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Finite-difference time-domain studies of low-frequency

stop band in superconductor-dielectric superlattice∗
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The transmission coefficients of electromagnetic (EM) waves due to a superconductor-dielectric superlattice are

numerically calculated. Shift operator finite difference time domain (SO-FDTD) method is used in the analysis. By

using the SO-FDTD method, the transmission spectrum is obtained and its characteristics are investigated for different

thicknesses of superconductor layers and dielectric layers, from which a stop band starting from zero frequency can be

apparently observed. The relation between this low-frequency stop band and relative temperature, and also the London

penetration depth at a superconductor temperature of zero degree are discussed, separately. The low-frequency stop

band properties of superconductor-dielectric superlattice thus are well disclosed.
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1. Introduction

A one-dimensional (1D) Bragg lattice is a spa-

tially periodical structure. Much attention was paid

to the periodic multilayered structure, where different

materials such as dielectrics, semiconductors, metals

and plasma media were commonly utilized.[1−6] There

are usually many forbidden band gaps due to this 1D

stratified medium of finite period but infinite num-

ber of layers. The band gap of a dielectric–dielectric

superlattice can be broadened significantly by increas-

ing the contrast of neighbouring dielectric permittivi-

ties. A low-frequency band gap (below the first band

gap) can be easily found from a metal–dielectric su-

perlattice, and its gap width primarily depends on the

plasma frequency of metals.[5,6]

In addition, the Bragg lattices of supercon-

ductor and dielectric also attracted much attention

recently.[7−10] For instance, a 1D superconductor-

dielectric superlattice was considered in Ref. [7]. By

making use of the transfer matrix method and the

Bloch theorem, a low-frequency band gap was appar-

ently observed from the analysis in the case of plane

wave incidences in both transversal magnetic (TM)

and transversal electric (TE) modes.

Due to the existence of the low-frequency band

gap, this 1D superconductor-dielectric superlattice

can be practically applied to a high-pass filter. The

advantage of this superconductor structure is its low

loss which is much less than that of a metallic super-

lattice, because the imaginary part in the dielectric

constant of superconductor is much less than that of

metalic material.[8]

In the present paper, we apply the shift operator

finite difference time domain (SO-FDTD) method to

the superconductor structure. For validation purpose,

the results from the method are compared with the an-

alytical solutions by calculating the transmission and

reflection coefficients of a superconductor slab, and

then this new FDTD formulation is used to calcu-

late the low-frequency stop band of superconductor-

dielectric superlattice. We also discuss the dependence

of the low-frequency stop band on superconductor pa-

rameters and superlattice structure.

2. SO-FDTD method for super-

conductor

For a dispersive medium, Maxwell’s curl equa-

tions and the constitutive relation equation are given
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as follows:

∂D

∂t
= ∇×H, (1)

∂H

∂t
= − 1

µ0
∇×E, (2)

D(ω) = ε0εr(ω)E(ω). (3)

The two-fluid model[8] is used to describe the elec-

trodynamics of superconductor at a nonzero temper-

ature. With some approximations, the complex con-

ductivity of the superconductor can be written as

σ = −i
1

ωµ0λ2
L

. (4)

The conditions for a lossless superconductor are

described in Ref. [8] in detail. Then the dielectric re-

sponse function is

εr(ω) = 1− 1

ω2µ0ε0λ2
L

, (5)

where the temperature-dependent penetration depth

is given by

λL = λL(T ) = λL(0)

{
1−

(
T

Tc

)4
}−1/2

, (6)

where T and Tc are the temperatures of sample and

phase transformation of superconductor, respectively;

λL(T ) and λL(0) are the London penetration depths

at temperature T and zero temperature, respectively;

ωp is the plasma frequency and usually defined as

ω2
p =

c2

λL(0)2

{
1−

(
T

Tc

)4
}
. (7)

Thus, the dielectric constant of superconductor is sim-

ilar in form to that of a free-electron metal. Then we

rewrite the response function in Eq. (5) as a rational

fractional function

εr(ω) =

∑N
n=0 pn(iω)

n∑N
n=0 qn(iω)

n
. (8)

Comparing the response functions in Eqs. (8) and

(5), we see that summation number N in Eq. (8) is

taken to be 2. Correspondingly, the coefficients in

Eq. (8) become p0 = ω2
p, p1 = 0, p2 = 1, q0 = 0,

q1 = 0, and q2 = 1. For a simple one-dimensional

case, taking the central difference approximation for

both temporal and spatial derivatives at (n + 0.5)∆t

and (k + 0.5)∆z, equations (1) and (2) turn into the

following forms:

Hn+0.5
y (k + 0.5)

= Hn−0.5
y (k + 0.5)

− ∆t

µ0∆z
[En

x (k + 1)− En
x (k)] , (9)

Dn+1
x (k)

= Dn
x (k)−

∆t

∆z
[Hn+0.5

y (k + 0.5)

− Hn+0.5
y (k − 0.5)]. (10)

The SO-FDTD method was first proposed in Ref. [11]

where the relationship between Ex and Dx was ob-

tained and the formula of Ex is given now by

En+1
x (k) =

1

b0

{
a0

(
Dn+1

x (k)

ε0

)
+ a1

(
Dn

x (k)

ε0

)
+ a2

(
Dn−1

x (k)

ε0

)
− b1E

n
x (k)− b2E

n−1
x (k)

}
, (11)

where the coefficients for the superconductor structure

are given below

a0 = q0 + q1
2

∆t
+ q2

(
2

∆t

)2

=

(
2

∆t

)2

,

a1 = 2q0 − 2q2

(
2

∆t

)2

= −2

(
2

∆t

)2

,

a2 = q0 − q1
2

∆t
+ q2

(
2

∆t

)2

=

(
2

∆t

)2

,

b0 = p0 + p1
2

∆t
+ p2

(
2

∆t

)2

= ω2
p +

(
2

∆t

)2

,

b1 = 2p0 − 2p2

(
2

∆t

)2

= ω2
p − 2

(
2

∆t

)2

,

b2 = p0 − p1
2

∆t
+ p2

(
2

∆t

)2

= ω2
p +

(
2

∆t

)2

.

Using the difference equations in Eqs. (9), (10) and

(11), the Ex expression can be obtained and calcu-

lated by the iterative process.

3. Results and discussion

To check the accuracy of this numerical method

for superconductor structure considered in Section 2,

we first calculate the transmission coefficient and the

reflection coefficient of a superconductor slab with a
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thickness of 1000 nm as shown in Fig. 1. The su-

perconductor is taken as niobium (Nb), and its phase

transformation temperature is TC = 9.2 K (relative

temperature T/TC = 0.46 is used in calculations)

and its London penetration depth at zero tempera-

ture is λL(0) = 83.4 nm. The normal incident wave

on the superconductor slab, assumed in the simula-

tion, is a Gaussian derivative pulsed plane wave. The

computational domain considered has 1026∆z in the

z-direction, where ∆z is the mesh width taken as

∆z = 1 nm. The time step taken is∆t = 2.5×10−16 s.

The slab occupies the middle 1000 meshes, and the

terminative five meshes are perfectly matched layer

(PML)[12] medium and the other region is free space.

The transmission coefficient and the reflection coeffi-

cient are calculated by using the fast Fourier transform

(FFT) method and the simulation is allowed to run for

400000 time steps.

Figure 2 illustrates the magnitudes of the trans-

mission coefficient and the reflection coefficient com-

puted by applying the SO-FDTD method to the su-

perconductor slab. It is seen that the results from an

exact analytical solution and the SO-FDTD method

are in good agreement with each other.

Fig. 1. Superconductor slab.

Fig. 2. Curves for transmission coefficient (a) and reflection coefficient (b) versus frequency for the supercon-

ductor with a thickness of 1000 nm at T/TC = 0.46 and λL(0) = 83.4 nm, obtained by the analytical approach

and the SO-FDTD method.

In what follows, we design a superconductor-

dielectric twin-layer structure in the z-direction with

60 unit cells as shown in Fig. 3. The dielectric lay-

ers are considered to be lossless and simple matter,

and its relative permittivity is taken as 10. The su-

perconductor layer is assumed to be niobium with the

same parameters as those, but for thickness, of the

slab given above. The FDTD parameters applied to

superconductor layers are also the same as those of

the above slab, and the conventional FDTD formula is

also applied to the dielectric layer. The computational

domain varies with the total size of this superlattice,

and it depends on the thicknesses of superconductor

layer and dielectric layer, and on the number of unit

cells.

Fig. 3. Superconductor-dielectric superlattice.

Figure 4 depicts the calculated transmission coef-
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ficients for different thicknesses of superconductor lay-

ersDS = 12 nm, 16 nm, and 20 nm, respectively, while

the fixed thickness of dielectric layer is assumed to be

Dd = 60 nm. The cut-off frequencies are denoted by

fc1 = 74.8 THz, fc2 = 86.4 THz, and fc3 = 96.8 THz,

corresponding to different thicknesses given above. It

can be seen that at the frequencies below the cut-

off frequency, the EM wave is forbidden to propa-

gate, which means that this periodic superconductor-

dielectric superlattice behaves as a high-pass filter and

the cut-off frequency is located in terahertz zone. It

can also be directly noticed that the width of this low-

frequency stop band becomes large when the thick-

ness of the superconductor layer increases as shown

in Fig. 4. Taking a constant thickness of the super-

conductor layer as DS = 10 nm, we calculate the

transmittance spectra for different thicknesses of di-

electric layers as shown in Fig. 5. By increasing the

thickness of the dielectric layer, the cut-off frequency

shifts towards the lower frequency side, that is, the

low-frequency stop band becomes narrower, which is

contrary to the case of increasing the thickness of su-

perconductor layer. It is important to point out that

the contribution of the superconductor layer to optical

thickness of a unit cell is negative at a low frequency,

but the contribution of the dielectric layer to opti-

cal thickness of a unit cell is positive. This is why

the cut-off frequency of the low-frequency stop band

shifts reversely by increasing the thicknesses of the

superconductor layer and dielectric layer.

Fig. 4. Transmission coefficients at different thicknesses

of superconductor layers DS = 12 nm, 16 nm and 20 nm,

respectively, with the thickness of dielectric layer assumed

to be Dd = 60 nm.

To characterize the dependence of low-frequency

band gap on the parameters of superconductor, we as-

sume the thicknesses of dielectric layer and supercon-

ductor layer to be Dd = 60 nm and DS = 20 nm,

respectively. The dependence of the of the low-

frequency stop band of this periodic structure on rela-

tive temperature T/TC and London penetration depth

at zero temperature λL(0) are shown in Figs. 6 and 7,

respectively.

Fig. 5. Transmission coefficients at different thicknesses of

dielectric layers Dd = 60 nm, 90 nm and 120 nm, respec-

tively, with the thickness of superconductor layer assumed

to be DS = 10 nm.

Fig. 6. Dependence of width of stop band on relative tem-

perature T/TC.

Fig. 7. Dependence of width of low-frequency band gap

on reciprocal of λL(0).

In the calculation of Fig. 6, the London penetra-

tion depth at zero temperature is set as λL(0) = A =

80 nm, where A is the period of the superlattice. It

is noticed that the stop band becomes narrower with

the increase of relative temperature and the maximal
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cut-off frequency of the stop band is 103.2 THz at

T/TC = 0. Clearly, this property can serve as the ba-

sis for a temperature-controlled high pass filter. The

relationship between the width of low-frequency stop

band and reciprocal of λL(0) is nearly linear as shown

in Fig. 7, where the abscissa is scaled by 1/A and the

relative temperature is taken as T/TC = 0.4 in this

simulation. In fact, there exists a low-frequency band

gap for EM wave in bulk superconductor. It means

that when the EM frequency is lower than the plasma

frequency of superconductor, the relative permittivity

of superconductor becomes negative and the EM wave

cannot propagate through a bulk superconductor. But

the cut-off frequency of the low-frequency stop band

is considerably lower than the plasma frequency of su-

perconductor, so a conclusion can be drawn that the

low-frequency stop band results from the hybrid ef-

fects of both plasma frequency of superconductor ma-

terial and the periodicity of this superlattice.

4. Conclusions

Using the SO-FDTD method, we calculated the

transmission coefficients of superconductor-dielectric

superlattice for different thicknesses of superconduc-

tor layer and dielectric layer. It is found that there

exists a low-frequency stop band ranging from zero fre-

quency to a cut-off frequency in a terahertz zone. We

also discussed the relationship between low-frequency

stop band and relative temperature, and London pen-

etration depth at zero temperature of superconduc-

tor. Two conclusions can be drawn as follows. First,

the cut-off frequency of the low-frequency stop band

shifts reversely by increasing the thickness of super-

conductor layer and the thickness of dielectric layer,

which is due to their contributions contrary to optical

thickness of a unit cell. Second, we can broaden the

low-frequency stop band by reducing the relative tem-

perature T/Tc or London penetration depth at zero

temperature λL(0) of superconductor. The conclu-

sions might be useful for actually designing bandpass

filters and other photonic crystal applications.
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