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Steady-state heat conduction problems arisen in connection with various physical and engineering problems where

the functions satisfy a given partial differential equation and particular boundary conditions, have attracted much

attention and research recently. These problems are independent of time and involve only space coordinates, as in

Poisson’s equation or the Laplace equation with Dirichlet, Neuman, or mixed conditions. When the problems are too

complex, it is difficult to find an analytical solution, the only choice left is an approximate numerical solution. This

paper deals with the numerical solution of three-dimensional steady-state heat conduction problems using the meshless

reproducing kernel particle method (RKPM). A variational method is used to obtain the discrete equations. The

essential boundary conditions are enforced by the penalty method. The effectiveness of RKPM for three-dimensional

steady-state heat conduction problems is investigated by two numerical examples.
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1. Introduction

Partial differential equations arise in connection
with various physical and geometrical problems, where
the involved functions depend on two or more indepen-
dent variables, usually on time ¢ and on one or sev-
eral space variables.[!/ A steady-state heat conduction
equation is one of the most important partial differ-
ential equations in engineering mathematics, because
it occurs in connection with gravitational fields, elec-
trostatics fields, incompressible fluid flow, and other
areas.[!l Mathematically, the problem is a function
which satisfies a given partial differential equation
and particular boundary conditions (boundary-value
problems). Physically speaking, the problem is inde-
pendent of time and involves only space coordinates,
just as initial-value problems are associated with hy-
perbolic partial differential equations of the elliptic
type.123]

When steady-state heat conduction problems are
too complex, it is difficult to find an analytical so-
lution for such problems, so the only choice left is an
approximate numerical solution. In this paper, the re-
producing kernel particle method (RKPM) is used to

obtain the numerical solution of a three-dimensional
steady-state heat conduction problem.

In recent years meshless techniques have attracted
the attention of researchers. In a meshless (mesh-free)
method, a set of scattered nodes are used instead of
meshing the domain of the problem. For many engi-
neering problems, such as large deformation and crack
growth, it is necessary to deal with extremely large
deformations or fractures of the mesh with the re-
meshing technique. The meshless method is a new
and interesting numerical technique which can solve
many engineering problems unsuited for conventional
numerical methods with a minimum of meshing or no
meshing at all.[*!

Some meshless methods have been developed,
smooth particle hydrodynamics (SPH)
methods,!” radial basis function (RBF),[% element
free Galerkin (EFG) method,"=?) meshless local
Petrov-Galerkin (MLPG) method,['®) RKPM,[1!:12]
finite point method (FPM),['®14 meshless method
based on local boundary integral equation,*® bound-
ary element-free method (BEFM),'617 meshless
method with complex variables,!'8~21) and so on.

such as

The heat conduction problems arising in many
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kinds of engineering fields have thus attracted much
attention and research recently. It is difficult to find
an analytical solution for such problems, so it is im-
portant to find the numerical solution. Chen uses the
RBF meshless method to solve a simple heat conduc-
tion problem,?? Singh et al. have done much work
on steady, unsteady, nonlinear heat transfer problems
based on EFG method, 2327 Arefmanesh et al. put
forward a meshless method for solving heat conduc-
tion problem based on MLPG,[?529 Liu et al. use a
meshless least-squares method for solving the steady-
state heat conduction problem, 331 Sladek et al. use
a meshless local boundary integral equation method
(LBIE) for heat conduction analysis,3>33] Cheng and
Liew use RKPM for two-dimensional unsteady heat
conduction problem and obtain the convergence anal-
ysis of this method.[?*

The RKPM is greatly developed and widely ap-
plied in various fields. To the best knowledge of the
authors, this method has not been used for a three-
dimensional (3D) steady-state heat conduction prob-
lem. In this paper, RKPM is first used to obtain the
numerical solution of a 3D steady-state heat conduc-
tion problem. In this method, the function over the
solution domain needs only a set of nodes, it does not
require element connectivity. The variational method
is used to obtain the corresponding discrete equations
and the essential boundary conditions are enforced
by a penalty method. The numerical results are pre-
sented in comparison with the exact results.

T / /
P = (]-axl — Ty, T2 — Lo, (xl

Corresponding to the kernel approximation of
Eq. (1), we can obtain the discretization approxima-
tion of Eq. (1) by the trapezoidal integral rule as fol-

lows:
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where w(x — @;) are the weighting functions with
property of compact support, ; are nodes in the do-
main of the node &, AV is the domain measure which

- ‘xll)2> (xl

2. The RKPM!!0

In RKPM, we let

hig) = w(xNw(x — x'dx’
u<>/9<>< ), (1)

where @w(x — 2’) is the correction kernel function

(2)

w(x — ') = c(z;x — 2 )w(x — '),

where ¢(x; x — ') is the correction function which can
be the combination of the polynomial basis.
Let

;e —x') = Zpl(w —x')b;(x)
i=1

=pl(x—2)b(x),(x € 2), (3)
where m is the number of terms in the basis, p;(x—x')
are the monomial basis functions, and b;(x) are coef-
ficients of the monomial basis functions.

Generally, the basis can be chosen as follows:

Linear basis:

pl =,z — 2,20 —2b), (2D) (4)

pt = (1,21 — 2,20 — xh, x5 —25). (3D) (5)
Quadratic basis:

pt = (1,21 — 2, (21 — x’1)2) , (1D) (6)

— @) (w2 — ab), (2 — 25)?) . (2D) (7)

is related to the nodes xj,

S AV =V. (9)
I=1

For a 3D problem, V means the total volume of
the problem domain.

Equation (8) can be rewritten in the vector form

u'(x) = C(x)W (2)V - u, (10)

where
(11)

uT:(ul,uQ,...,un),
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w(x — 1) 0 0
0 w(x —xz2) ... 0
W(z) = . 7
0 0 w(x — x,)
(12)
AV 0 0
0 AV, . 0
V = (13)
0 0 AV,
Let
cr(x) = c(z; ¢ — xy), (14)
then

C(x) = (c1(x), ca(x), ...

where
pl(ﬂi—iltl) pl(ac—asg) pl(iL'—CL'n)
p_ p2(x —x1) pa(x —x2) ... pa(—TH) |
Pm(® — x1) P — X2) ... P — y)
(16)
b (x) = (by(x),b2(2),...,bpm(z)), (17)

where the coefficients b;(x) are determined by the re-
producing conditions of the approximation function.
In order to obtain the accuracy of n order, we obtain

M(z) = M(z)b(z) = H, (18)

where

=1

xw(x —x1)AV], (19)
H=(1,0,...,0)", (20)
b(x) =M *(x)H (21)

where the shape function @(x) is given by

b(x) = [P1(x), Po(x),..., Pn(z)]
=C(z)W(x)V. (23)

3. The discretion and numerical

implementation

A three-dimensional steady-state heat conduction
equation in isotropic materials with thermal proper-
ties independent of temperature is governed by

0T  0°T  0°T .

with boundary conditions:

at surface «* =0(51), T =T, (24b)
at surface x = L(S2), T =Ts,, (24c)
oT
at surface y = 0(S3), ka—ny =h(T - Tx),
Y
(24d)
at surface y =W (Sy), -— kg—Tny =h(T —Tx),
Y
(24e)
or
at surface z = 0(S5), kanz =h(T — Ty), (24f)
T
at surface z = H(Sg), — kg—znz =h(T - Tx),
(24)

where T is the temperature, k& denotes the coefficient
of thermal conductivity and p represents the density
of the material, ¢ is specific heat of the material, Q
denotes internal heat generation per unit volume. h
is convective heat transfer coefficient, T, denotes sur-
rounding fluid temperature, V' is the 3D domain. L,
W and H denote the length of domain V' in the direc-
tion of x, y and z, respectively.

The weighted integral form of Eq. (24a) is ob-
tained as follows

o*T  9°T = 0°T :
as _
) /Vw{k<a$2+ay2+w>+g]dvo. (25)
hx) = & =& 22
(@) Iz:; r(®@)ur (@)u, (22) The weak form of Eq. (25) is
|
. oT oT oT
T _ _ - i - =
/V [kv wVT wQ} av /S wk ( S+ oy + axnz)ds 0. (26)

The functional IT(T") which denotes the total potential energy can be written as
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1 . T2
n(r) = 2/‘/VT(kVT)dV—/VTQdV+/SSh<2 —TTOO)dsg

2 2 2
+/ h<TTTOQ)dS+/ h<TTTOO>d5+/ h(TTTOO>dS. (27)
Sa 2 Ss 2 Se 2

Enforcing essential boundary conditions using a penalty method, the modified functional I7*(T") can be
obtained as

2

sy = L _ ' = _
IT*(T) = 2/VVT(WT)OW /VTQdV—s—/SBh( 5 TToo)dS

2 2 2
+/ h(TTTOO>dS+/ h(TTTOO>dS+/ h(TTTOO>dS
se \ 2 55 \ 2 ss \ 2

« 2 (e} 2
+*/ (T*Tsl) dS‘F*/ (T*TSQ) ds. (28)

2 /s, 2 Js,
Taking variation, we have

SIT*(T) = / VT(kSVT)dV — / STQAV + / STh(T — Ts)dS
1% 14 S3US4,US5USe

+ [ 6Ta(T —Ts,)dS + | 6To(T — Ts,)dS, (29)
Sl SZ

where « is the penalty factor.
By Eq. (22), we can obtain the approximation of the temperature function

T (a.t) = 3 By (@)Ti(0) = BT, (30)
I=1
where
B(x) = (01(x), Pr(2), ..., Pu()), (31)
T = (Ty(t), Ta(t), ..., Tu(t) ", (32)
x = (z,y,2). (33)

Substituting Eq. (30) into Eq. (29) yields

SIT*(T) = /V V(B (z)T) (k6 V(& (x)T)AV — / [5(®(x)T)QdV

\%4

+/ §(B(x)T)h(P(x)T — Too)dS + / 5(®(x)T)o &(z)T — Ts, )dS
S3US4US5USe S

+ [ §(8@)T)a(B(@)T — Ts,)dsS. (34)
Sa

Since 6II*(T) = 0 and 6T is arbitrary in Eq. (34), the following equations can be obtained

KT =F, (35)
where
K- / V& (2)kV B(x)dV + / &7 (2)a B(2)dS + / & (2)h &(z)dS, (36)
1% S1US> S3US4US5USG

K= / Vol (x)peV &y(x)dV + / o (x)ad;(x)dS + / F (x)h&y(x)dR2,  (37)

1% S1US2 S3US4US5USs
Fr = / & (2)QAV + / adr(x)Ts, dS + / ad;(x)Ts,dS + / & (x)hToodl . (38)

174 S1 S S3US,US5USg
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4. Numerical example

To test the efficiency of the method of the repro-
ducing kernel particle approximation on a 3D steady-
state heat conduction problem, a numerical analysis
of the model shown in Fig. 1 has been carried out by
using a linear basis function. The results obtained by
the RKPM are also compared with analytical meth-
ods.

convection heat loss

V-4
]
\4

convection heat loss
Fig. 1. The 3D model (L =1m, W =2 m, H = 3 m,
k=1W/mK, h=0W/m2K, Tos =0 °C, Ts, =0 °C,
Ts, =0 °C).
Consider the following problem
o*T  9°T O°T

222 T a2 + P f(x,y,2),
0<z<a, 0<y<b 0<2z<c, (39)
with boundary conditions
T(0,y,2) = T(a,y,2) = 0, (40a)
T(x,0,2) =T(x,b,2z) =0, (40b)
where
1 1 1
_ 2
fz,y,2) = -7 <a2 + = + 02)
X sinl—xsin%sin 71'?2' (41)
The exact solution of Eq. (39) is
T(z,y,z) = sin %T sin %y sin ch (42)

We use the RKPM to solve the above heat con-
duction problem with penalty factor o = 4 x 10° and
scaling parameter dy.x = 1.13 and a = 1, b = 2,
¢ = 3. The back-ground mesh is adopted for integra-
tion in this method. Figure 2 shows uniform nodes
arrangement for example. The weight function is cho-
sen to be Gauss function and the bases are chosen to
be linear. In Fig. 3, the exact solution

. mT MY . WZ
T(z,y,z) = sin — sin — sin —
a c

is plotted in comparison with numerical results when
x = 0.75 and y = 1.6. From Fig. 3, we can conclude
that numerical result obtained by RKPM method is

in good agreement with the exact solution.

T v
o 4 o le

Fig. 2. Nodes arrangement for example.

0.4

0.3

0.2

exact solution
= numerical solution

T (z,y, 2)

0.14

Fig. 3. Numerical solution and exact solution at location
xz =0.75 and y = 1.6.

5. Conclusion

The RKPM was used for solving the 3D steady-
state heat conduction problem. The meshless prop-
erty of RKPM is the most important advantage of
this scheme over the traditional mesh dependent tech-
niques such as the finite difference method, finite el-
ement method and boundary element method. The
meshless nature allows us to solve problems with non-
regular geometry. Our numerical results show that the
technique is accurate and efficient. The RKPM can be
extended for 3D unsteady-state heat conduction prob-

lems and nonlinear heat conduction problems.
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