conformal factor is simplified into

the following form:

lls = Ask

(
∂ξs
∂πr

− ωr
∂ξ0
∂πr

)
Arl

− 2δls

(
∂ξ0
∂t

+
∂ξ0
∂πr

ωr

)
+X(0)(Ask)A

kl. (37)

If the infinitesimal generator ξs(t, q,ω) satisfies the

following condition:

d̄

dt

(
d

dt
ξs

)
=

∂αs

∂πk
ξk +

∂αs

∂ωk

(
d

dt
ξk − γk

rtωrξt

)

+
d

dt
(γs

rtωrξt), (38)

where
d̄

dt
=

∂

∂t
+ ωk

∂

∂πk
+ αk

∂

∂ωk
, (39)

differential Eq. (7) is of Li symmetry.

Proposition 2 For holonomic systems with

quasi-coordinates, if the infinitesimal generator ξi sat-

isfies Eq. (39) and

∂

∂πs
(γs

rt)ωrξt = 0, (40)

and there exists a function µ = µ(t, q,ω) which satis-

fies following condition:

∂αs

∂ωs
+

d̄

dt
lnµ = 0, (41)

then Hojman conserved quantities caused directly by

Lie symmetry is in the following form

IH

=
∂τ

∂t
+

1

µ

∂(µξs)

∂πs

+
1

µ

∂

∂ωs

[
µ

(
d

dt
ξs − γs

rtωrξt

)]
− d

dt
τ

= const. (42)

Its proof can be found in Refs. [28] and [29].

5. Illustration example

As an application of the conformal invariance of

holonomic systems with quasi-coordinates, an illustra-

tion example is introduced.
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We study the conformal invariance and the con-

served quantities for holonomic systems with quasi-

coordinates. The systems with two freedom degrees

can be written in the form

L =
1

2
(q21 q̇

2
2 + q̇22). (43)

The non-potential generalised forces are

Q1 = q1q̇
2
1 − q21(q̇1 + q̇2), and Q2 = Q2(t, q1). (44)

Let

ω1 = q1q̇1, and ω2 = q̇2, (45)

then we have

a11 = q1, a12 = a21 = 0, a22 = 1,

b11 =
1

q1
, b12 = b21 = 0, b22 = 0,

γs
rt = 0. (46)

On account of

L∗ =
1

2
(ω2

1 + ω2
2),

P ∗
1 = Q1b11 +Q2b21 =

ω2
1

q21
− q1ω2 − ω1,

P ∗
2 = Q1b12 +Q2b22 = Q2(t, q1), (47)

from Eq. (7), we can obtain

ω̇1 =
ω2
1

q21
− ω1 − q1ω2,

ω̇2 = Q2(t, q1). (48)

The differential equations of holonomic systems with

quasi-coordinates are

F =

 ω̇1 + ω1 + q1ω2 −
ω2
1

q21
ω̇2 −Q2

 = 0. (49)

Using determining equations of Lie symmetry, we can

obtain

d̄

dt

d

dt
ξ1 =

2ω1

q21

d

dt
ξ1 − q1

d

dt
ξ2 −

d

dt
ξ1

− 2ω2
1ξ1

q31q1
− ω2

ξ1
q1

,

d

dt

d

dt
ξ2 =

ξ1
q1

∂Q2

∂q1
(50)

with a solution

ξ1 = 0, ξ2 =
1

2

(
ω1

q1
+ q1 + q2

)2

. (51)

We have

X(2) = X(1) + [(ξ̇s − ωsξ̇0 − γk
rtωrξt)

· − ω̇sξ̇0]
∂

∂ω̇s

= ξ2
∂

∂π2
+ ξ̇2

∂

∂ω2
+ (ξ̇2)

· ∂

∂ω̇2
, (52)

and

X(2) (F )

=

[
ξ2

∂

∂π2
+ ξ̇2

∂

∂ω2
+ (ξ̇2)

· ∂

∂ω̇2

]

×

 ω̇1 + ω1 + q1ω2 −
ω2
1

q21
ω̇2 −Q2


=

 0 0

1− ω1

q21
1

 ω̇1 + ω1 + q1ω2 − ω2
1

q21

ω̇2 −Q2

 . (53)

We can obtain the conformal factor

lls =

 0 0

1− ω1

q21
1

 . (54)

Using Eq. (41), we can have

2ω1

q21
− 1 +

d

dt
lnµ = 0, (55)

and

µ = q−2
1

(
ω1

q1
+ q1 + q2

)
exp t. (56)

Using Proposition 2, we obtain the Hojma conserved

quantities according to Eq. (42) as follows:

IH =

(
ω1

q1
+ q1 + q2

)−1

= const. (57)

6. Conclusion

We study the conformal invariance and the Hoj-

man conserved quantities for holonomic systems with

quasi-coordinates. The holonomic systems with quasi-

coordinates exhibit conformal invariance and con-

served quantities under infinitesimal transformation.

By introducing the concept of the conformal invari-

ance and the conserved quantities for holonomic sys-

tems with quasi-coordinates, we can find the confor-

mal factor in the determining equations of the Lie

symmetry and the conserved quantities as shown in

Eqs. (36), (37) and (42). The conformal invariance

may lead to corresponding Hojman conserved quanti-

ties when the conformal invariance satisfies some con-

ditions.

090303-5



Chin. Phys. B Vol. 19, No. 9 (2010) 090303

References

[1] Cunningham E 1909 Proceedings of the London Mathe-

matical Society 8 77

[2] Bateman H 1909 Proceedings of the London Mathematical

Society 8 223

[3] Galiullin A S, Gafarov G G, Malaishka R P and Khwan A

M 1997 Analytical Dynamics of Helmholtz, Birkhoff and

Nambu Systems (Moscow: UFN) (in Russian)

[4] Robert M L and Matthew P 2001 J. Geom. Phys. 39 276

[5] Cai J L 2008 Chin. Phys. Lett. 25 1523

[6] Cai J L and Mei F X 2008 Acta Phys. Sin. 57 5369 (in

Chinese)

[7] Cai J L, Luo S K and Mei F X 2008 Chin. Phys. B 17

3170

[8] Liu C, Liu S X, Mei F X and Guo Y X 2008 Acta Phys.

Sin. 57 6709 (in Chinese)

[9] Liu C, Mei F X and Guo Y X 2008 Acta Phys. Sin. 57

6704 (in Chinese)

[10] Liu C, Zhu N, Mei F X and Guo Y X 2008 Commun.

Theor. Phys. 50 1065

[11] Chen X W, Liu C and Mei F X 2008 Chin. Phys. B 17

3180

[12] He G and Mei F X 2008 Chin. Phys. B 17 2764

[13] Cai J L 2009 Acta Phys. Pol. A 115 854

[14] Cai J L 2009 Acta Phys. Sin. 58 22 (in Chinese)

[15] Liu C, Mei F X and Guo Y X 2009 Chin. Phys. B 18 395

[16] Liu C, Liu S X, Mei F X and Guo Y X 2009 Chin. Phys.

B 18 856

[17] Zhang M J, Fang J H, Lin P, Lu K and Pang T 2009

Commun. Theor. Phys. 52 561

[18] Chen X W, Zhao Y H and Li Y M 2009 Chin. Phys. B 18

3139

[19] Chen X W, Zhao Y H and Liu C 2009 Acta Phys. Sin. 58

5150 (in Chinese)

[20] Luo Y P 2009 Int. J. Theor. Phys. 48 2665

[21] Xia L L, Cai J L and Li Y C 2009 Chin. Phys. B 18 3158

[22] Zhang Y 2009 Chin. Phys. B 18 4636

[23] Nikolov P A and Petrov N P 2003 J. Geom. Phys. 44 539

[24] McLachlan R and Perlmutter M 2001 J. Geom. Phys. 39

276

[25] Ge W K and Mei F X 2009 Acta Phys. Sin. 58 699 (in

Chinese)

[26] Li Y C, Xia L L and Wang X M 2009 Chin. Phys. B 18

4643

[27] Zhang M J, Fang J H, Lu K, Zhang K J and Li Y 2009

Chin. Phys. B 18 4650

[28] Zhang H B, Chen L Q, Liu R W and Gu S L 2005 Acta

Phys. Sin. 54 2489 (in Chinese)

[29] Mei F X 2004 Symmetries and Conserved Quantities of

Constrained Mechanical Systems (Beijing: Beijing Insti-

tute of Technology Press ) (in Chinese)

090303-6


