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We present a systematic investigation of calculating quantum dots (QDs) energy levels using the finite element

method in the frame of the eight-band k · p method. Numerical results including piezoelectricity, electron and hole

levels, as well as wave functions are achieved. In the calculation of energy levels, we do observe spurious solutions (SSs)

no matter Burt–Foreman or symmetrized Hamiltonians are used. Different theories are used to analyse the SSs, we find

that the ellipticity theory can give a better explanation for the origin of SSs and symmetrized Hamiltonian is easier

to lead to SSs. The energy levels simulated with the two Hamiltonians are compared to each other after eliminating

SSs, different Hamiltonians cause a larger difference on electron energy levels than that on hole energy levels and this

difference decreases with the increase of QD size.
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1. Introduction

In recent years, semiconductor quantum dots

(QDs) have attracted a lot of interest, not

only because of their application in conventional

optoelectronics,[1,2] but also their potential applica-

tions for quantum information processing.[3] Much

work including growth, properties and applications

has been done experimentally and theoretically. In

particular, the development of single QD or QD

molecule devices puts forward a demand for accurate

calculation of electronic and optical properties of QDs.

The k · p theory was early proposed by Kane,[4]

Luttinger and Kohn,[5] and developed to include

stain interaction matrix by Bir and Pikus.[6] This

model was originally applied to the description of

electronic properties in bulk materials, then with

some modifications it was applied to low dimen-

sional heterostructures.[7−9] When the k · p theory

is used to heterostructures, the ki needs to be re-

placed by the operator k̂ = − i ∂/∂xi, this proce-

dure raises a problem[10,11] of the correct ordering of

the operator with respect to the effective mass and

strain parameters. Conventionally this problem is re-

solved by symmetrizing every matrix element of the

Hamiltonian,[12,13] that is, making each matrix ele-

ment a Hermitian operator. It was proved not to be

necessary to make every matrix element Hermitian by

Burt and Foreman,[10,11] although the Hamiltonian as

a whole is always Hermitian.

In order to utilize the eight-band k · p method to

calculate arbitrary practical QD shape, we must resort

to a numerical method, such as the finite difference or

finite element method. As we know, up to now most

literature is related to the finite difference method

while rarely using the finite element method which is

thought to be more powerful for complex structures.

No matter which numerical methods are used, the

main difficulty in simulation with a numerical method

is the spurious solutions (SSs) problem.[11,14−19] This

issue is only widely studied in quantum well and quan-

tum wire structures, and until now the comparison be-
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tween the symmetrized and Burt–Foreman Hamiltoni-

ans has only been carried out for quantum well, quan-

tum wire and spherical dot.[20] In our simulation, we

turn to the finite element method and analyse the phe-

nomenon of SSs in QDs, and results calculated with

symmetrized and Burt–Foreman Hamiltonian for QDs

are compared to each other after eliminating SSs.

This paper is organized as follows: First, the nu-

merical model is outlined in Subsection 2.1. Secondly,

the strain and piezoelectricity including linear and

quadratic parts are studied in Subsection 2.2, then

thirdly the stain and total piezoelectricity are inserted

into an eight-band k · p Hamiltonian to calculate the

energy levels and wave functions in Subsection 2.3

in which the SSs problem is carefully investigated,

such as the impact of different Hamiltonians on SSs.

Fourthly, in Subsection 2.4 the results simulated with

different Hamiltonians are compared to each other. At

last this paper is concluded in Section 3.

2. Theory and calculations

2.1.Numerical method

In order to compare the results with other litera-

tures calculated with the finite difference method,[7,21]

the shape of QD is chosen to be a typical pyramid

shape and it is easy to change to other shapes. The

parameters of InAs and GaAs are taken from Refs. [7]

and [21]. The InAs QD including 1.7-ML wetting

layer, is embedded in GaAs material and the QD is

grown on GaAs(001) surface. The extension of the

simulation box is about two times larger than that of

the QD in vertical and lateral directions. The effect

of boundary conditions is thought to be small and the

stain and wave functions are calculated with Dirichlet

boundary conditions.

2.2. Stain and piezoelectricity

The stain plays an important role in the QD elec-

trical and optical properties in two ways: First, it is

directly added into the eight-band k · p Hamiltonian,

which was systematically given by Bir and Pikus,[6] it

will be discussed in Subsection 2.3. Secondly, stain can

lead to piezoelectric effect which indirectly changes the

energy levels and the wave functions of the electron

and hole. With the consideration of piezoelectricity,

the pyramid QD changes its symmetry from C4v to

C2v so that the degeneracy of some states is lifted,

such as the electron p-state splitting.

The stain distribution is calculated with the

shrink fit procedure method,[22] which can be de-

scribed as two steps: The initial state, the InAs pyra-

mid is homogeneously strained with the lattice con-

stant equal to that of substrate GaAs, while the sub-

strate GaAs has no stain; After relaxation, the whole

system reaches the equilibrium state, the elastic en-

ergy of the system achieves its minimum with the

mesh points of finite element method getting proper

displacement ui, and the stain distribution is denoted

as εij = ∂ui/∂xj .

When the stain is applied to a crystal lack-

ing a centre of symmetry, such as InAs and GaAs,

which have a zinc-blende structure, the crystal will

result in electric polarization. This phenomenon is

piezoelectricity.[13] The whole piezoelectricity can be

divided into linear and quadratic parts.[21] The linear

polarization is described by only one parameter e14,

P1 = 2e14

 εyz
εxz
εxy

 . (1)

The quadratic part is related to three parameters

B114, B124 and B156,

P2 = 2B114

 εxxεyz
εyyεxz
εzzεxy

+ 2B124

 εyz(εyy + εzz)

εxz(εxx + εzz)

εxy(εxx + εyy)

+ 4B156

 εxzεxy
εyzεxy
εyzεxz

 . (2)

The piezoelectric charge density is obtained from the sum of P1 and P2,

ρ(r) = −∇ · (P1 + P2). (3)

The piezoelectric potential Vp(r) arises from solving Possion equation,

ρ(r) = ε0∇ · [εs(r)∇Vp(r)], (4)

where ε0 is vacuum permittivity and εs(r) is static dielectric constant. In this paper, εs(r) is a step function

with regard to GaAs and InAs.
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The piezoelectric potential of pyramid QD with base length 13.6 nm including linear, quadratic and total

polarization is given in Fig. 1, black (gray) surface stands for isosurface of 30 mV (−30 mV). The results are

consistant with those presented by Schliwa.[21] The linear and quadratic part have opposite contribution to the

total piezoelectricity and the former is more widespread. The anisotropy between [110] and [1–10] directions

lowers the the symmetry of the system from C4v to C2v and leads to the redistribution of wave functions of

electron and hole.

Fig. 1. Piezoelectric potential of pyramid QD with base length 13.6 nm, black (gray) area stands for isosurface

of 30 mV (–30 mV).

2.3. Eight-band k · p theory

2.3.1. Symmetrized and Burt Foreman Hamil-

tonian

When the Hamiltonian in Eq. (A2) in Appendix

A is applied to heterostructure, in most papers incor-

rect symmetrized Hamiltonian is adopted. The sym-

metrized procedure can be described as:[12]

Qki → (Qk̂i + k̂iQ)/2,

Qkikj → (k̂iQk̂j + k̂jQk̂i)/2,

i, j = x, y, z,

where Q stands for a Kane parameter or a stain com-

ponent which is a function of spatial location. Ac-

cording to the theory of Burt and Foreman,[10,11] an

unsymmetrized exact Hamiltonian is obtained by a

more sophisticated replacement. In Eq. (A3), the di-

agonal terms are still to be treated according to the

symmetrized procedure

Qk2i = k̂iQk̂i,

the upper triangular matrix element

N ′kikj → k̂iN+k̂j + k̂jN−k̂i,

where N− = M − ~2/2m0 and N+ = N ′ − N−, the

lower triangular matrix element

N ′kikj → k̂jN+k̂i + k̂iN−k̂j .

In Eq. (A4), the upper triangular matrix element

iPki − iPεijkj → iP k̂i − iPεij k̂j ,

the lower triangular matrix element

− iPki + iPεijkj → − i k̂iP + i k̂jPεij .

2.3.2. Spurious solutions

The appearance of SSs is a long standing prob-

lem. In our simulation with the finite element method,

we do observe SSs using all parameters from Ref. [21]

Fig. 2. Wave function of SSs. The wave functions are

very irregular and appear at the interface between InAs

and GaAs.
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the no matter symmetrized or unsymmetrized (Burt–

Foreman) Hamiltonian is used. The wave functions

are very irregular and appear at the interface between

InAs and GaAs as illustrated in Fig. 2. In order

to overcome this difficulty, many studies have been

done.[11,14−19] There are several viewpoints about ori-

gin and elimination of SSs. As we know, there is no

detailed analysis about this phenomenon of SSs in QD,

most papers concentrated on the SSs in calculation of

quantum well or superlattice structures.

In Refs. [16] and [19], SSs were considered to be

due to the energy band in bulk material calculated

with eight-band k · p method unphysically bending

Fig. 3. Diagram of the band structure of GaAs (a) and

InAs (b) using the eight-band k · p method with differ-

ent Ep values. The band structure with original Ep from

Ref. [21] is plotted with solid line. The k range is five

times larger than the first Brillouin zone.

toward the energy gap. Based on this theory, the wave

vector cutoff method[16,19] is adopted when the plane-

wave expansion method is used, that is to restrict the

plane-wave expansion set containing first Brillouin-

zone components only. Figure 3 depicts the diagram of

the band structure of GaAs (a) and InAs (b) using the

eight-band k ·p method, the conduction band (valence

band) of GaAs (InAs) bends toward the energy gap at

large wave vector k when the original Ep (28 meV for

GaAs, 22.204 meV for InAs) from Ref. [21] is used.

From the mathematical viewpoint, Veprek[18]

pointed out that SSs were due to the lack of ellip-

ticity of the Hamiltonian and proposed a criteria to

judge the ellipticity of Hamiltonian.

A′ > 0, M −N− < 0, M +N− < 0,

L′ −N+ < 0, L′ + 2N+ < 0. (5)

The Hamiltonian is elliptic if this criterion is met. In

fact this criterion generally cannot be met and in prac-

tical applications it is too strict, so the degree of close-

ness to the ellipticity can be estimated by the ratio

ρ =

∣∣∣∣∣∣∣
∑

i,λi>0

λi∑
j,λj<0

λj

∣∣∣∣∣∣∣ , (6)

where λi is the value of

−A′(3×), M −N−(3×), M +N−(3×),

L′ −N+(2×), L′ + 2N+(1×). (7)

Compared to Ref. [18], we add −A′(3×) into Eq. (6)

to describe the ellipticity. If equation (5) is met, the

ρ in Eq. (6) will be zero. From Fig. 4, it is found that

the ρ decreases with the decrease of Ep, so SSs can be

eliminated by reducing Ep. This method is considered

to have little effect on actual results, because A′, L′,

M , N ′, N+, N−, and P all change with Ep such that

the new set of parameters can still well fit the energy

band structure of bulk materials near the Γ point. It

can be seen from Fig. 3 that the energy bands calcu-

lated with different Ep coincide well near the Γ point.

In addition, the ellipticity is not affected by piezo-

electricity because the ellipticity is determined by the

parameters of quadratic part of ki.

In our simulation, we use reduced Ep in GaAs and

InAs to eliminate SSs, because the wave vector cut-

off method is only suitable for simple structures, such

as quantum well, superlattice and cylindrical quantum

dot calculated using plane-wave expansion method. In
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Ref. [11], in order to eliminate SSs, A′ is set to be zero,

and

Ep =
3m0/m

∗
e

2/Eg + 1/(Eg +∆)
. (8)

In fact, this method is equivalent to reduce the Ep

value and can be regarded as a special case of the

ellipticity theory. Using Eq. (8), the Ep for GaAs

and InAs are 24.24 meV and 22.04 meV respectively,

but still can cause SSs. According to the analysis be-

low, the Ep for InAs still need to be reduced. By

trying different Ep for GaAs and InAs, we find that

there are no SSs with Ep being 24.5 meV for GaAs

and 21.5 meV for InAs, the corresponding wave func-

tions are given in Figs. 5 and 6 and energy levels are

given in Fig. 7 which will be discussed in detail in

Subsection 2.4. In order to investigate the origin of

SSs, we take a fixed Ep value for one material, then

reduce the Ep of the other material by 0.1 meV for

each calculation from the original value to zero. The

fixed Ep values for GaAs and InAs are respectively

24.5 meV and 21.5 meV. The whole Ep range is di-

vided into regions containing and not containing SSs

as displayed in Table 1. The SSs disappear when

the Ep of GaAs is less than 24.6 meV for both sym-

metrized and Burt–Foreman Hamiltonians. When the

Ep of InAs is less than 21.6 meV, the SSs can be elim-

inated for Burt–Foreman Hamiltonian, but for sym-

metrized Hamiltonian the SSs arise again when Ep is

less than 18.6 meV. This can be explained by the in-

crease of ρ of InAs with the decrease of Ep when the

Ep is less than 20.6 meV, and this phenomenon can-

not be explained by the energy band bending toward

the band gap in bulk material, because when the Ep

is less than a certain value there is no bending toward

the band gap as illustrated in Fig. 4.

Fig. 4. Ellipticity of the Hamiltonian for GaAs (a) and

InAs (b) as a function of the Ep value. All parameters are

taken from Ref. [21].

Fig. 5. Probability density isosurfaces (25% of the peak value) of electron and hole using Burt–Foreman

Hamiltonian without piezoelectricity, pyramid base length 13.6 nm.
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Fig. 6. Probability density isosurfaces (25% of the peak value) of electron and hole using Burt–Foreman

Hamiltonian with piezoelectricity, pyramid base length 13.6 nm.

Fig. 7. Single-particle energy levels with symmetric

Hamiltonian or Burt–Foreman Hamiltonian, with or with-

out piezoelectricity. The Ep of GaAs and InAs are

24.5 meV and 21.5 meV respectively, pyramid base length

13.6 nm.

It is noteworthy that the conversion from con-

taining SSs to not containing SSs is not a sud-

den change. Take InAs calculated with symmetrized

Hamiltonian as an example, when Ep is a little larger

than 21.5 meV, the SSs only appear in high energy lev-

els in conduction band. The SSs arise again in high

energy levels in valence band when the Ep is a little

less than 18.5 meV. The more Ep deviated from the

stable region without SSs, the more severe the SSs

problem. In addition, we find that the ρ of GaAs in

the case of symmetrized Hamiltonian increases as the

Ep decreases when the Ep is less than 17.22 meV, but

the SSs do not appear, this is due to the fact that the

increase extent of ρ is small.

The ellipticity theory can explain the origin of

SSs, but it cannot explain why SSs disappear at the

same Ep (24.5 meV for GaAs and 21.5 meV for InAs)

corresponding to which the ρ values are not equal for

different Hamiltonians. This may be due to two rea-

sons: Firstly, equation (6) is only an estimation of el-

lipticity. Secondly, the SSs are also affected by other

factors, such as energy bands bending toward energy

gap in bulk material mentioned above and finite ele-

ment mesh division which is observed in some cases in

our calculation. So in practice we still need to tenta-

tively choose a proper Ep.

Table 1. Analysis of SSs, the whole Ep range is divided into regions containing and not containing

SSs.

material Hamiltonian Ep (meV) with SSs Ep (meV) without SSs

GaAs Sym 28–24.6 24.5–0

GaAs BF 28–24.6 24.5–0

InAs Sym 22.204–21.6, 18.5–0 21.5–18.6

InAs BF 22.204–21.6 21.5–0
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2.4.Results and comparison

In Fig. 5, wave functions of electron and hole

calculated using Burt–Foreman Hamiltonian without

piezoelectricity are given. The base length of QD is

13.6 nm. The surfaces stand for isosurfaces of 25% of

the peak value of probability density. In Fig. 6, piezo-

electricity is included. When considering the piezo-

electricity, electron tends to stay in [1–10] direction,

while hole tends to stay in [110] direction. Every en-

ergy level is twofold degenerate because of spin up

and spin down. The energies of E1 and E2 are almost

identical without piezoelectricity, while they have a

splitting (p-state splitting) about 16 meV when con-

sidering the piezoelectricity as displayed in Fig. 7. Ad-

ditionally, with piezoelectricity, H0 and H1 wave func-

tions significantly change their shapes, which will evi-

dently affect the luminescence properties of QD, such

as optical anisotropy in [110] and [1–10] directions. By

comparison, the wave functions of hole are more sen-

sitive to piezoelectricity than that of electron, this is

mainly because hole has a more heavy effective mass

than electron and tends to change its wave function

to adapt to piezoelectric potential distribution.

The energy levels calculated with symmetrized or

Burt–Foreman Hamiltonian, with or without piezo-

electricity for base length 13.6 nm are presented in

Fig. 7. The corresponding wave functions simulated

with Burt–Foreman Hamiltonian are given in Figs. 5

and 6. The Ep of GaAs and InAs are 24.5 meV

and 21.5 meV respectively. All results are calculated

with the same meshes distribution of the finite ele-

ment method. When piezoelectricity is considered,

the energy of electron ground state E0 decreases by

1.3 meV and the energy of hole ground state H0 in-

creases by 3.3 meV, so the transition energy between

E0 and H0 decreases by about 4.6 meV. The change

of energy levels are determined by two factors: Be-

cause of piezoelectricity, electron (hole) tends to stay

in [1–10] ([110]) direction, the quantum confinement

effect is enhanced, but simultaneously there is neg-

ative piezoelectric potential in the [1–10] ([110]) di-

rection. We find that the effect of negative piezo-

electric potential is slightly larger than the enhanced

quantum confinement, so both electron and hole lev-

els change tending to decrease transition energy. The

energy level E0 simulated with Burt–Foreman Hamil-

tonian decreases by about 9.8 meV comparing to that

with symmetrized Hamiltonian, and hole energies de-

crease by about 0.6 meV, the transition energy be-

tween E0 and H0 decrease by about 9.2 meV, so dif-

ferent Hamiltonians mainly affect the energy levels of

electron. Table 2 denotes the energy difference of E0

and H0 between two Hamiltonians for different base

lengths, compared to the hole different Hamiltonians

leads to a larger difference on energy levels of electron

and this difference decreases with the increase of QD

size. This is in agreement with the results in Ref. [20],

as the size is decreased the wave functions will feel the

interface more and more.

Table 2. The energy difference of E0 and H0 between two Hamiltonians for different base lengths.

base length/nm E0 (Sym)–E0(BF)/meV H0 (Sym)–H0(BF)/meV

10.2 13.14 0.66

13.6 9.85 0.62

17.0 7.03 0.61

20.4 5.20 0.59

Electron and hole energy levels of different base

lengths calculated with Burt–Foreman Hamiltonian

are given in Fig. 8. The p-state splitting (energy split-

ting between E1 and E2) increases with the increase of

base length. Table 3 gives the detailed values of some

typical sizes. By comparing the results with Fig. 7 in

Ref. [13] which is simulated with symmetrized Hamil-

tonian using finite difference method, the energy dif-

ference of the electron is larger than that of the hole

which is consistent with our previous analysis. On the

whole, the two results coincide very well. It is diffi-

cult to analyse in detail because the comparison here

is more complicated caused by three factors: One is

the different numerical methods and different mesh di-

visions, the second is different Hamiltonians and the

third is different Ep values for GaAs and InAs.

Table 3. The p-state splitting as a function of base

length of pyramid QD, it increases with the increase

of base length.

base length/nm 10.2 13.6 17 20.4

p-state splitting/meV 8.8 16.2 24.7 29.5
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Fig. 8. Electron and hole energy levels of different

base length pyramid QD, calculated with Burt–Foreman

Hamiltonian.

3. Conclusion

We systematically calculated the stain, piezoelec-

tricity and the single-particle energy levels and wave

functions of electron and hole in InAs/GaAs QD with

the finite element method. The appearance of SSs

are carefully studied by reducing Ep in GaAs and

InAs. We concluded that the SSs are mainly due to

the lack of ellipticity of the Hamiltonian and sym-

metrized Hamiltonian is easier to lead to SSs. But in

practice we still need to tentatively choose a proper

reduced Ep. We compared the results calculated with

different Hamiltonians, compared to the hole, differ-

ent Hamiltonians have a larger impact on energy levels

of electron and this impact decreases with increase of

QD base length.

Appendix: Eight-band k · p Hamiltonian

In this paper, we follow Kane’s basis of atomic like states:

(|s ↑⟩, |x ↑⟩, |y ↑⟩, |z ↑⟩, |s ↓⟩, |x ↓⟩, |y ↓⟩, |z ↓⟩)T . (A1)

In the basis, the Hamiltonian[12,13] can be described by three parts with respect to the order of ki:

H =

H2

H2

+

 H1

H1

+H0, (A2)

where H2 and H1 read as

H2 =


A′k2 0 0 0

0 L′k2x +M(k2y + k2z) N ′kxky N ′kxkz

0 N ′kxky L′k2y +M(k2x + k2z) N ′kykz

0 N ′kxkz N ′kykz L′k2z +M(k2x + k2y)

, (A3)

H1 =


0 iPkx − iPεxjkj iPky − iPεyjkj iPkz − iPεzjkj

− iPkx + iPεxjkj 0 0 0

− iPky + iPεyjkj 0 0 0

− iPkz + iPεzjkj 0 0 0

 . (A4)

The constant matrix H0 reads as

H0 =

 G Γ

−Γ ∗ G∗

 , (A5)

the asterisk denotes the complex conjugation. Where

G =


Ec + ac(εxx + εyy + εzz) 0 0 0

0 E′
v + lεxx +m(εyy + εzz) nεxy − i ∆/3 nεxz

0 nεxy + i∆/3 E′
v + lεyy +m(εxx + εzz) nεyz

0 nεxz nεyz E′
v + lεzz +m(εxx + εyy)

 , (A6)
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Γ =


0 0 0 0

0 0 0 ∆/3

0 0 0 − i∆/3

0 −∆/3 i∆/3 0

 . (A7)

The parameters that enter into Eq. (A2) are calcu-

lated as follows:

Ec = Ev + Eg − eVp,

E′
v = Ev −∆/3− eVp,

A′ =
~2

2m0
(
m0

m∗
e

− Ep

Eg

Eg + 2∆/3

Eg +∆
),

P =

√
~2
2m0

Ep,

L′ =
P 2

Eg
− ~2

2m0
(γ1 + 4γ2),

M = − ~2

2m0
(γ1 − 2γ2),

N ′ =
P 2

Eg
− 3~2

m0
γ3,

l = ac + 2bv,

m = ac − bv,

n =
√
3dv.

The parameters appear on the right-hand side of the

above equations are depicted in Table 4.

Table 4. Definition of parameters.

Vp piezoelectric potential

Ev valence band edge

Eg fundamental band gap

∆ spin–orbit splitting energy

m0 free electron mass

m∗
e electron effective mass in bulk material

Ep optical matrix or band mixing parameter

γ1, γ2, γ3 Luttinger parameters for six-band k · p method

ac hydrostatic conduction band deformation potential

bv hydrostatic valence band deformation potential

dv shear deformation potential

There are two main differences about the denota-

tion of L′, M , N ′ in different literatures. The first has

to do with the extra factor of 1 in L′, M in Ref. [12].

Because the Hamiltonian in Refs. [12] and [13] has in-

cluded the contribution from the free-electron mass,

so the extra factor of 1 in Ref. [12] should be omit-

ted. The second difference has to do with the extra

factors of∆ in the denominators of Bahder’s[23] formu-

las. This is essentially due to an incorrect application

of perturbation theory. The error was studied in some

detail by Boujdaria[24] who demonstrated numerically

that Bahder’s approach leads to significant error.
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