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Anisotropy of p-wave Josephson junction
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The anisotropy of the dc Josephson current in the superconducting junctions of the p-wave equal spin pairing

symmetry is theoretically investigated by the Furusaki-Tsukada-like formula.

The current phase relations exhibit

different oscillation periods and different phase shifts for the current along different directions, respectively.
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1. Introduction

The recently discovered superconductivity in
the weak ferromagnetic metals, such as UGe,,!!
URhGe,?! and ZrZn,,P! has aroused the considerable
interest in the coexistence between the superconduc-
tivity and the ferromagnetism. In those ferromagnetic
superconductors (FSs), the superconductivity and the
ferromagnetism are both attributed to the conduction
electrons. In the ferromagnets the electron spins are
aligned in parallel, and in the conventional supercon-
ductors the electrons are condensed into Cooper pairs
where the electron spins are aligned in antiparallel.
Therefore, the spin-singlet pairing is somewhat in-
consistent with the ferromagnetism. Although there
were some suggestions of the s-wave pairing for the
FSs,[4? the electrons in the FSs are more likely to
form the spin-triplet Cooper pairs, which can have
uniform magnetic moments.'%7 For example, the p-
wave equal spin pairing was proposed for ZrZns.[®?]
The low energy tunneling spectra and the Josephson
effects in the F'S tunnel junctions are controlled by the
Andreev reflection process!'9) and can provide the im-
portant information to reveal the pairing symmetry of
the superconducting gap. Thus, the tunneling spectra
and the Josephson effects in the equal spin pairing F'S
junctions have received much attention.*!—14

In the Josephson junction, there is a supercurrent
driven by the macroscopic phase difference ¢ between
the two superconducting leads. The current phase re-
lation I(yp) is one of the key features in the dc Joseph-

son effect and can often be well approximated by
I = Iy sin ¢ with Iy being the critical current. In some
cases the critical current is achieved at @max < 7/2 or
Ymax > 7/2 resulting in a deviated sinusoidal cur-
rent phase relation. In the Josephson junction with
the ferromagnetic interface layer, the sign of the crit-
ical current can be changed by tuning the tempera-
ture or the thickness of the ferromagnet layer.!'>—21]
The Josephson junction with a negative critical cur-
rent is the so-called 7 junction.[?2:23] The more gen-
eral ¢ junction, where I = Iysin(¢ + o), and the
cos ¢ current phase relation were also reported.[242°]
Besides the phase shift, the oscillation period of the
current phase relation can also be changed in the junc-
tion consisting of two superconductors with different
pairing symmetries. The Josephson current between s
wave and d,2_,» wave superconductors is a m periodic
function of the phase difference when the junction is
formed along the ¢ axis.?6) There are many different
kinds of orbital pairing symmetries for the p-wave su-
perconductors which lead to some novel current phase
relations. For example, when the orbital pairing sym-
metries of the two superconductors are different, the
current phase relation in the equal spin pairing p-wave
Josephson junction can be the 7/2 periodic function
sin 4¢.[27]

In this paper, the anisotropy of the dc¢ Joseph-
son effect in the junctions consisting of two equal spin
pairing p-wave FSs with different orbital pairing sym-

metries is investigated theoretically. The Josephson
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current is calculated from the Andreev reflection co-
efficients by a Furusaki-Tsukada-like formula.[?3—3]
The Andreev reflection coefficient is obtained from
the Bogoliubov-de Gennes equations.[3132] It is shown
that the internal phases of the two superconductors
play an important role in the current phase relation.
The internal phases are different for the Josephson
current along different directions, resulting in differ-
ent oscillation periods and phase shifts in the current

phase relations.

2. Model and formulation

The system under consideration is an FS-—
Insulator-FS junction. First, we assume that the cur-
rent is along the x direction and the thin insulator
layer at x = 0 is modeled by a é-type barrier poten-
tial with strength V4. The FS layer is considered as
an equal spin pairing p-wave superconductor, which

is the case proposed for ZrZns.[3*!

There is only one
of the exchange-splitting bands, namely the spin-up
band, which is superconducting. When the length of
the junction is less than the spin-flipping length and
the magnetizations of the two F'S layers are in a paral-
lel configuration, the finite Josephson current can only
exist in the spin-up channel and the junction is ac-
tually a normal-metal junction without supercurrent
for the spin-down channel. There are many possible
orbital pairing symmetries for the p-wave supercon-
ductors. In the reciprocal space, we assume that the
wave vector dependences of the pair potentials take

the forms
A = Aig
=14, Sm% (COS kl’?a — cos Icy2a> , (D)
and
Ar = Ay
= 1A cos % <sin % + isin k;a) (2)

for the left and the right F'S layers, respectively. Here,
A is the strength of the pair potential and a is the lat-
tice constant. The pair potentials defined in Egs. (1)
and (2) are the two possible choices in the supercon-
ducting states proposed for ZrZns, and the z direc-
tion is along the [001] direction of the lattice.l®! The
subscripts 'E and A denote the two irreducible co-
representations of the magnetic point group D4(Cy),
respectively.

We consider the Josephson junction without the
impurity scattering as a simplest example. The wave
functions of the quasiparticles in the spin-up chan-
nel in the left or right FS layer (u v) satisfy the
Bogoliubov-de Gennes equation(!31]

Hy A u U
o ALR _E
Af r —Ho v v

: (3)

where Hj is the single particle Hamiltonian, and the
energy of the quasi-particle, E, is measured from
Fermi energy FEy. Since the Cooper pair consists
of two electrons with the same spins, the exchange
energy in FS layer has been removed by redefining
The solution of the

Bogoliubov-de Gennes equation (3) is written as

the Fermi energy in Eq. (3).
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in the left F'S layer and

UR .
Up =c I e
vp e R e ivR

+ d ,vlf . efikmx (5)
ug e R eTivR

in the right FS layer. In Eq. (4), the first term on
the right-hand side is the incoming electron-like quasi-
particle (ELQ), the second one is the Andreev re-
flected hole-like quasi-particle (HLQ) with amplitude
a,['% and the last one is the normal reflected ELQ
with amplitude b. In Eq. (5), the first term on the
right-hand side is the transmitted ELQ with ampli-
tude ¢ and the second one is transmitted HLQ with
amplitude d. The pair potential and the quasi-particle
energy are much smaller than the Fermi energy. Con-
sequently, the wave vectors of the quasi-particles in
Egs. (4) and (5) are approximated as k, = kpcosf
where kp is the Fermi wave vector and 6 is the inci-
dent angle. The Bogoliubov amplitudes read

S\ 12
1 \/E27‘AL7R|
T+

U - T = )
L,R \/5 E
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12 Oy
L, \ E? — |ALr| O

UL,R = ﬁ - T . (6)

BWL
z=0 81:

=2ZkeWL| ,  (9)

z=0 z=0

i where the dimensionless barrier strength Z =

In Egs. (4) and (5), ¢, and ¢gr are the macroscopic ) . )
. 1 N mVy/(h*kr) and m is the effective mass of the elec-

phases of the Cooper pairs, and ;. and v are the

internal phases. The internal phases occur in the tron. The Josephson current at temperature T is de-

termined by the Andreev reflection process and can be

anisotropic superconductors where the quasi-particles
obtained by the Furusaki-Tsukada-like formulal28—3

moving along different directions have different wave
vectors and thus feel different pair potentials.!?®! The

internal phases affect the tunneling spectra and the Z Z kT |AL| a(iwy) —a (iwn)], (10)
Josephson current significantly27-28:33:34] and are ob- h ky,kz wn {2ny
tained as

iyE AL,R (:l:k.L)
N A R (M where Qu, = sgnlwn)y/o? +1 AL, and w, =

(2n+ 1) wkgT. The Andreev reflection amplitude
a (iwy,) can be obtained from a (E) by the analytic

According to the orbital pairing symmetries defined in

Egs. (1) and (2), the internal phases along the positive

and the negative x directions have the relation continuation £ — iw,. The Andreev reflection am-

plitude @ (iw,,) describes the process where an incom-

- + - +
= and =T —"R- 8
LT TR TR (8) ing HLQ from the left superconductor is reflected as

The Andreev reflection amplitude a(E) can be 5y ELQ and can be obtained by the symmetry con-

obtained by matching the boundary conditions at  jeration @ (ky, E) = a* (—ky, E). With the help of

— ([32]
z=0 internal phase relation (8), the dc Josephson current

Y1, Jo—0 = ¥R|,_,, and | along the z direction can be finally written as
ekB Z|AL||Ar| sin g sinf
p3p> - — a
524 [(1 + 20052 9) 2,1 + QHR} w2 cos? v
where
Z2
=, = [w + (1 + 2 0) QnLQnR] sinyg + |AL||Ar| cos ¢ sinf, (12)

the macroscopic phase difference ¢ = 1, —¢r, and 7f p denotes the internal phase along the positive = direction.

For the junctions prepared along the y and the z directions, one can derive the current formula in a similar
way. The main difference comes from the internal phases. For the current along the y direction, the internal
phases for the particles moving along the positive and the negative y directions have the relation

YL(—ky) = L(+ky), and Yr(—ky) = =R (+ky). (13)

The dc Josephson current along the y direction is given by

ekpT Zy|AL||Ar| cos psinyf
D> - — a1
Foks Wn 52 4 [(1 + 2 9) nL + ani w2 sin®
where

ZQ
E, = [wg + (1 + 2 0) .QnLQnR} cosvh — |AL||Ar| sin psinayf, (15)

and 4{  denotes the internal phase along the positive y direction. For the current along the z direction, the
internal phases for the particles to move along the positive and the negative z directions have the following

relations:

'YL(_kz) =7+ ’YL(""kz)’ and ’YR(_kz) = 7R(+kz>' (16)
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The dc Josephson current along the z direction is given by

|AL|?| AR|? sinn cosn

; (17)

2
Z
Faky @n 2 |:QTLL * (1 " 2cos20> QnR] +]ALP[Ar[?sin® n

z

where the total phase difference n = ¢ + v — 7§ in-
cluding both the macroscopic phase difference and the
internal phase difference with 7f y representing the in-
ternal phase along the positive z direction.

3. Results and discussion

With the help of Egs. (11), (14) and (17), the
current can be calculated numerically so that one can
study the anisotropy of the dc Josephson effect. We
take the Fermi surface parameter kpa ~ 1.6,3% the
dimensionless barrier strength Z = 0.5, and the tem-
perature kg7 = 0.014q. The current is normalized by
the resistance of the junction in a normal state, which

is given by!2¢!

e2 (™% cos?h
Ryl = — ———sin#d#6. 18
N h /0 72 fcos20 (18)
The current phase relation is shown in Fig. 1. The
currents along different directions exhibit different os-
For the

current along the z direction, it is a sin4p-like func-

cillation periods and different phase shifts.

tion of the macroscopic phase difference with a period
of w/2. For the current along the x direction, it is
a sin 2¢p-like function of the macroscopic phase differ-
ence with a period of w. For the current along the
y direction, it is also a 7 periodic function but has
a 7w phase shift relative to the current along the x
direction. These results can be understood by inves-
tigating the symmetries of the internal phases. The
sin4¢p relation for the current along the z direction
has already been reported?” and can be explained by
the four-fold rotation symmetry of the internal phase
difference in the k,—k, plane. Josephson current (17)

can be expanded into power series!26:27]

st >3 i ¢™+ cos™ 20 sin 20, (19)

h ko ky @n m=0
where
¢ = | AL?| AR [
Z? 2
|ALRIAR P2 + 203 [ 2n + (1422 ) ]
cos? 0

2

<1 (20)

Under a 7/2 rotation in the k,—k, plane, A, becomes
—Arp, and Ar becomes —iAg, which results in a 7
phase shift and a —m/2 phase shift for internal phases
7 and ~f, respectively. Therefore, total phase dif-
ference n gains a —m/2 phase shift and both sin 2y
and cos 27 are antisymmetric under the rotation oper-
ation. After the summation over k, and k,, only the
terms with odd m in the power series (19) can sur-
vive. The first nonzero term comes from m = 1 and
is proportional to sin4p. The higher order terms can
only give the higher order harmonics. Therefore, the

current phase relation is a 7/2 periodic function.

0 0.5 1.0

p/m

Fig. 1. Josephson current I versus macroscopic phase dif-

ference ¢, where current [ is along the z direction for the

upper panel, the y direction for the middle panel, and the
z direction for the lower panel, respectively.

For the currents along the z and y directions,
there is no simple rotation symmetry of the pair po-
To understand the

current phase relation, we focus on the case of the

tentials in the transverse plane.

small angle incidence from which the main contribu-
tion of the current arises. In this case, the internal
phases along the positive x direction satisfy the re-
lations sinyf = *£1, cosvyg ~ %1, and sinyg ~ 0.
The dominant contribution of the current along the z

direction reduces to
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ekgT | Ap|?| AR |? sin 2¢

Iz ~ .
b 2 AP AR (L cos20) + 2[(1 1 22%) 00, + BonP?

(21)

One can find that the lowest harmonics in Eq. (21) is sin2p and the current is a 7 periodic function of
macroscopic phase difference. In the region of the small angle incidence, the internal phases along the positive
y direction satisfy the relations sinyy = +1, cosv§ =~ 0, and sin~j;, ~ £1. The dominant contribution of the

current along the y direction reduces to

ks T
I, ~ -8

|AL|2|AR|2Sin2g0

T

The lowest harmonics in Eq. (22) is also sin2¢ and
the current is a 7 periodic function of the macroscopic
phase difference but the current along the y direction
has a 7 phase shift relative to the current along the z
direction.

4. Summary

In this paper, the anisotropy of the dc Joseph-
son effect in the junctions consisting of two equal spin
pairing p-wave FSs with different orbital pairing sym-
metries is investigated theoretically. The dc Joseph-
son current is obtained by the Furusaki-Tsukada-like
formula. The pair potential of the p-wave supercon-

; | AL AR [*(1 = cos 2p) + 2[(1 +22°) 2L, + Onrl?wy

(22)

ductor is anisotropic. It is shown that the internal
phase determined by the pairing symmetry in the k
space has a great influence on the current phase re-
We take the two

pair potentials proposed for ZrZns as example. The

lation of the Josephson junction.

current phase relation along the z direction is a sin 4¢-
like function with a period of 7/2, the one along the
x direction is a sin 2¢p-like function with a period of
m, and the one along the y direction is also a 7w peri-
odic function but has a 7w phase shift relative to that
along the x direction. The results can be explained
by the symmetry consideration of the internal phases
resulting from the orbital pairing symmetries of the

pair potentials.
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