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Analysis of multiple scattering from two-dimensional
dielectric sea surface with iterative Kirchhoff
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An iterative method in the Kirchhoff approximation is proposed for high frequency multiple electromagnetic

scattering from two-dimensional dielectric sea surface. The multiple interaction of the scattering field is characterized

with the corrected electromagnetic currents of the wind-driven sea surface. The actual surface currents are approximated

with the iterative solution of the corrected currents. A newly developed sea spectrum, Elfouhaily spectrum, is utilized

to build the sea surface model. The shadowing correction is improved by the Depth–Buffer algorithm. The validity of

the iterative Kirchhoff approximation is verified by the agreement of backscattering coefficients with the measured data.
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1. Introduction

The study of the electromagnetic scattering from

the sea surface is significant for remote sensing,

surveillance and synthetic aperture radar (SAR) imag-

ing of the ocean.[1] Many asymptotic methods in high

frequency bands and numerical methods[2−9] have

been developed recently. However, the two cate-

gories of methods both have drawbacks for sea surface

scattering.[10]

The multiple scattering of sea surface, which

arises from the roughness of wind wave has been

studied with rationalistic analysis and experiment

measurements.[11] The Neumann series solution for

the second-kind magnetic field integral equation

(MFIE) was also developed as a kind of iterative

method for the perfectly electric conducting (PEC)

rough surface.[12,13]

In the present paper, we propose an iterative

Kirchhoff approximation (iterative KA) for the high

frequency scattering of the wind-driven sea surface.

The theoretical basis and formulations of the itera-

tive procedure are expounded and illuminated with

the surface current distribution in Section 2. Then

the newly developed Elfouhaily spectrum is discussed

and utilized for the sea surface modeling in Section

3, and a new shadowing correction is introduced with

the help of Depth–Buffer technology in Section 4. The

iterative method is verified by the measured data and

two-scale method in Section 5. Finally, some conclud-

ing remarks are presented in Section 6.

2. Formulation of the problem

In order to reconcile the asymptotic methods

with the numerical methods, the iterative KA is pro-

posed to build a sea surface electromagnetic scattering

model. The scattering from each surface realization

is calculated, and the resulting scattering coefficients

from all the realizations are averaged to obtain the

Monte Carlo estimate results.

According to the Kirchhoff approximation,[1] the

scattering field of the sea surface in the far zone is

given as

Es(r) = K

∫
[−k̂s ×M − k̂s × (k̂s × J)η]

× exp(iks · r′)ds′,
J = n̂×H,

M = −n̂×E, (1)

where J and M are the electric and the magnetic
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surface currents respectively. Other parameters can

be found in Ref. [1].

It is obvious that the accuracy of scattering field

rests on the accurate determining of J and M . Un-

der the Kirchhoff approximation, the surface currents

induced by the incident fields Einc and H inc are given

as

J = n̂×H = n̂× (H inc +Hr),

M = −n̂×E = −n̂× (Einc +Er), (2)

where Hr and Er are the direct reflecting fields. Ap-

parently equation (2) could interpret only the local

scattering phenomenon.

In this paper we introduce the iterative solver

with including the coupling scattering fields Ec
n and

Hc
n. Then the currents in Eq. (2) are substituted with

Jn = J0 + n̂×Hc
n(1 +Rv,h),

Mn = M0 − n̂×Ec
n(1 +Rv,h),

n = 1, 2, . . . , N, (3)

where Jn and Mn are iterative solutions of the surface

currents, while n denotes the iteration order. Rv,h is

the local reflection coefficient of the sea surface. The

initial values of zeroth order J0 and M0 are actually

the Kirchhoff approximation currents. And Ec
n and

Hc
n are given as

Ec
n(r, r

′) =

∫
S

[− iωµJn−1(r
′)G(r, r′)−Mn−1(r

′)×∇′G(r, r′)]ds′,

Hc
n(r, r

′) =

∫
S

[− iωεMn−1(r
′)G(r, r′)+Jn−1(r

′)×∇′G(r, r′)]ds′,

G(r, r′) =
exp(− i kR)

4πR
, R = |r − r′|. (4)

Equation (4) is deduced from the Stratton–Chu equa-

tion and accounts for the multiple scattering of the

sea surface. Although the integral in Eqs. (4) is im-

proper, nevertheless, it is convergent for the Lyapunov

surfaces. Since the depolarization due to the tilted

facets of the rough sea surface occurs, the coupling

field Ec
n should be expressed with vertically polarized

field Ec
n,v and horizontally polarized field Ec

n,h. And

Hc
n is expressed with Hc

n,v and Hc
n,h for the same

reason. Then equation (3) can be rewritten as

Jn = J0 + n̂× (Hc
n,v +Hc

n,h +Hc
n,vRv +Hc

n,hRh),

Mn = M0 − n̂× (Ec
n,v +Ec

n,h +Ec
n,vRv +Ec

n,hRh),

n = 1, 2, . . . , N. (5)

Figure 1 shows the magnitude distributions of J0

and J2 on the sea surface. The currents are induced

by 1-GHz incident wave and the wind speed is 5 m/s.

In order to involve the multiple interactions between

long-wavelength components, the length of sea surface

geometrical model is ten correlation lengths of the sea

surface. It is shown that J0 is evenly distributed on

the sea surface and the rather periodic distribution of

J2 is due to the regular surface fluctuation.

Fig. 1. Magnitude distributions of electric currents on 5 m/s sea surface, with the values of iteration order N being 0

(a) and 2 (b).
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Moreover the magnitude range of J0 is much

smaller than the one of J2. It can be concluded that

the higher order currents provide more phase informa-

tion resulting from the multiple interactions.

3. Sea spectrum

Recently there have been kinds of sea spectra

such as Pierson spectrum, JONSWAP spectrum, Apel

spectrum, and so on. Since these expressions of en-

ergy distribution satisfy the properties of ergodicity

and stationarity, they have been widely used in the

statistical simulation.

The Elfouhaily spectrum,[14] which was developed

based on available field and wave-tank measurements

and without any relation to remote-sensing data, is

used to simulate the sea surface fluctuation. The

Elfouhaily spectrum is no longer an empirical spec-

trum, but it is a fully-developed spectrum related only

to the wind speed. Thus it is more suitable for the

simulation of the sea surface. The general form of the

Elfouhaily spectrum is given as

W (K) =W (K,ψ) =W (K)G(K,ψ). (6)

The directional spectrum W (K), in which the

wave vector is K = x̂ ·K cosψ + ŷ ·K sinψ, contains

nondirectional portion W (K) and spreading function

G(K,ψ). The curvature spectrum W (K) is composed

of the spectra of low-wavenumber gravity waves and

high-wavenumber capillary waves and given as

W (K) = (BL +BH)/K
3. (7)

The low-wavenumber curvature spectrum BL and

the high-wavenumber curvature spectrum BH present

the high-frequency and low-frequency portions of the

spectrum energy respectively. And the realistic power

spectrum of sea surface is anisotropic in the two-

dimensional condition, thus the direction function is

introduced[14]

G(K,ψ) = [1 + ∆(K) cos(2ψ)]/2π. (8)

Figure 2 shows high-frequency and low-frequency

portions of B(K). The capillary wave BL is sensitive

to wave age Ω and contains less energy than the grav-

ity wave spectrum BH, and BH is affected by the wind

speed in most frequency ranges.

Fig. 2. Portions of predicted curvature spectrum B(K).

4. Shadow correction

For the sake of high-frequency limitation, some

regions of the rough surface may be shielded by parts

of the surface. In this paper, the shadow correction

of the sea surface is made based on the Depth–Buffer

algorithm.[15] The principle of the Depth–Buffer cor-

rection process is given as follows.

The rough surface is located in the Cartesian co-

ordinate system and each facet of the rough surface is

projected onto a projection plane which is perpendic-

ular to incident direction (θ, φ). The projection plane

is defined as follows:
x̂′ = − sinφ x̂+ cosφ ŷ,

ŷ′ = − cos θ cosφ x̂− cos θ sinφ ŷ + sin θ ẑ,

ẑ′ = sin θ cosφ x̂+ sin θ sinφ ŷ + cos θ ẑ.

(9)

The z′ value of the model projection which is

stored in the depth buffer represents the distance from

the facet to the observer. Then the projection plane

is subdivided into pixels of which the number is more

than the one of the facets on the sea surface. If the

projections of two facets are overlapped, the two facets

are shadowed by each other. According to the value

z′ of the projections, we can determine which facet is

shadowed in the view direction. The shadow area can

be calculated by the number of the overlapped pixels.

The facets which are shadowed in the incident direc-

tion or the scattering direction make no contribution

to the scattering field. Thus these facets should be

removed from the integral in Eq. (1).

Different from the correction function of scatter-

ing coefficient, the Depth–Buffer shadow correction
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examines each facet on the concrete surface whose

scattering field can be calculated.

5. Numerical results and discus-

sion

According to the linear accumulative theory,

wind-driven sea surfaces are modeled based on the

Elfouhaily omnidirectional spectrum as shown in

Fig. 3.

Fig. 3. Sea surface model based on the Elfouhaily spec-

trum.

Fifty realizations are simulated for each calcu-

lation based on the principle of the Monte Carlo

method. According to Section 2, the iteration number

is significant for the accuracy in determining the cor-

rected surface current. Moreover the scattering coef-

ficient tends to be convergent with the increase of the

iteration order N . Since the iterative KA is a high

frequency method based on KA, the edge effect can

be neglected for the electrically large two-dimensional

sea surface.

In order to verify the accuracy of the iterative

KA, the numerical results of sea surface backscatter-

ing are shown in Fig. 4, where the sea surfaces with

relative dielectric constant (32.349644, 36.615556) is

illuminated, with using a 14-GHz incident wave. It

can be seen that the numerical results of the iterative

KA are consistent well with the measured data.[16]

Compared with the result obtained by the two-scale

method (TSM),[17] the oscillation of iterative KA orig-

inates from the realistic fluctuation of sea surface,

which is similar to the numerical result. It is obvious

that the scattering power from the normal direction is

stronger than the one at large scattering angles, since

the normal scattering is identical to the specular scat-

tering. The VV polarization is higher than the HH

one, as the absorption of the V polarized wave by sea

water is stronger than that of the H polarized wave. It

should be noted that the numerical result of the tra-

ditional TSM is just the scattering coefficient, while

the iterative KA is able to provide the scattering field

which can be used in the composite scattering from

targets on the sea surface.

Fig. 4. Comparisons of backscattering coefficients calculated by different methods. (a) VV polarized, (b) HH polarized.

The bistatic scattering of the sea surface is shown in Fig. 5. The frequencies of the incident wave are 1 GHz

and 10 GHz in Fig. 5(a) and Fig. 5(b) respectively. The wind speed is 15 m/s and the dielectric constant is

the same as that in Fig. 4. In order to analyse the bistatic scattering, different incident directions are used in

Fig. 5 but the scattering angle keeps consistent with the incident angle. As shown in Fig. 5(a) for the different

incident azimuthal angles the scattering power strengths reach their maximum values in the specular direction,

but reach their minimum values on the plane orthogonal to the specular plane. The scattering in the specular

direction is termed the coherent scattering, due to its predictable, and constant, phase relative to that of the

incident wave. The off-specular scattering, termed incoherent scattering, is caused by the surface roughness and

is the source of the sidelobes. It can be seen that the coherent scattering is the main contribution of the sea
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surface scattering. Figure 5(b) shows that the scattering power reduces with the increase of the distance from

the specular direction, and the peak in the specular direction is more prominent at a larger incident angle. This

proves that the sea surface is rougher at a large incident angle than at a small one in terms of the radar wave

length, since more energy is diffused by the rougher surface.

Fig. 5. Bistatic scattering coefficients versus scattering azimuth angles. In panel (a), the incident angle is 30◦,

and the incident azimuth angles are 0◦, 45◦ and 90◦, respectively. In panel (b), the incident azimuth angle is

0◦, and the incident angles are 10◦, 30◦ and 60◦ separately.

6. Conclusion

A new approach to the multiple scattering of the large two-dimensional sea surface is proposed. The iterative

KA is actually a compromise between the numerical method and the asymptotic approximation method, thus

the calculating of efficiency advances markedly. Moreover the limitation to the operating frequency is relaxed

based on the Kirchhoff approximation. The validity of the method is verified by the agreement of the iterative

KA with the two-scale method and the measured data. The electromagnetic currents show that the contribution

of the intensity from multiple scattering becomes significant with the increase of root mean square height of the

roughness and the angle of oblique incidence. It is concluded that the Depth–Buffer technology eliminates the

self-shadowing effectively. Though the accuracy of the iterative KA is equivalent to the one of the TSM, the

field provided by the iterative KA is more practical for the composite scattering and the SAR technology.
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