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On the basis of the reproducing kernel particle method (RKPM), a new meshless method, which is called the

complex variable reproducing kernel particle method (CVRKPM), for two-dimensional elastodynamics is presented in

this paper. The advantages of the CVRKPM are that the correction function of a two-dimensional problem is formed

with one-dimensional basis function when the shape function is obtained. The Galerkin weak form is employed to

obtain the discretised system equations, and implicit time integration method, which is the Newmark method, is used

for time history analysis. And the penalty method is employed to apply the essential boundary conditions. Then the

corresponding formulae of the CVRKPM for two-dimensional elastodynamics are obtained. Three numerical examples
of two-dimensional elastodynamics are presented, and the CVRKPM results are compared with the ones of the RKPM
and analytical solutions. It is evident that the numerical results of the CVRKPM are in excellent agreement with the
analytical solution, and that the CVRKPM has greater precision than the RKPM.
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1. Introduction

Transient analysis for engineering structures sub-
jected to dynamic loads is very important. The
transient elastodynamics problems are classically de-
scribed by a linear or nonlinear partial differential
equation associated with boundary conditions and ini-
tial conditions. It is usually very difficult to obtain
the solutions of these transient elastodynamic prob-
lems analytically. Therefore, for many decades, re-
searchers have put in considerable efforts to develop
efficient numerical methods to solve these problems.
The finite element method (FEM) and the boundary
element method (BEM) are undoubtedly the domi-
nant methods for modelling transient elastodynamic
problems at present.l!! The FEM and the BEM are
the numerical method based on mesh, so it is nec-
essary to deal with extremely large deformations of
mesh with the re-meshing technique. Researchers are
always looking for more efficient computational meth-
ods that can reduce the re-meshing process or avoid
complicated mathematical manipulation. The mesh-
less method is an interesting numerical technique that
can solve many engineering problems not suitable for

conventional numerical methods with a minimum of
meshing or no meshing at all.[*3]
methods
oped, such as smoothed particle hydrodynamics
(SPH),™ the diffuse element method (DEM),!
element-free  Galerkin (EFG) method,l®  repro-
ducing kernel particle method (RKPM),[” finite
point method (FPM),[® meshless local Petrov—
Galerkin (MLPG) method,[”) meshless point collo-
cation method (PCM),1% wavelet particle method
(WPM),M radial basis functions (RBFs),'?l meshless
finite element method (MFEM),[*3] complex variable

meshless method,'*~1% and the meshless boundary

Many meshless have been devel-

integral equation methods.!*7—2]

In recent years, some meshless methods have been
gradually applied to linear elastodynamic problems.
Belytschko et al. have used the EFG method to solve
dynamic fracture problems.8! Liu et al.l*®! proposed
the RKPM for structural dynamics analysis. Han and
Atluril®9 presented the MLPG approach for three-
dimensional elastodynamics. Liu et al.3l presented
a simple and less-costly MLPG method for the dy-
namic fracture problem. The MLPG method was ap-
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plied to analyse free and forced vibration of solids
by Gu and Lin®?l Bueche et al.133] applied the nat-
ural element method (NEM) to obtain the solution of
two-dimensional (2D) linear elastodynamics. Li and
Cheng presented the meshless manifold method to
analyse transient deformation and dynamic fracture
problems. 435 Cheng and Pengl??! and Liew et al.[*]
presented a direct meshless boundary integral equa-
tion method, called boundary element-free method
(BEFM), to solve 2D linear elastodynamic problems.
Sladek et al.,13% Sellountos and Polyzos3” applied
the meshless local boundary integral equation (LBIE)

method to elastodynamic problems. [38]

Lam group
applied Local Kriging (LoKriging) method to struc-
tural dynamic analysis. Liew and Cheng[® presented
the complex variable boundary element-free method
(CVBEFM) to solve 2D elastodynamic problems.
The SPH method, which is based on the kernel es-
timate introduced by Monaghan, is the earliest mesh-

less method. [4-40]

To overcome the loss of accuracy of
the SPH in a finite domain, Liu et al. proposed the
RKPM to improve the performance of the SPH by
introducing a correction function to the kernel func-
tion of integral transformation in the SPH method.”]
By imposing the reproducing conditions, the result-
ing modified kernel function reproduces polynomials
exactly to a specific order and fulfills the complete-
The RKPM not only shares the

common features of all meshless methods but also has

ness requirement.

some unique features, such as time or space locali-
sation, hp-like adaptivity as well as multiresolution
analysis.[*!] All these make the RKPM a novel ap-
proach for structural dynamics,29:42-45] large defor-
mation problems,*®47 and fluid mechanics.[*8!
Though the RKPM has lots of advantages over
other conventional numerical methods, the meshless
method formed with it has great computational cost
because of a great number of nodes selected in the do-
main of a problem, and the shape functions that must
be obtained at every node. Then the complex vari-
ables reproducing kernel particle method (CVRKPM)
was presented by the authors of this paper, and the
2D elasticity problems and transient heat conduc-
tion problems were solved with the CVRKPM.[49:50]
The CVRKPM is an approximation of a vector func-
tion, and the correction function of a 2D problem is
formed with 1D basis function when the shape func-
tion is obtained with the CVRKPM. Some examples
given in Refs. [49] and [50] demonstrated that the
CVRKPM has greater precision and computational

efficiency than the RKPM.

In this paper, the CVRKPM for the 2D elasto-
dynamics is presented. The Galerkin weak form is
employed to obtain the discretised system equations,
and the implicit time integration method, which is
the Newmark method, is used for time history anal-
ysis. The penalty method is employed to apply the
essential boundary conditions. Then the correspond-
ing formulae of the CVRKPM for 2D elastodynamics
are obtained. Three numerical examples of 2D elas-
todynamics are presented, and the CVRKPM results
are compared with the RKPM ones and analytical so-
lutions. It is evident that the numerical results of the
CVRKPM are in excellent agreement with the ana-
lytical solution, and that the CVRKPM has greater
precision than the RKPM.

2. Complex variable reproducing

kernel particle method

In this section, the formulae of the shape function
of the CVRKPM are discussed in detail.

The CVRKPM is an approximation to a vector
function, but the RKPM is an approximation to a

scalar function.

2.1. Complex variable reproducing ker-
nel approximation
Similar to the RKPM, the CVRKPM is also a
class of operators that reproduce the function itself
through the integration over the entire domain. The

reproducing kernel approximation @"(z) of a complex
function u(z) = u1(z) + iua(z) is given by

a(2) = ul (=) + il (2) = / a() - Bz — #)de,

Q
(z=x1+ixe € 12), (1)
where wy,(z — 2’) is a corrected reproducing kernel
function
wy(z —2")=C(z;2 = 2") - wn(z — 2'); (2)

wp(z — 2') is the kernel function which has a compact
support domain, and the cubic spline function is cho-
sen as the weight function in this paper; C(z;z — 2/)
is the correction function and is also expressed as a
linear combination of polynomial basis functions, i.e.

Clz;2z—2") = Zpl(z — 2" bi(2)
i=0

=p'(z—2)b(2). (3)
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Here m is the highest order of polynomial basis func-
tions, p;(z — z’) are the basis functions, and b;(z) are
the corresponding coefficients.

In general, for 2D problems, the basis functions
can be chosen as

e Linear basis:

pT_(I)Z_Z/)7 mzlv (4)
e Quadratic basis:
p'=(Lz—2,(2—2)%), m=2 (5)

2.2. Complex variable particle approxi-
mation

Suppose that the domain {2 is discretised by a set
of nodes (z1,292,...,2,), where z; is the location of
node I, and n is the total number of nodes. By the
use of a simple trapezoidal rule, Eq. (1) is approxi-
mated by the following summation for all the nodes
in the domain {2:

ﬂh(z) = ’L_L(Z[) . 'lf)h(z — Z]) - AV

M=

~
Il

1

C(z 2 — z1) - wn(z — 21)

I
[M]=

~
Il

AV - ﬂ(Z[), (6)

where AV is the volume of node z; and represents

the integration weight, and
a(zr) = wi(zr) +iua(zr). (7)

Equation (6) can be written as

u"(z) = C(2)W(2)V - a, (8)
where
@ = (a(z1),a(z2), ..., 0(zn))" = Qu; (9)
u = (u1(z1),ua(z1), u1(22), u2(22), . . . ,
us(zn), ua(2n))" (10)
(1 4 0 0 0 ]
0 01 % 0O
Q=000 0 1 i 0 0 ,(11)
0 000O0O0 ... 1 1
L - nx2n

[ wn(z — 21) 0 e 0
0 wp(z — 29) ... 0
W(z) = . . :
i 0 0 wp(z — 2)
(12)
AV, 0 0
0 AV, 0
V = (13)
00 AV,
Let

Cr(z) = C(z 2 —z1) = pL(z — 21)b(2), (14)
then

C(2) = (C1(2),Ca(2),. .., Cn(2)) = bY(2)P, (15)

where
po(Z - 21) po(Z - 2’2) PO(Z - Zn)
p_ pl(z.—zl) pl(z‘—zg) pl(z.—zn) ’
Pm(z —21) pm(z—22) ... Pm(z—2zp)
(16)
bT(z) = (b0(2)7b1(z)7' s abm(2)> (17)

2.3. Complex variable reproducing con-
ditions

Here the correction coefficients are obtained via
the following linear algebraic system of equations sat-
isfying the reproducing conditions. In the CVRKPM,
a Taylor series expansion of function %(zy) is used and
written as follows:

oo - — (—1)* k (k)
a(zr) = u(z) + Z o (z —zp)"a'""(2). (18)

k=1

Substituting Eq. (18) into Eq. (6) yields

—h 7 m S (_1)k 7 i7(K)
a'(z) = mo(z)a(z) + Z o mi(2)a\"™ (2), (19)
k=1 ’

where my(z) is the moment of the corrected weight
function,

mi(z) = Y (2= z1)*wn(z — 21) AV,
I
(k=0,1,2,...). (20)

For the kernel estimate to reproduce a unity, the
moment of kernel function is enforced to satisfy the
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following conditions, i.e., zero-th order reproducing
conditions:

mo(z) =1. (21)

In order to reproduce a linear function @(z) = ag+a; 2,
the following reproducing conditions

mo(z) =1, ml(z) =0 (22)

must be satisfied. And, to reproduce an m-th order
polynomial, the reproducing conditions can be written
as

Smm(2) =0, (23)

Substituting Egs. (2) and (3) into Eq. (20), and con-
sidering the reproducing conditions Eq. (23), we have

mo(z’) 1
ml(z)
M (2)b(z) = : = : (24)
M (2) 0
where
mo(z) m(z) M (2)
ai = | M ) @
M (2) Mmt1(2) ... Mam(z)
= Zp(z —z7) -pT(z —z7)
I=1
wy(z — z1) - AV7. (25)
Let
H=(1,0,...,0)", (26)

Equation (24) can be written in matrix form as
M(2) - b(z) = H; (27)

and then we have

b(z) =M () -H. (28)
2.4.The shape function of the
CVRKPM

From Eq. (8), the expression of the trial function
@"(2) can be written as

and then we have

u(z) = Re[®(2)a] = Re [Z qﬁf(z)u(zl)] ,(30)
I=1

ul(z) = Im[®(2)u] = Im [Z @I(z)ﬂ(z[)] ,(31)
I=1

where @(z) is the shape function of the CVRKPM,

and

P(z) = (D1(2), P2(2), -, Pu(2))
= C(x)W(2)V, (32)
D1(z) = C(z; 2 — zr)wn(z — z1)AV]. (33)

The advantages of the CVRKPM are that the cor-
rection function of a 2D problem is formed with 1D
basis function, which leads to the fewer nodes that
can be selected in the domain of a problem when the
meshless method formed with the CVRKPM is used,
because the unknown coefficients in the CVRKPM are
fewer than in the RKPM. For the linear basis, the ba-
sis function in the RKPM is p* = (1,21 — ), 22 —a5),
and three unknown coefficients are needed; and the
basis function in the CVRKPM is pT = (1,2 — 2/),
and two unknown coefficients are needed. For the
quadratic basis, if the basis function in the RKPM is
p' = (1, 21—, wa—ah, (v1-21)?, (v1—27) (22— h),
(29 — 2%)?), then six unknown coefficients are needed;
however, the basis function in the CVRKPM is pT =
(1, z—2,(z—

cients are needed. Then for an arbitrary point in the

z')?), and thus three unknown coeffi-

domain, we need fewer nodes with support domains
that cover the point, and so we also require fewer
nodes in the entire domain of a problem. Under the
same node distribution in the problem domain, the
CVRKPM has greater precision than the RKPM.

In addition, for an arbitrary node, when its
shape function and the derivatives of this function are
formed, it is necessary to obtain the inversion of the
matrix M and the product of matrices. Under the
same precision, because fewer unknown coefficients are
needed in the CVRKPM, thus reducing the dimension
of the matrix M, we can obtain the inversion of the
matrix M and the product of matrices simply and
rapidly, and then the CVRKPM has greater compu-
tational efficiency than the RKPM.
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3. The CVRKPM for 2D linear

elastodynamics

This section presents a detailed procedure of the
CVRKPM for the 2D linear elastodynamics.

The governing equations, boundary condition and
the initial condition of the 2D linear elastodynamics
can be written as follows:

LYo +b=pii+pu, (n 02); (34)
u=u, (on I,); (35)
n-o=t, (on I}); (36)
u(z,t0) = uo(2), (in £2); (37a)
u(z,t0) = wvo(z), (in £2); (37b)
where L is differential operator matrix, i.e.
9
8331
0
L= 0o — 1, 38
B2 (38)
0 9
8$2 833‘1
o is the stress vector,
011
o= |02 |, (39)
012
b is the external body force vector,
b (t
b= |01 (40)
ba(t)

p is the mass density, p is damping coefficient, u, w,
and 4 are the vectors of the displacement, velocity,
and acceleration, respectively,

u1(t)

u = , 41
_uQ(t) | (41)
-ﬂl (t) ]

U= , 42
_ag(t) | (42)

i |

U= . 43
_iiQ(t) | )

Here w is the prescribed displacement on the essen-
tial boundary I, t is the prescribed traction on the

natural boundary I, n is the component of the unit
normal to the natural boundary I}, and wg and vy is
the initial displacement and velocity at an arbitrary
point z, respectively. I' is the boundary of the domain
R,and I'=T, ULy, IyNIy=10.

The stress—strain relationship can be expressed as

o = De, (44)

where D is material constant matrix. For isotropic

materials, we have

1 v 0
E
D=r—3 |7 r 0 (45)
1—v
00 —

for plane stress problems; and

1-v v 0
E
D—— - v 1-v 0 (46)
(14+v)(1-2v) 1— 92y
0 0 5

for plane strain problems. Here F is Young’s modulus,
and v is Poisson’s ratio.

The strain—displacement relationship can be writ-
ten as

€ = Lu, (47)

here the Galerkin weak form is employed to develop
the discretised system equation. Because the shape
functions of the CVRKPM do not satisfy the property
of the Kronecker § function, the essential boundary
The Penalty
method, which is one of the most widely used tech-

conditions cannot be applied directly.

niques to enforce the essential boundary conditions, is
used in this paper. And the corresponding constrained
Galerkin weak form can be given by

/ suT pud 2+ / su’ pad R
2 (9
+ / deTod — / SuTbd — / SuTtdr
0 2 Iy
+a / su'S(u —u)dl’ =0, (48)
I'y
where
0
s=|""], (49)
0 S92

090204-5



Chin. Phys. B Vol. 19, No. 9 (2010) 090204

1, if u; is the prescribed displacement on I,

S; =

0, if u; is not the prescribed displacement on I,

and « is penalty factor which is a function of coordi-
nates. To apply the boundary conditions completely,
the penalty factor must be infinite, which is not possi-
ble in practical numerical analysis. In general, a large
positive number of penalty factor is used to enforce
the boundary conditions. In this paper, when

a=(1x10°E ~1x 10°E), (51)

the solution will have good precision.

By using the stress—strain relationship Eq. (44)
and the strain—displacement relationship Eq. (47),
Eq. (48) can be explicitly expressed as

/ sut pid 2+ / Sut padn
2 2

+ / §(Lu)" D(Lu)d 2 — / suTbdn
2 [0}

For 2D linear elastodynamic problems, displace-
ment trial function at any point z is a function of spa-
tial coordinate z and time ¢. In this paper, we only
need to discretise the space domain at an arbitrary
time ¢.

Because the shape functions are time indepen-
dent, the node displacements are functions of time
only, and then from the approximation function (29),
the displacements u;(z,t) and ug(z,t) at an arbitrary
point z = x1 + ix2 in the domain can be expressed as

@ (2,8) = ul(z,0) +iuh(zt) = > Sr(2)ur(t),(53)
I=1

where the parameter @ (t) associated with node z; can
be written as

ar(t) =wui(zr,t) +iua(zr, t). (54)
TF T = _
N /Ft dutdl + a/F u”S(u —a)dl =0. (52) From Egs. (53) and (54), we have
ul(z,t " | Re[®;(2)] —Im[®;(z uy(zg,t LB
(1) = }11( ) -3 [21(2)] [21(2)] 1(21,1) =3 #(2) i), (55)
uy(z,1) 7 | m[@:(2)]  Re[®r(2)] uz(z1,1) T
where @; is the matrix of shape functions, and
- Re[® —Im[®
B0y - | Bel#() — o) -
Im[®;(2)] Re[P;(2)]
uy(t) is node displacement parameter vector at node zy, i.e.
wr(t) = (uy(zr, ), uz(zr,t), I=1,2,...,n. (57)
Similarly, we can obtain the formulae of the acceleration and velocity at the point z as follows:
Wl (z,t " | Re[®;(2)] —Im[®;(z i1 (zr,t LI
TCORY Bt B wl bl B (bl I wF HE RO RECS
iy (2, 1) 7 | Im[®r(z)]  Re[®(z)] iig(21,1) T
Wl (z,t " | Re[®;(2)] —Im|[®;(z Ui (zr,t LI
Uy (2, 1) 7 | Im[®7(z)]  Re[;(z)] tg(21,1) T
where 4 and u(t) are node acceleration and velocity vectors at node zj, respectively,
ir(t) = (iin (21, 1) din(2r,1)", T=1,2,...,n; (60)
ar(t) = (w1 (zr,t),02(2r,1)", 1=1,2,... ,n. (61)
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From Eq. (55), we have

0
on : (1] [P1]
’u,h: n N’u, :n N’u, :n ﬂ RGQI —Im@; u
L LZIj @ ru;(t) ;Lsﬁf 1(t) le 0 30 a[d,] Rol] 1(t)
o 0
dzy day
n Re[@7,1] —Im([&y,] N
=Y Im([ 7 2] Re| 1 2] ~ur(t) = Brug(), (62)
I I

Re[@I’Q} + Im[@l’l] Re[ém] — Im[@[’g]

where & ; represent the derivatives of the complex variable reproducing kernel particle shape function with
respect to x;, and By is the strain matrix for node zy,

Re[QS[,ﬂ —Im[QSI’ﬂ
B; = Im[@[,g] Re[@LQ] . (63)
Re[@LQ] + Im[gf)],l] Re[@Lﬂ — Im[@lg]

Substituting Egs. (55), (58), (59), and (62) into Eq. (52), we have

n T T n
/(5(2@[11,]) P @Iuj) M(ZéJUJ)d.Q
2 T J

(>
J
n T n T n T
+/ (5(23[114) D(ZB]UJ)CLQ—/(S( @[U[) bdf? — 5(2@[11/[) de
2 1 J 2 I I
n T n n T
Iy I J Iu I

Finally, we can obtain the equation of motion as In Eq. (65), U(t), U(t) and U(t) are global accel-
follows: eration, velocity and displacement vectors at all nodes
in the entire problem domain, respectively,

U= (ar@),al 1), al®)", (72

n

U = (al(t),al(t),...,al®),  (73)

n

MU (t)+ CU(t) + (K + KYU(t) = F(t) + F*, (65)

where K is the global stiffness matrix, M is the global
mass matrix, C' is the damping matrix, F' is the global
external force vector, K“ is the global penalty ma- U = (uf(t),u3(t),... ,uE(t))T. (74)

trix, and the vector F'® is also caused by the essential

Let
boundary condition. The elements of the matrices M, -
K, C, K% and the vectors F and F'“ are given as K =K+ K*, (75)
o . F(t) = F(t) + F*(t). (76)
M]J:/¢I~p-¢JdQ, (66)
Q Equation (65) can be simply written as
=T ~ . . _ _
Ciy= /Q ;- p- PydL, (67) MU (t) + CU(t) + KU(t) = F(t). (77)
K = / BT .D . B,dQ, (68) If damping is not considered, Eq. (77) will be
SR MU(t) + KU(t) = F(t). (78)
K?J:a/ &, -S-&,d4I, (69)
r

u

fI(t):/Qi{IdeQ_F/F &"tar, (o) 4. Implicit time integration

LT The simulation of a complex elastodynamic prob-
f}lza/ &b, -S-udl. (71)
r

u

lem requires a high efficient algorithm of time inte-
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gration. Many approaches have been established to
solve different linear elastodynamics problems. They
are mainly classified into explicit and implicit algo-
rithms. The advantage of an explicit approach is
that it avoids solving algebraic equations at each time
step, which leads to less computational cost. How-
ever, the inherent disadvantage of an explicit approach
is that it is conditionally stable. In order to over-
come this disadvantage, some implicit approaches are
proposed to achieve unconditional stability for large
time-step, e.g., Wilson-0 method, Newmark-3 method
and Runge-Kutta method. In this paper, the classi-
cal Newmark-3 algorithm,[2:51:52] which has been the
most popular algorithm to perform dynamic analysis,
is adopted for the time discretisation of the equations
of motion.

The time domain 7" will be discretised by n time
increments, and At(= T/n). We assume that the
analysis starts at time ¢ and the displacement U; and
its derivatives are known, then from Uy, U;, U; we
will obtain Uyya¢, Ursat, Uipas. Applying the Tay-
lor expansion of Ut+m and Uy ¢ at the time step ¢,

we have

. 1 .
Uiin: = U + AtU; + §(1 — B2) AU,

1 .
+§ﬁ2At2Ut+At, (79)

Uiin: = U + (1- 51)AtUt + B1AtU; 4 A (80)

From Eq. (79), we have

2 2

UtJrAt = W (UtJrAt - Ut) - MUt
— <612 — 1) U,. (81)
Let
oy = ﬁ, (82)
0= 7 (83)
a3 = é —1, (84)

Equation (81) can be written simply as
Ut+At = Oél(Ut+At - Ut) - OQUt - asUt~ (85)

Substituting Eq. (85) into Eq. (80) yields

Uiine = fras (Uipar — Us) + (1 - Bil) U;

B é ..
+ (1 62) AtU,. (86)

Equation (77) can be written as
MUt+At + CUt+At + KUpint = Frpnee  (87)

Substituting Eqgs. (85) and (86) into Eq. (87), we have

(a1M + fraxC + K) Uitne = Ft+At +M (alUt + OézUt + OéBUt)

2/, B1

+C {ﬁlaQUt + ( ~ 1) U, + ( — 1) AtUt} 7 (88)

where 8, and (2 are the Newmark’s parameters which
are related to the stability and precision. Different
choices of parameters 81 and By will lead to different
Newmark method. The Newmark method is uncondi-

tionally stable if

bz ad oz (3H8) 69

2

N |

In this paper, the parameters 81 = 3/2 and S = 8/5
is used, and the method is called Galerkin method.
Equations (80), (85), and (88) are the final recur-

rence equations for the Newmark-8 method.

Bo B2

5. Numerical examples

In this section, some numerical examples of the
CVRKPM in two-dimensional linear elastodynamic
problems are presented to demonstrate the accuracy
and advantage of the CVRKPM.

5.1. Cantilever beam problem

Consider a cantilever beam subjected to a Heav-
iside type load at the free end of t = 0 s which
The mate-
rial constants are the density p = 10000 kg/ m3, the

is kept constant in time (see Fig. 1).

Young’s modulus E = 210 GPa, and the Poisson’s ra-
tio v = 0.3. The dynamic load is shown in Fig. 2, with
p =1 N/m® The length of the beam is [ = 100 cm,
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and the height of the beam is h = 10 cm, and the beam
with unit thickness in the plane stress state is consid-
ered. The initial displacement and velocity are zero,
i.e. ug = wg = 0. The essential boundary conditions
are u1(0,t) = u2(0,t) = 0.

x2
p(t)
h
x1
| L |
f 1
Fig. 1. Cantilever beam loaded with an external step
force p.
p(t) )
p

Fig. 2. The dynamic load.

The analytical solution of the fundamental time
period T of a cantilever beam can be obtained from
the classical beam theory as

o [12p1*
T=1g\ B (90)

The maximum displacement w of the free end of the

beam is estimated by calculating the bending defor-
mation. The analytical solution of maximum displace-
ment is obtained from the equation for static bending
with a premultiplied factor of 2 for dynamic loading,
and
phl?

Wmax — 23E17] (91)
Using Egs. (90) and (91), the analytical solution of
vertical displacement at point A, which is the mid
point of the free end of the beam, can be written as

w(t) = % {1 ~ cos (QT’rtﬂwmax. (92)

A regular distribution of 63 nodes is used in the
domain, as shown in Fig. 3. The linear basis function
is used to obtain the correction function. The time
step chosen for the time integration is At = 0.001 s.

The analytical and the numerical solutions using
the RKPM and CVRKPM are shown in Fig. 4. From
which we can see that the results obtained with the
CVRKPM agree well with the analytical solution and
that the CVRKPM has greater precision than the con-
ventional RKPM with the same node distribution.

LN T T A 2 T TR T Y D R U T R R R I A

Fig. 3. Node distribution.

0.00040F T T T T T T T ™
0.00030 1
é L i
Z 0.00020 b
o
: - -
— analytical
0.00010 - RKPM L 7
o « (Elapsed time is 2.5160 s) % B
CVRKPM
or (Elapsed time is 2.1000 5) R%{'“L 1
—-02 0 02 04 06 08 1.0 1.2 14

t/s

Fig. 4. Vertical displacement us time-history at point A.

5.2. In-plane free vibration of a rectan-
gular plate

The second example is an in-plane vibration prob-
lem of a rectangular plate, as shown in Fig. 5. The
rectangular plate is fixed at all four sides, with dis-
tributed initial velocity. The initial conditions and
boundary conditions are described as:

ui(t) =wuae(t) =0, (on I},), (93)

uy (21, w2, t0) = uz(r1,22,%0) =0, (in £2), (94)
Uy (21, T2, t0) = Ua(z1,22,%0)
voz1(a — x1)xe(a — z3)
at ’

(in £2), (95)

where vy = 100 x 0.64* m/s, both the initial deforma-
tion and initial force are zero.

This example is considered as a plane stress prob-
lem. The material properties are: density p = 8.0 x
10° kg/m3, Young’s modulus E = 100 GPa, Pois-
son’s ratio v = 0.3. And the width of the plate is
a = 320 mm.

In Fig. 5, a regular distribution of 21 x 21 nodes is
used. The time step is chosen as At = 0.1 x 1072 ms.
Because of the absence of an analytical solution, the
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comparison between the CVRKPM and FEM numeri-
cal solutions are given in Figs. 6 and 7. Figure 6 shows
the time history of displacement at the centre point
in zy direction, while Fig. 7 shows the time history of
velocity at the centre point in zo direction from 0 to

5 ms.
T2
) ® & & 0 & & 0 0 0 0 0 0 0 0 0 0 L]
® & 0 0 06 0 0 & 0 & 0 0 0 0 0 0 L]
L] ® & & 0 & 0 o 0 0 o L]
. e @ o 0 0 6 0 0 0 o L]
L] e @& & 0 0 © 0 0 0 o .
alls e eeeeeee.
. e & & & o 0 0 o 0 o L]
. ® & o ¢ 0 0 0o 0 o L]
L] ® ® & & 0 & ¢ 0 o o L]
L] ® & & o & 0 ¢ 0 o o .
L] ® ® & 0 0 & 0 0 0 0 L]
L] ® & & 0 & 9 0 0 o o L]
. ® & & 0 0 0 0 0 0 0 .
L] e & & & 0 0 0 0 0o o L]
* o ® 6 & 0 0 0 0 0 0 0 .
® & 0 0 6 & 5 0 0 % 0 0 0 0 0 0 .
Vv il
o
a
f !
Fig. 5. Node distribution.
0.5 T T T T T T
04k « FEM ]
—— CVRKPM
0.3 1
0.2 1
g
g 01r b
~
g or 1
—0.11 1
—0.21 1
_0.3 i 1 1 1 1 1 1 ]
0 1 2 3 4 5
t/ms

Fig. 6. The displacement ug at centre node.

2.0 T T

. IFEM T T T
15F — CVRKPM 1

1.0+ 8

va/(mm/ms)
=

—0.5F 8

—1.0F 8

—1.5

ok
—
V)
w
'S
ok

t/ms

Fig. 7. The velocity vy at centre node.

From Figs. 6 and 7, we can conclude that numer-
ical results obtained using the CVRKPM are in excel-
lent agreement with those obtained using the FEM.

5.3. Beam-type medium for transient
dynamic analysis

The third example is a beam-type medium with
a cross section of 0.4 mx0.05 m subjected to a lin-
early distributed sudden normal pressure, as shown in
Fig. 8. The dynamic load is shown in Fig. 2, with
p = 1 GPa. The essential boundary conditions are
u1(0,t) = u2(0,t) = 0.

The linearly elastic material constants are: den-
sity p = 7850 kg/m?, Young’s modulus E = 200 GPa,
and the Poisson’s ratio v = 0.3.

In Fig. 9, a regular node distribution of 41 x 6

nodes is used in the CVRKPM analysis. The time
step is At =0.1 x 107 % s.
z2
B A p=10GPa
0.05 m [
1

0.4 m |

Fig. 8. Cantilever beam subjected to a linear pressure on
the free edge.

Fig. 9. Node distribution.

Because of the absence of an analytical solution,
and in order to verify the correctness and effective-
ness of the CVRKPM, the FEM is applied to solve
the same problem. In the FEM analysis, two kinds
of mesh of 246 nodes and 451 nodes are used. Re-
sults obtained by CVRKPM and the FEM are shown
in Figs. 10-15. Figures 10 and 11 present the time
histories of the displacements u; at point A. Figures
12 and 13 present the time histories of the displace-
ments us at the point A. The time histories of the
total axial stress 011 at point B are shown in Figs. 14
and 15. From Figs.10-15, compared with the FEM,
the CVRKPM for 2D elastodynamics is proved to be
efficient, and it has greater precision.

090204-10



Chin. Phys. B Vol. 19, No. 9 (2010) 090204
4,0 T T T T T T T T T T T T
L l 4 0r .
| ) + FEM 451 nodes
sor ' 1 r — CVRKPM 1
L ] —4+ ]
4 L J
= 207 ) E
= ] < 8 ]
3 3 L ]
1.0 | t y 1
I — CVRKPM ‘ ] -1z
0 +  FEM 246 nodes r 7
_16 C 1 1 1 1 1 1 ]
0 1 2 3 4 5 0 1 2 3 4 5
t/ms t/ms
Fig. 10. Time history of the displacement u; at the top Fig. 13. Time history of the displacement uz at the top
point A. point A.
4.0 . . . . . . T T T T T T
- - 3 B 7
3.0 1 oL ]
' ' g
E 201 . o1k 4
g <
> r 1 =
5 N
1.0 L T Or T
3 + FEM 451 nodes 1 — CVRKPM
ok — CVRKPM 1 —1} * FEM 246 nodes
0 1 5 3 A 5 0 1 2 3 4 5
t/ms t/ms
Fig. 11. Time history of the displacement u; at the top Fig. 14. Time history of the normal stress o171 at the
point A. point B.
0 3.01 b
i — CVRKPM ] L g
+ + FEM 246 nodes g
_al ] 20 7
e | ] & i ]
E 4l ] 2 qof .
N =
3 L ] N - i
_12} g 0.0 ; 7
L ] L FEM 451 nodes i
— CVRKPM
—16T L L I 1 I L] —1.0r 1 L 1 L 1 L
0 1 2 3 4 5 0 1 2 3 4 5
t/ms t/ms
Fig. 12. Time history of the displacement uz at the top Fig. 15. Time history of the normal stress o11 at the
point A. point B.

6. Conclusions

The complex variable reproducing kernel particle
method (CVRKPM) has been discussed in this paper.
The advantages of the complex variable reproducing
kernel particle method are that the correction func-

tion of a 2D problem is formed with 1D basis func-

tion when the shape function is formed. Then the un-
known coefficients of correction function in the com-
plex variable reproducing kernel particle approxima-
tion are fewer than in the reproducing kernel particle
approximation, then for an arbitrary point in the do-
main, we need fewer nodes with support domains that

cover the point, and thus we also require fewer nodes

090204-11



Chin. Phys. B Vol. 19, No. 9 (2010) 090204

in the whole domain.

Three applications of the CVRKPM to 2D lin-
ear elastodynamics have been studied. The implicit
meshless procedure was formed with discretisation
by meshless in space and the Newmark algorithm in
time. Compared with analytical solution, the present

method is proved to be efficient. And it has greater
precision than the conventional RKPM and FEM un-
der the same number of nodes. It can be concluded
that the CVRKPM is an effective numerical method
for 2D elastodynamics.
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