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This paper discusses the weak Noether symmetry for a nonholonomic controllable mechanical system of Chetaev

type, and presents expressions of three kinds of conserved quantities obtained by using weak Noether symmetry. Finally,

the application of these new results is illustrated by an example.
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1. Introduction

For a mechanical system, there exists a close rela-

tion between its integrability and the variations in its

symmetries and conserved quantities, thus the relation

provides another tool for analysing how the mehanical

universe works, and tells us why a phenomenon occurs

without giving us the details of the actual process; so

the symmetries and conserved quantities of dynam-

ical and mechanical systems play an important role

in mechanics and physics.[1−20] The modern methods

to find the conserved quantity of a system are those

using the following three main kinds of symmetries:

the Noether symmetry,[1] the Lie symmetry,[2] and the

Mei symmetry (or the form invariance).[3] Now peo-

ple have done much work about these three symme-

tries and the conserved quantities obtained directly or

indirectly from them.[4−20] The theory of the symme-

tries and conserved quantities gives a simpler method

to solve the problems of dynamical and mechanical

systems, so it becomes more important and has the

important theoretical and practical significance.

Weak Noether symmetry is a kind of new sym-

metries, which was first published in the Beijing In-

stitute of Technology Transaction (in Chinese) by Mei

and Shui[21] in 2006. The weak Noether symmetry is

derived from generalised accelerations in the Noether

identity, expressed as functions of time, generalised

coordinates and generalised velocities by using differ-

ential equations. From Mei’s paper, we can generalise

the weak Noether symmetry derived from the Noether

identity and find more undiscovered conserved quan-

tities, so it has an important theoretical significance.

In Refs. [22]–[25], Xie et al. studied the weak Noether

symmetry of some mechanical systems and obtained

Noether conserved quantity or non-Noether conserved

quantity. The control theory is very useful in many

fields of the modern scientific world. The study of the

symmetries and conserved quantities of controllable

mechanical systems becomes more and more neces-

sary and makes development in controllable mechani-

cal system.[26−31] In the present paper, we discuss the

weak Noether symmetry for a nonholonomic control-

lable mechanical system of Chetaev type, and presents

expressions for the three kinds of conserved quantities

produced by weak Noether symmetry. Finally, the ap-

plication of the new results is shown by an example.

2. Weak Noether symmetry of a

system

Here we consider a mechanical system whose con-

figuration is determined by n generalised coordinates

qs(s = 1, . . . , n). Let its motion be subjected to the g

ideal nonlinear nonholonomic constraints of Chetaev

type

φβ(t, qs, q̇s, µr, µ̇r) = 0, (β = 1, . . . , g), (1)

∂φβ

∂q̇s
(ξs − q̇sξ0) = 0, (2)
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where µr(r = 1, . . . , p) are controlled parameters. The

motion of the mechanical system is controlled by using

the controlling parameters µr, which are important to

a mechanical system whose motion can be described

by the differential equations as follows:

Es(L) = Qs +

g∑
β=1

λβ
∂φβ

∂q̇s
,

(s = 1, . . . , n;β = 1, . . . , g), (3)

where Es are the Euler operators

Es =
d

dt

∂

∂q̇s
− ∂

∂qs
. (4)

In general, it is supposed that the system (3) is

nonsingular, and before integrating Eq. (3), we can

find λβ as a function of t, qs, q̇s, µr and µ̇r, thus we

can obtain the equations of motion of the holonomic

system corresponding to the nonholonomic system ex-

pressed by Eqs. (1) and (3)

Es(L) = Qs + Λs, (s = 1, . . . , n), (5)

where Λs = Λs(t, qs, q̇s, µr, µ̇r) =
∑g

β=1 λβ(∂φβ/∂q̇s)

are the generalised nonholonomic reactive constraint

forces, L = L(t, qs, q̇s) is the Lagrangian, Qs =

Qs(t, qs, q̇s) are the nonpotential generalised forces, λβ

are the multipliers of constraint, and the repeated sub-

scripts represent the summation.

From Eqs. (5), we can find all the generalised ac-

celerations

q̈s = αs(t, qs, q̇s, µr, µ̇r), (s = 1, . . . , n). (6)

Introduce infinitesimal transformation in terms of

time and generalised coordinates

t∗ = t+ εξ0(t, qs, q̇s),

q∗s (t
∗) = qs(t) + εξs(t, qs, q̇s), (7)

where ε is an infinitesimal parameter, ξ0 and ξs are

infinitesimal generators.

The weak Noether symmetry is more prevalent

than the Noether symmetry because the condition of

the former is weaker.

Definition Under the infinitesimal trans-

formations (7), if the infinitesimal generators ξ0
and ξs together with the gauge function GN =

GN(t, qs, q̇s, µr, µ̇r), satisfy

L
d̄

dt
ξ0 + X̄(1)(L) +

∂L

∂µr
µ̇rξ0 +

∂L

∂µ̇r
µ̈rξ0

+ (Qs + Λs)(ξs − q̇sξ0) +
d̄

dt
GN = 0, (8)

where

X̄(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+

(
d̄

dt
ξs − q̇s

d̄

dt
ξ0

)
∂

∂q̇s
, (9)

d̄

dt
=

∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
, (10)

then the symmetry is called weak Noether symmetry

of the corresponding nonholonomic controllable me-

chanical system (5).

If ξ0 and ξs also, in addition to Eq. (8), satisfy the

restriction equation (2), then the symmetry is called

weak Noether symmetry of the nonholonomic control-

lable mechanical system (1) and (3).

3. Three kinds of conserved quan-

tities

Proposition 1 If the infinitesimal generators,

ξ0 and ξs satisfy both Eq. (8) and Eq. (2), then the

weak Noether symmetry of the system (1) and (3) can

yield the following Noether conserved quantity

IN = Lξ0 +
∂L

∂q̇s
(ξs − q̇sξ0) +GN = const. (11)

However, we call Eq. (11) the Noether conserved quan-

tity of the corresponding holonomic system (5) if ξ0
and ξs only admit Eq. (8) but do not admit Eq. (2).

So, for a nonholonomic controllable mechanical

system of Chetaev type, the type of Noether conserved

quantities which the weak Noether symmetry has, is

the same as that the Noether symmetry have.

In a similar way, we can have Hojman conserved

quantity.

For the transformation (7), taking ξ0 = 0, i.e.

setting the time t unchangeable, we obtain the deter-

mining equation of Lie symmetry

d̄

dt

d̄

dt
ξs =

∂αs

∂qk
ξk +

∂αs

∂q̇k

d̄

dt
ξk. (12)

In this way, the weak Noether identity (8) will become

∂L

∂qs
ξs +

∂L

∂q̇s

d̄

dt
ξs + (Qs + Λs)ξs +

d̄

dt
GN = 0. (13)

As a consequence, we obtain another proposition.

Proposition 2 If the infinitesimal generator ξs
satisfies Eqs. (12) and (13), and there exists a function

µ̃ = µ̃(t, qs, q̇s, µr, µ̇r) such that

∂αs

∂q̇s
+

d̄

dt
ln µ̃ = 0, (14)
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then Hojman conserved quantity of corresponding

holonomic system (5) is given by

IH =
1

µ̃

{
∂

∂qs
(µ̃ξs) +

∂

∂q̇s

(
µ̃
d̄

dt
ξs

)}
= const. (15)

It is familiar to us that the criterion equation of

form invariance for corresponding holonomic system

(5) is

d̄

dt

∂X̄(1)(L)

∂q̇s
− ∂X̄(1)(L)

∂qs

− X̄(1)(Qs)− X̄(1)(Λs) = 0, (16)

and thereby we obtain Proposition 3.

Proposition 3 If Eqs. (16) hold for the in-

finitesimal generators ξ0 and ξs of weak Noether

symmetry, and there exists a gauge function GF =

GF(t, qs, q̇s, µr, µ̇r) to make structure equation hold

X̄(1)(L)
d̄

dt
ξ0 + X̄(1)

[
X̄(1)(L)

]
+

∂X̄(1)(L)

∂µr
µ̇rξ0

+
∂X̄(1)(L)

∂–̇µr

µ̈rξ0 + X̄(1)(Qs + Λs)(ξs − q̇sξ0)

+
d̄

dt
GF = 0, (17)

then a new-type conserved quantity deduced by weak

Noether symmetry for corresponding holonomic sys-

tem (5) is obtained

IF = X̄(1)(L)ξ0 +
∂X̄(1)(L)

∂q̇s
(ξs − q̇sξ0) +GF

= const. (18)

Now we have obtained three kinds of conserved

quantities by using weak Noether symmetry.

4. Weak Noether symmetry and

the Noether symmetry of a

system

Equations (2) do not include the second derivative

of the generalised coordinate q̈s, so the Noether iden-

tity of a nonholonomic controllable mechanical system

(1) and (3) has the form as follows:

Lξ̇0 + ξ0
∂L

∂t
+ ξs

∂L

∂qs
+ (ξ̇s − q̇sξ̇0)

∂L

∂q̇s

+
∂L

∂µr
µ̇rξ0 +

∂L

∂µ̇r
µ̈rξ0 + (Qs + Λs)(ξs − q̇sξ0)

+ ĠN = 0. (19)

If the infinitesimal generators ξ0 and ξs do not

depend on generalised velocities q̇s, that is

∂ξ0
∂q̇s

=
∂ξs
∂q̇k

= 0, (s, k = 1, 2, . . . , n), (20)

then Eqs. (8) are the same as Eqs. (19) formally; oth-

erwise, they are different.

Choose

ξ0 = ξs = 0, (s = 1, . . . , n). (21)

It is apparent that the generators admit the re-

striction equations (2); according to Noether symme-

try, we have

GN = 0, IN = 0, (22)

which is trivial.

Substituting Eq. (19) into Eq. (8) we obtain

d̄

dt
GN = 0, (23)

so that we can not only take GN = 0 but also can

choose arbitrary integral. For the latter, we can take

the Noether conserved quantity as

IN = GN. (24)

From the above, we can say that the weak Noether

symmetry is more prevalent than the Noether symme-

try.

5. Example

The Lagrangian, the nonpotential generalised

forces, and the constraint equations of a nonholonomic

controllable mechanical system are, respectively, writ-

ten as

L =
1

2
(q̇21 + q̇22), (25)

Q1 = 0, Q2 = 0, (26)

φ = q̇2 − µq2 = 0, (27)

where µ is the controlling parameter, but not the in-

tegral parameter.

The equations of motion are

q̈1 = 0, q̈2 = µ̇q2 + µq̇2. (28)

For this system, the weak Noether identity (8)

reads

L
d̄

dt
ξ0 +

(
d̄

dt
ξ1 − q̇1

d̄

dt
ξ0

)
∂

∂q̇1

+

(
d̄

dt
ξ2 − q̇2

d̄

dt
ξ0

)
∂

∂q̇2
+ (µ̇q2 + µq̇2)(ξ2 − q̇2ξ0)
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+
d̄

dt
GN = 0. (29)

We take the generators in the form

ξ0 = 0, ξ1 = q̇1, ξ2 = 0, GN = q̇1. (30)

It is easy to see that the generators (30) satisify

Eqs. (29) and (2), such that this system is weakly

Noether symmetric. Next, we will caculate whether

it is Noether symmetric or not. The Noether identity

(19) reads

q̇1ξ̇1 + q̇2ξ̇2 + (µ̇q2 + µq̇2)ξ2 + ĠN = 0, (31)

and its Killing equations are

q̇1

(
∂ξ1
∂t

+
∂ξ1
∂q1

q̇1 +
∂ξ1
∂q2

q̇2

)
+ q̇2

(
∂ξ2
∂t

+
∂ξ2
∂q1

q̇1 +
∂ξ2
∂q2

q̇2

)
+ (µ̇q2 + µq̇2)ξ2

= −∂GN

∂t
− ∂GN

∂q1
q̇1 −

∂GN

∂q2
q̇2, (32)

q̇1

(
∂ξ1
∂q̇1

+
∂ξ1
∂q̇2

)
+ q̇2

(
∂ξ2
∂q̇1

+
∂ξ2
∂q̇2

)
= −∂GN

∂q̇1
− ∂GN

∂q̇2
. (33)

This is an inconsistent system of equations, and we fail

to look for the Noether conserved quantity. The de-

termining equation of Lie symmetry for corresponding

holonomic system (5) is

d̄

dt

d̄

dt
ξs =

∂αs

∂qk
ξk +

∂αs

∂q̇k

d̄

dt
ξk. (34)

Equations (1) under the infinitesimal transforma-

tions are

X̄(1)(φ) = 0. (35)

The generators (30) satisfy both Eqs. (34) and

(35), so the generators are both weak Noether sym-

metric and Lie symmetric.

We also obtain

X̄(1)(L) = 0,

d̄

dt

∂X̄(1)(L)

∂q̇s
− ∂X̄(1)(L)

∂qs

= X̄(1)(Qs) + X̄(1)(Λs)

= 0. (36)

So, the generators (30) are both weak Noether sym-

metric and form invariance.

From Proposition 1, we can take Noether con-

served quantity as

IN = q̇21 + q̇1. (37)

In a similar way, we can have Hojman conserved quan-

tity

IH =
q̇1

q1 − q̇1t
, (38)

and the new conserved quantity

IF = q̇2 − µq2. (39)

For Eq. (38), we can obtain the Noether genera-

tors from the Noether converse therom

ξ̄1 = ξ1 − q̇1ξ0 =
q1

(q1 − q̇1t)2
, (40)

ξ̄2 = ξ2 − q̇2ξ0 = 0. (41)

They cannot be Eqs. (30), since Eqs. (30) are not

the Noether symmetry; in the same way, we can also

arrive at the same conclusion via Eqs. (37) and (39).

6. Conclusion

In this paper, the weak Noether symmetry of a

nonholonomic controllable mechanical system is in-

troduced; the results in this paper have more gen-

eral significance, they can be applied to not only a

nonholonomic controllable mechanical system but also

a nonholonomic mechanical system (when µr = 0).

From the illustrated example, we can see that the weak

Noether symmetry is more prevalent than the Noether

symmetry, and we can use it to obtain some conserved

quantities which cannot be found by Noether symme-

try.

References

[1] Noether A E 1918 Math. Phys. KI II 235

[2] Lutzky M 1979 J. Phys. A: Math. Gen. 12 973

[3] Mei F X 2000 J. Beijing Inst. Technol. 9 120

[4] Mei F X 2000 Acta Phys. Sin. 49 1207 (in Chinese)

[5] Mei F X 2001 Chin. Phys. 10 177

[6] Li Z P 1981 Acta Phys. Sin. 30 1659 (in Chinese)

[7] Mei F X 1999 Application of Lie Group and Lie Alge-

090302-4



Chin. Phys. B Vol. 19, No. 9 (2010) 090302

bras to Constrained Mechanical Systems (Beijing: Sci-

ence Press) (in Chinese)

[8] Mei F X 2004 Symmetries and Conserved Quantities of

Constrained Mechanical Systems (Beijing: Beijing Insti-

tute of Technology Press) (in Chinese)

[9] Luo S K, Zhang Y F et al 2008 Advances in the Study

of Dynamics of Constrained Systems (Beijing: Science

Press) (in Chinese)

[10] Zhang Y 2006 Acta Phys. Sin. 55 504 (in Chinese)

[11] Luo S K and Cai J L 2003 Chin. Phys. 12 357

[12] Luo S K, Chen X W and Guo Y X 2007 Chin. Phys. 16

3176

[13] Chen X W and Li Y M 2003 Chin. Phys. 12 936

[14] Fang J H, Ding N and Wang P 2007 Chin. Phys. 16 887

[15] Fu J L, Chen L Q, Luo Y and Luo S K 2003 Chin. Phys.

12 351

[16] Luo S K 2007 Chin. Phys. 16 3182

[17] Cai J L 2008 Chin. Phys. Lett. 25 1523

[18] He G and Mei F X 2008 Chin. Phys. B 17 2764

[19] Cai J L, Luo S K and Mei F X 2008 Chin. Phys. B 17

3170

[20] Chen X W, Liu C and Mei F X 2008 Chin. Phys. B 17

3180

[21] Mei F X and Shui X P 2006 J. Beijing Inst. Technol. 26

285 (in Chinese)

[22] Mei F X, Xie J F and Gang T Q 2008 Commun. Theor.

Phys. (Beijing, China) 49 1413

[23] Xie J F, Gang T Q and Mei F X 2008 Chin. Phys. B 17

390

[24] Xie J F, Gang T Q and Mei F X 2008 Chin. Phys. B 17

3175

[25] Xie J F, Mei F X and Gang T Q 2008 Commun. Theor.

Phys. (Beijing, China) 50 844

[26] You C D 1996 The Modern Control Theory Basic (Bei-

jing: Electronic Industry Press) (in Chinese)

[27] Mei F X 1988 J. Beijing Inst. Technol. 8 17

[28] Luo S K 1996 Applied Mathematics and Mechanics 7 683

[29] Fu J L, Chen L Q, Bai J H and Yang X D 2003 Chin.

Phys. 12 695

[30] Xia L L, Li Y C, Wang J and Hou Q B 2006 Acta Phys.

Sin. 55 4995 (in Chinese)

[31] Xia L L, Li Y C and Wang X J 2009 Acta Phys. Sin. 58

28 (in Chinese)

090302-5


