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Propagation properties of electromagnetic fields in
elliptic dielectric hollow fibres and their applications*
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We numerically calculate and analyse the electromagnetic fields, optical intensity distributions, polarization states

and orbital angular momentum of some elliptic hollow modes in an elliptic dielectric hollow fiber (EDHF) by using

Mathieu functions, and also calculate the optical potential of the blue-detuned ¢HE;; mode evanescent-light wave for

85Rb atoms, including the position-dependent van der Waals potential, and discuss briefly some potential applications

of our EDHF in atom and molecule optics, etc. Our study shows that the vector electric field distributions of the odd

modes in the cross section of the EDHF are the same as that of the even modes and with different boundary ellipses by

rotating an angle of 7/2, and the orbital angular momentum (OAM) of single HE (EH) mode is exactly equal to zero,

while that of dual-mode in the EDHF is fractional in /i, and has a sinusoidal oscillation as z varies. The EDHF can

be used to produce various elliptic hollow beams, even to generate and study various atomic vortices with a fractional

charge and its fractional quantum Hall effect in atomic Bose—Einstein condensate, and so on.
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1. Introduction

Optical fibres have wide applications in the fields
of radar feed line, optical communication, fibre lasers,
microwave heating applicator, electron accelerator,
and so on.[1?] Recently, varieties of applications with
the hollow fibres have been proposed and experimen-
tally demonstrated, such as a mode converter for high-
order mode dispersion compensation, ! generation of
dark hollow beam,*%! laser guiding of cold atoms[6—?
and an atomic funnel,1%1 etc. It is well known that
when compared with a circular cylinder fibre, the at-
tenuation of the dominant mode in an elliptic fibre
with the same cross-section area will be reduced and
the transmission modes in the elliptic fibre will be
stable.l'213] Therefore, an elliptic hollow fibre is su-
perior to a circular hollow one in some aspects, and
has wider applications.

In 1938, Chul'® first analysed theoretically the
transmission of the electromagnetic waves in elliptic
metallic hollow pipes, and gave the cutoff frequen-
cies and field configurations of six wave modes. From
then on, the elliptical waveguide was investigated both
theoretically and experimentally. In the 1970s, Kret-
zschmar pointed out Chu’s wrong analysis for the

TMco; mode fields and modified the corresponding

W [14,15

configuration presented by Ch I Since Chu’s ex-

pansion of Mathieu functions was only valid for large

¢, Falciasecca et al.['6-18]

studied and generalized it.
The impedance of an elliptical waveguide was early
calculated in 1960.1'% In 1962, Yeh'? derived the
eigenfunctions and the characteristic roots of the two
dominant modes in the elliptical dielectric waveguide.
Using Yeh'’s eigenfunctions, Rengarajan et al. investi-
gated the propagation characteristics of the modes in
the elliptical metallic waveguide filled with a dielec-
tric layer.?) Subsequently, they investigated theoreti-
cally the single mode propagation in three-layer step
index elliptical fibre waveguides.??) Furthermore, sev-
eral methods for calculating the eigenmode sequence
and cutoff wavelength of the elliptic hollow waveg-
uide were presented in the last two decades,?' =24 and
the propagation characteristics of confocal elliptical
waveguide loaded with multi-layered dielectrics were
discussed.[?’! In 2007, Halterman et al. investigated
the propagation characteristics and the local energy-
density in the open elliptical metallic waveguide.[?¢
Goémez-Castellanos?”) reported the intensity distribu-

tions and cutoff frequencies of linearly polarized modes

*Project supported by the National Natural Science Foundation of China (Grant Nos. 10374029, 10434060 and 10674047), the
National Key Basic Research and Development Program of China (Grant No. 2006CB921604), the Basic Key Program of Shanghai
Municipality (Grant No. 07JC14017), the Program for Changjiang Scholar and Innovative Research Team, and Shanghai Leading

Academic Discipline Project (Grant No. B408).
fCorresponding author. E-mail: jpyin@phy.ecnu.edu.cn

@© 2010 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

083204-1



Chin. Phys. B Vol. 19, No. 8 (2010) 083204

for a step-index elliptical optical fibre. More recently,
a novel super-Gaussian approximation method was
proposed to calculate the propagation and dispersion
characteristics of the elliptical core fibre.[?®!

In this paper, we study some other propagation
properties of the electromagnetic field in a micron-
sized elliptic dielectric hollow fibre (EDHF') composed
of three confocal and concentric elliptical layers and
discuss its potential applications. In Secion 2, using
Mathieu functions, we numerically calculate and anal-
yse the electromagnetic field and optical intensity dis-
tributions, the polarisation states and orbital angu-
lar momentum of some elliptic hollow modes in the
EDHF, and briefly analyse a dual-mode transmission
in the EDHF. In Section 3, we calculate the optical
potential of the ;HE;; modes for cold ®*Rb atoms,
including the position-dependent van der Waals at-
tractive potential from the inner wall of the hollow
core, and discuss some potential applications of these
special modes. In the last section, we summarize the
main results and conclusions.

2. Numerical calculation and

analysis

2.1. The magnetic and electric field dis-
tributions in EDHF

A hollow optical fibre with an elliptical cross
section and its orthogonal elliptic coordinate system
(&, n, z) are shown in Figs. 1(a) and 1(b), respec-
tively. Usually, the orthogonal elliptic coordinates (&,

ng < ne < n

(a)

7 =

7, z) are used to solve Maxwell’s equations with ellip-
tic boundaries, and defined in terms of a right-hand
Cartesian system by the following equations

x = hcosh&cosn, y=hsinhésiny, z=2 (1)

where ¢ and 7n takes the value 0 < & < 400, 0 <
1 < 2m, respectively; h represents half way of the dis-
tance between the foci F' and F’. The z axis is set to
accord with the longitudinal axis of the EDHF. The
EDHF consists of three layers: a hollow region, a core
and a cladding, and the cylindrically symmetric refrac-
tive indices of them are ng, ny and ns, respectively.
In Fig. 1(b), the contour surfaces of the constant £
are confocal and concentric elliptical cylinders, while
those of the constant n are confocal hyperbolic cylin-
ders orthogonal to the elliptical cylinders. The inner
boundary of the core is located at £ = &y, and its ec-
centricity e is given by 1/cosh &y, while the semi-major
axis and the semi-minor axis of the boundary ellipse
are a = hcosh§y and b = hsinh &, respectively. And
& and & are the outer boundary of the hollow core
and the cladding.

We assume the parameters of the EDHF to be:
ng =1, ny = 1.4530, ny = 1.4502, e = 0.46, &, = 1.40,
& = 2.34, and & is taken to be infinity. The incident
laser wavelength is A = 0.78 um. The electromagnetic
fields in the EDHF are supposed to vary harmoni-
cally in time and propagate in the positive z direction,

which will result in a multiplication of all wave func-
tions by expli(wt — Bz)]. In the EDHF investigated
here, all modes should be the hybrid ones (i.e. E, and
H, both exist).[1?]

0Le =

— 0

(b)

Fig. 1. (a) Structure of EDHF and excitation scheme. (b) The corresponding orthogonal elliptic coordinate system.

EDHEF is composed of a hollow region, a core and a cladding, and their refractive indices are ng, n1 and ng, respectively.
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We use HE,,,, and (HE,,,, (c:EH,,,, and ;EH,,,) nent F, or H, in the orthogonal elliptical coordinate
to denote the mode types in the EDHF. The first pre- system:
script e and o represent respectively even and odd
modes, while the first subscript m represents the or- 92 2 E,
der of the Mathieu functions or the modified Math- 9e JF 5 + 2q(cosh 2§ — cos 21) " =0, (2)

ieu functions, and the second subscript n is the or-
der of the parametric zero of the eigenvalue equa-

tion of a certain mode. We assume that the inci- where

dent light is coupled into the core region of the EDHF K- p%

as shown in Fig. 1(a). Some hybrid modes will be =7 h*, k=nko, h=ae, (3)
excited selectively, and there will be evanescent-light

waves near the elliptic inner boundary of the core.  and kg is the wave number in the vacuum. Using the
From Maxwell’s equations we obtain the following  method of separation of variables, we obtain the fol-
Helmholtz wave equation for the longitudinal compo-  lowing solution for the wave equation

(AmJenm (€, q) + BmYen (£, q))Sem(n, q)
(Crdom(&,q) + D Yo (€, q))Som(n, q)

»(&,m, 2) = expli(wt—/z)]. (4)

For simplicity, the factor exp[i(wt — 5z)] in the following formulae is omitted. Se,,(n, ¢;) and So,,(n, ¢;) denote
the circumferential first-kind even and odd Mathieu functions; Je,, (€, ¢;) and Jo,,, (€, ¢;), and Ye,, (&, ¢;) and
Yo,,(&, g;) denote the radial first-kind and second-kind even and odd Mathieu functions of order m (m =0, 1,
2, ..., N), respectively. And the radial Mathieu functions will be the corresponding Bessel functions J,, and
Y., when ¢; — 0. In the case of ¢; < 0, the circumferential and radial Mathieu functions Se,,(n, ¢;) and So,, (7,
qi), Jem (&, q;) and Jo,, (&, ¢;), Yem (&, ¢;) and Yo, (&, ¢;) should be the relevant modified Mathieu functions
Qenm(n, —q;) and Qo (1, —¢i), Tem (€, —¢;) and To,, (€, —q;), Ken (€, —q;) and Koy, (€, —¢;).?®! The longitudinal
magnetic fields of an even (odd) mode are represented by even (odd) Mathieu functions, and the longitudinal
electric fields of an even (odd) mode are in terms of odd (even) Mathieu functions.!!?!

We take the ;HE;; mode as an example. And using the first order of modified and ordinary Mathieu

functions,[?~31 we can write the magnetic and electric fields propagating along the z-axis in the EDHF

Ale1 (&, q1)Qeyr(n, q1), 0 <€ <&,

H. = q [BJei(§, g2) + CYei1 (€, g2)Se1(n,g2), &0 <& <&, (5)
DKe1 (€, q3)Qe (7, g3), &1 <& < oo
A'lo1(€,q1)Qoy (n, q1), 0<¢ <&,

E. = [B'Jo1(&, g2) + C"Y01(§, ¢2)]S01(n, 42), o < € <&, (6)
D'Ko1 (&, ¢3)Qo1 (1, g3), §1 <& < oo

Here A, B, C, D, A’, B’, C', and D’ are the eight constants dependent on the boundary conditions. Us-
ing Maxwell’s equations once again, we can obtain the relations between the transverse and the longitudinal

electromagnetic field components

Ey =

—i

hiy/sinh? € 4 sin® n(k3n? — (2) {
Hni = — l: aHZi:| )
hiy/sinh? € 4 sin® n(k3n? — on

8EZ’L aHzi
! |

B —w

an e |

Ee;

—i
" hy\/sinh2 §—|— sin?n(k3n2 —p2) L 0 a77
aEzz asz
H&i D) 9 2 |: ﬂ 8 :|,
hi/sinh? & + sin® n(k2n? — 2) 3

where w is the angular frequency of the laser light, [ is the axial propagation constant, and the other parameters

are defined as, respectively
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From Egs. (5)—(7), we obtain the transverse component of electric and magnetic fields of the ;HE;; mode.

Since H, E., H,, and E, are continuous at { = &y and & = &;, we have the eigenvalue equation

D

o

]
—
<20Q% R R

|

—xeKo1 (€1, 93)
—BxgKo1(€1,493)

—x5Y01(£0, 92)
x5Yo1(€1,92)
—BxgYo1 (&0, 92)
BxgYoy (&1, 4q2)
‘WEO"%XSYOQ(ﬁOv az)
wegnZaoxpdof (€1, a2) wegnfagxsYol (£1,a2) —wegn3xgKo) (£1.43)

—x57J01(£0, 92)
x5J01 (€15 92)
—BxgJo1(£0, a2)
BxgJo1(£1,92)

w50n3a1><410/1(§01 q1) 4w607L%X530/1(§ov q2)

0
0
x4lo1 (€0, a1)
0
Bagxrlol (€0, 4q1)
0

0
—x3Keq1(€1,493)
0
0
0
0
—x12Ke1(£1,93)

—x2Ye1(£0, q92)
x2Yeq (€1, q2)
0
0
wpxaYel (€0, a2)
—Bx11Ye1(&0, a2)
Bagxi11Ye1(€1,92)

—x27Je1 (€0, 92)
—Bx11Je1(&0, a2)
Bagxi1Je1(£1,92)

x2Je1 (€1, a2)
0
0
wpxaJel (€0, a2)
—wpagxaJe] (€1, a2) —wpagxaYel (€1, q2) wuxzKe](£1,a3)

x1le1 (€0, 91)
0
0
0
—wpagxile] (€9, q1)
0

Bajxiole1 (€0sq1)

[

Here h1 = hy = h3, and

a; = (k3n?,, — B%)/(kini — B%), i=0,1,

27

X1 = Qe (1, q1)Se1(n, g2)dn,
jos

X2 = [ Sei(n,g2)dn,
027T

X3 = ) Qey (1, g3)Se1(n, g2)dn,
27

X4 = Qo1 (n, q1)So1(n, g2)dn,
0

27
Xs::/ So? (1, g2)dn,
0

27
X6 = Qo1 (1, q3)S01 (1, g2)dn,
jos
o= [ Qb anSer(na)n
2
Xs = | S0i(n,g2)Se1(n, gz)dn,
0271'
X9 = Qo' (1, g3)Se1(n, g2)dn,
* on
xio = | Qe' (1, q1)So1 (1, g2)dn,
27
X11 = Se} (1, g2)S01(n, g2)dn,
0271'
X12=/0 Qei(U7QS)SO1(77aQ2)d77~ (10)

In order to obtain a set of nontrivial solutions of
A B,C, D, A", B, C', and D', we set the determi-
nant of the parameters matrix in Egs. (9) to zero, and
a transcendental equation is obtained for seeking the
propagation constant 5. The propagation constant 5y
of the ;HE;; mode equals the first characteristic root
of this eigenvalue equation. Then we substitute S
into the boundary conditions Eqgs. (9) so as to obtain
the relations between A, B, C, D, A’, B’, C’, and D’,
and find the electric and magnetic field distributions
of the ;HE;; mode by Egs. (7). We can deal with
the other modes in the same manner. The eigenvalue
equation of the even mode is obtained by changing the
order of the Mathieu functions and modified Mathieu
functions. As to the odd mode, it still needs to ex-
change gon? and —p.

Figure 2 indicates all electromagnetic field com-
ponents of the ;HE;; mode as functions £ for five dif-
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ferent values of the angular coordinate 7. It is clear
that the electromagnetic field component distributions
for five different 7 have a similar profiles; however, H,,
H¢, H,, E., and E, experience continuous evolutions,
while E¢ suffers a discontinuous transition, which are
consistent with the boundary conditions. Also, it ob-

viously shows that the electromagnetic fields are con-
centrated in the core region, and they flow outward
and gradually vanish near the inner and the outer
boundaries (£ and &) of the core. Those electromag-
netic field distributions of the .HE;3 mode and the
<HE15 one in Figs. 3 and 4 have the same behaviour.

0.04 T T T T T

E:
]

—0.04 1

Fig. 2. The distributions of electric and magnetic fields for the cHE11 mode in the EDHF as functions of the radial
position £. The parameters of the EDHF are ng = 1, n1 = 1.4530, no = 1.4502, e = 0.46, o = 1.40, &1 = 2.34. Here
&o and &1 are respectively the inner and the outer boundaries of the hollow core. The vertical lines show the inner and

outer boundaries of the hollow core.

4.04 T 5 T T T T
2.01

H,/107%
[e)

—2.0 1
—4.0 1
1.24 ' '

H,/1073

0.02 1 N 1

Fig. 3. The electric and magnetic field distributions for the cHE13 mode in the EDHF as functions of the radial
position £. The parameters of the EDHF are the same as those in Fig. 2. The vertical lines show the inner and

outer boundaries of the hollow core.
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Fig. 4. The electric and magnetic field distributions for the sHE15 mode in the EDHF as functions of the radial
position £. The parameters of the EDHF are the same as those in Fig. 2. The vertical lines show the inner and

outer boundaries of the hollow core.

From Egs. (7) and Figs. 2-4, we can see that for
each mode, the magnitude of the distribution of H,
is similar to that of E,, while their phases are re-
versed. However, H, and F¢ have different magni-
tude curves, but the same phase. And we can further
find that the longitudinal and transverse electromag-
netic components H,, He, and E, vanish at n = /2
since these components are dependent on 7 by involv-
ing the terms of circumferential modified and ordinary
Mathieu functions Qe (1, ¢;) and Se,,(n, ¢;) and the
differentials of Qo (7, ¢;) and Son,(n, ¢;) (here m =
1). In a similar manner, E,, E¢, and H, vanish at
17 = 0 due to the Qo (1, ¢;) and So., (7, ¢;) terms and
the differentials of Qe (n, ¢;) and Se,,(n, ¢;) (here
m = 1). Figures 2—4 also indicate that, in the lon-
gitudinal field distributions of the ;HEq;, .HE;3, and
<HE15 modes against the radial position £, the num-
ber of nodes equals (n+1)/2. While in their trans-
verse field distributions, the number of nodes equals
(n—1)/2. Here n is the second subscript of the modes
notation.

Through our numerical calculation, we also obtain
that the distributions of the modes ;HE{; and ;HEq5
versus the radial position & have similar profiles, but
opposite phases of H,, H¢ and E,. The same case
happens to the modes HE 3 and .HE14, and so do
the ;HE 5 and the .HE1g modes. Similarly, we can

calculate and analyse the electromagnetic field distri-

butions of other guided higher-order modes in EDHF

and their propagating characteristics.

2.2. Intensity distribution of guided
modes in EDHF

The intensity distribution of the guided modes in
the EDHF can be calculated by using the longitudinal

component of the time-averaged Poynting vectorl?l

T
I(§) x S, = %/0 (E x H*) - e.dt

1 * *
— 5 (BeHy — B, HY)

= %(Et x H}) -e,. (11)

From the numerical calculation, we obtain the
normalised intensity distribution of the .HE;; mode
at n = 0, i.e. in the horizontal direction, and fig-
ure 5 shows the result in the Cartesian coordinate
system. We can see from Fig. 5 that the maximum
intensity of evanescent-light wave near the inner wall
surface of the EDHF is equal to several percents of the
maximum intensity of the ;HE;; mode in the core of
the fibre, which is of very benefit to guide cold atoms
or molecules in the EDHF by using the blue-detuned

evanescent-light wave of the ;HE;; mode.
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10_c1adding§ core __ hollow _core cladding, the EDHF is very short (e.g. from a few cm to sev-
' : a1 =7 pm : eral tens of cm), and the incident beam with an input
fg 081 iI::O% Z ‘rﬁ power P, is coupled into the core region of the EDHF.
% 0.6 Hence the propagating power P (= Py,) of the ;HEq;
3 mode in the EDHF can be written as
= 0.4
g 2m &3
S 0.2 P:Pin:/l(f)ds:/ / 1(6)
s 0 0
0 _ : : x h%(cosh? & — cos® n)dédn. (12)
30 -20 -10 0 0 20 30
z/pm Using Eq. (12) and the relations between A, B, C,
Fig. 5. Normalised intensity distribution of the ¢HEj; D’ A/’ B/’ Cl’ and D/’ we obtain the absolute inten-
mode in the EDHF as a function of the position z at sity distribution of the ;HE;; mode. When the input
(@ = 7 pm, by = 6.2 pm, nop = 1, n1 = 1.4530, power is 0.5 W, the two-dimensional (2D) transverse

ng = 1.4502, e = 0.46, A = 0.78 pm). The vertical dashed
lines show the two boundaries of EDHF.

intensity distribution of the ;HE;; mode in the Carte-

sian coordinate system for e = 0.46 and A = 0.78 pm
We assume that the coupling and propagating loss  is shown in Fig. 6(a), while figure 6(b) presents the 2D

of the ;HE1; mode can be neglected as the length of  transverse intensity distribution of the ;HE 5 mode.

30 —-20 —-10 0 10 20 30 —30 —20 —10 0O 0 20 30
—30

10

20

40

(b)
—30 —-20 -—-10 0 10 20 30
—30

—20

10

10

20

30 20 10 0 10 20 30 — 30 20 —10 0 10 20 30

10

20

30
(e) ()

Fig. 6. The transverse intensity profile of (a) the cHE11 and (b) the ¢HE12 mode for e = 0.46 and A = 0.78 pm; (c)—(f) show the

profiles of the cHE13, cHE14, cHE15 and cHE16 modes respectively. Bright area indicates, the relative higher intensity, and the

physical dimensions of the images are 30 pumx30 pm.
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Using the same approach, we also can present the
transverse intensity distributions of some other ellip-
tical hollow modes, such as the ;HE3, ;HE14, cHE15
and (HE; modes, which are respectively shown in
Figs. 6(c) to 6(f). In Fig. 6, the bright area indicates
higher intensity, and the maximum intensity can reach
10° W/m?2.

By numerical calculation, we find that the trans-
verse intensity distribution of the odd mode is similar
to that of the corresponding even one. For both the
even and odd modes, the maximum intensity along the
ellipse long axis is different from that along the short
axis, and the difference of the odd modes is larger than
that of the corresponding even ones. From Fig. 6, we
can find that (i) the maximum intensity of the ;HE1,
«HE13 and (HE15 modes (the second subscript n is
odd) in the transverse cross section is located at the el-
lipse short axis, while for the ;HE;2, ;HE14 and ;HE14
modes (the second subscript n is even), the maximum
intensity in the transverse cross section is located at
the ellipse long axis, that is, they are perpendicular to
each other. (ii) The Poynting vectors have the same
propagation direction on the two sides of the bound-
ary £p, and so do they on the two sides of the bound-

ary &1, which is quite different from the case of an
elliptic metallic waveguides.!?dl (iii) The .HE;; and
oHE11 modes, including their high-order modes, have
a closed hollow intensity profile and some important
applications in ultracold atomic physics and atom op-
tics, cold molecular physics and molecule optics, etc.,
which will be discussed in the next section.

2.3. Polarisation states of single mode
and its orbital angular momentum

It is well known from Maxwell’s theory that the
electromagnetic field carries both energy and momen-
tum. The interaction of the electromagnetic field with
matter involves not only the exchange of energy, but
also the exchange of momentum, which has a linear or
angular component. And the angular component has
two parts: a spin one associated with polarization and
an orbital one associated with spatial distribution. In
this subsection, the polarization states of some hol-
low hybrid modes in the EDHF will be discussed in
some detail. This will be helpful to the study of the
dynamical properties of the light fields.

Fig. 7. Vector diagram of the transverse component of the electric field in the EDHF. Frames (a)—(d) are for

the ¢HE11, eHE12, cHE13, ¢HE14 modes respectively. The two ellipses in (a) and (b) are the inner and outer

boundaries of the hollow core. In (¢) and (d), there is another ellipse between the two mentioned above, which

indicates the lowest intensity of the light field.

Vector diagrams of the transverse components of the electric field for the even modes in the EDHF are
shown in Fig. 7. Frames 7(a)-7(d) are respectively for the ;HE;;, ;HE12, ;HE 3, ;HE 4 modes. And figures
8(a)-8(d) show the vector diagrams of the corresponding odd modes. The two ellipses in Figs. 7(a) and 7(b)
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and Figs. 8(a) and 8(b) are the inner and outer boundaries of the hollow core. In each frame of Figs. 7(c) and
7(d) and 8(c) and 8(d), there is another ellipse between the two ellipses, which indicates the lowest intensity of
the light field. The length and direction of the arrows in these plots denote the magnitude and orientation of the
transverse vector electric field at different places. In the transverse xroy plane, the orientation of the transverse
vector electric fields can be obtained from

dy _ By

dz  E,

cosh & sinnE¢ + sinh § cos nE,
sinh € cosnEe — cosh{sinnE,’

(13)

Figures 7 and 8 show that the E-field distributions of the odd modes in the cross section of the EDHF are
the same as those of the even modes by rotating an angle of 7/2, meanwhile the long axes of boundary ellipses
are in perpendicular directions. For single propagation mode in optical fibres, the field at each point has a fixed

orientation, and its magnitude varies in time in a given z plane.

A\
Yerre!
XTI

Fig. 8. Vector diagrams of the transverse component of the electric field for the cHE11, cHE12, cHE13, o HE14 modes
are presented in frames (a)—(d) respectively. The two ellipses in (a) and (b) are the inner and outer boundaries of the
hollow core. And the ellipse between the two stated above in (¢) and (d) indicates the lowest intensity of the light field.

The OAM per photon in a light beam in the prop-

agating direction, 6L, can be calculated numerically

SL. — [ 8l (z, y)w(z,y)dady

’ J[ w(z, y)dedy
_ hw [[ j2(x,y)dady (14)

[[w(z,y)dzdy
This shows that the OAM per photon in the beam,
0L, can be written as the integral over the local OAM
per photon, dl,, weighted by the normalized energy
density w(zx,y). Therefore, the OAM per photon can
be calculated easily from the value of w(z,y) for a fi-
nite number of points on a beam cross section. In the

second equality of Eq. (14), j.(z,y) is the orbital an-

‘gular momentum density, which can be written as(®4
J=(z,y) = (r x e(E x B)), = cpor x (E x H),,
(15)
where ¢ indicates the azimuthal component of time-
averaged Poynting vector in the zoy plane, and w(z, y)
can be given by

w(z,y) = |espo (E x H) | (16)

It is easy to deduce from Eqgs. (5)—(7) that the
transverse Poynting vector of a single HE (EH) mode
in the EDHF is exactly pure imaginary, which leads
the time-averaged Poynting vector in the zoy plane
to zero. Hence, according to Eq. (14), the OAM per

photon of single HE (EH) mode in the EDHF must be
Z€ro.
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2.4. Dual-mode transmission in the EDHF

As is all known, the EDHF can not only transmit single mode, but also transmit dual-mode or multiple
modes by adjusting the exciting conditions. In this section, we will briefly discuss dual-mode transmission in
the EDHF, and the .HE;; mode and HE;; mode are supposed to be selectively excited. The electric and

magnetic fields can be given by

B, =reEreexp(—ifez) + Tol0exp (—i802)

Ey = —ireEpeexp (—ifez) —iroEyo exp (—ifo2),

Ee = —ireEecexp (—ifez) —iroFeoexp (—ifoz),

H, =reH.cexp (—ifBez) + 1oH.0 exp (—ifBo2),

H, = —ireHyeexp (—ifez) —iroHpoexp (—ifoz),
He = —ireHecexp (—ifez) —iroHeo exp (—ifo%2) -

Here 7. and 1, are parameters determined by the coupling efficiency of the ;HE;; mode and ,HE;; mode, and
Be and B, are propagation constants of the two modes, respectively. E.., Ene, E¢e, He, Hye, and Hee are
magnitudes of the electric and magnetic fields of even modes, and E.,, Fyo, Eeo, Ho, Hyo, and He, are those
of odd modes, z is the propagation distance and the time harmonic factor exp(jwt) is omitted.

We suppose 1, = 1, here, the ;HE1; mode and the ;HE;; mode have similar intensity profiles [as shown in
Fig. 6(a)], so that the dual-mode also has an elliptic hollow intensity distribution. And the vector diagram of
the transverse component of the electric field for the dual-mode in the EDHF can be obtained from Eq. (13),
which is shown in Fig. 9. The two ellipses are also the inner and outer boundaries of the hollow core. As to the
dual-mode, the phase difference of the synthetic electric field components will be changed with the propagation
distance z, and the orientation of the electric fields in the transverse xoy plane will be changed as z varies.

Moreover, as the phase difference of the synthetic field components changes with the propagation distance
z, the OAM per photon of dual-mode in the EDHF is not necessarily equal to zero (Fig. 10). By using Eq. (15),
the calculation of the time-averaged orbital angular momentum density j,(z,y) yields

Jz(x,y) = hrero sin[(Be — Bo) 2| [(EyoHze — EneHzo + EzoHpe — EzeHyo) cosnsinn
+ (BeeHzo — EeoHze + EreHeo — EoHee) cosh € sinh €] /(sinh2 &+ sin? n), (18)

and from Eq. (16) the energy density w(zx, y) is given by

w(z,y) = ceppo[(BeeHpe — EneHee) 73 + (EgoHyo — EnoHeo) 75
=+ (EéoHne + E&eHno — EnoHﬁe — EneHEO) T'eTo COS ((66 — ﬁo) Z)] . (19)
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Fig. 9. Vector diagram of the transverse compo- Fig. 10. OAM per photon of the dual-mode versus
nent of the electric field for the dual-mode in the propagation distance z. Here re = ro.

EDHF. The two ellipses are also the inner and outer
boundaries of the hollow core.
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Then we can obtain the OAM per photon of the dual-mode in the EDHF by numerical integration. Figure
10 shows the OAM per photon of the dual-mode versus propagation distance z, which has an obvious sinusoidal
oscillation that varies from —0.68 to 0.68 .

3. Potential applications

We have known that some of the guided elliptic modes (such as the ;HE;; and ,HE;; ones) in the EDHF
are hollow ones. If the elliptic hollow evanescent-light waves in the hollow region are blue-detuned, due to ac
Stark effect, then when a cold atom is moved and guided in a hollow evanescent-wave mode of the EDHF, the
blue-detuned hollow evanescent-light wave will generate a repulsive optical potential for the guided cold atom,
and push it to the central dark region of the field, so the evanescent-wave guiding of cold atoms in the EDHF
is realised.

For a two-level atom, the optical potential U (z) for cold atoms is given by[3?
B I(2)/1,
=l |1+ —Frr—— 2
Ule) =30 |1+ =07 | (20)

where ¢ is the detuning of the laser frequency from the atomic resonance frequency, I5 and I" are the saturation
intensity and the natural line width of the transition, respectively. For ®Rb D line, Iy = 1.6 mW /cm?, and
I' =27 x 6.0 MHz. I(z) is the intensity distribution of the elliptic hollow modes in the EDHF. Assuming that
the input laser power is 0.5 W, the laser wavelength is near 0.78 um, and the ;HE;; mode is excited in the
EDHF, we can calculate the efficient optical potential U(x) of the ;HE;; mode in the horizontal direction for
85Rb atoms, as shown in Fig. 11. We can see from Fig. 11(a) that with the increase of the laser detuning from
0.5 to 3 GHz, the optical potential will be increased from ~ 0.9 to ~ 3 K, and then it will be decreased as the
laser detuning increases to 100 GHz. Figure 11(b) shows the optical potential of the evanescent-light wave in
the hollow region. It can reach several tens of mK, which is deep enough to guide cold atoms from a standard
85Rb atomic MOT with a temperature of ~ 120 uK, and also is of very benefit to reduce spontaneous-emitting
rate of 8°Rb atom in the hollow evanescent-light wave due to a larger blue-detuning.

3000 1 (a) holl : -, —0.5GHz 4 100
] ollow region | " . ___1"GgHz <
& ] S z (b)
5 ........ £ 80 -
= 2000 A g 0sCH
= 5 x 601 AL
= b IR B 200 Gz
£ 1000 s = 401
& ]
73 4 § 20 1
= (=3
RE] 0 =
) 5 0

—-30 —-20 -10 0 10 20 30 & 5.5 6.0 6.5 7.0
z/pm x/pm

Fig. 11. (a) The optical potential U(z) of the s HE11; mode in the EDHF for 85Rb atoms versus the horizontal
position z at a; =7 pm, by = 6.2 pm, ngp = 1, n; = 1.4530, ng = 1.4502, e = 0.46, A = 0.78 pum, P, = 0.5 W.
The vertical lines at = £7 pm indicate the inner boundary of the hollow core. (b) The detail of the optical
potential of the evanescent-light wave.

Since the EDHF is micron-sized and the efficient interaction region of the evanescent-light waves is less than
a laser wavelength away from the inner surface of the hollow core, we should consider the position-dependent
van der Waals attractive potential from an inner surface of the elliptic hollow core. It can result from the cavity
QED effect, and for a cold atom in the ground state, the position-dependent van der Waals potential is of the
following form!3!

(2Je + D)hIegAS, [*° , . cosh(mpz/ay)
Ucp(z) = — Z 2567203 /0 d W

arctan (

2
p)\eg) n?—1 (21)

4aq n%Jrl’
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where x denotes the position in the horizontal direc-
tion, the summation runs over all excited states, Acg
is the wavelength of the |e) — |g) transition, [ is
the natural line width, and p is a dummy variable.
Then the total guiding potential for cold 3Rb atoms,
reduced by the cavity QED effect, can be given!®!

Urp(z) = Uop(x) + naeoUcp (%), (22)

where ngeo is a geometric factor for the elliptic cylin-
der cavity, which varies between 1 and 10.[%6] We as-
sume 0 = 1 GHz and ngeo = 5, and obtain the total
potential barrier in terms of temperature, as shown in
Fig. 12. We only plot the main region of the total guid-
ing potential U(x). It is clear from Fig. 12 that when
0 =1 GHz and P = 0.5 W, the maximum potential
barrier is greater than 50 mK, which is high enough
to guide cold ®°Rb atoms from a standard MOT with
a temperature of ~ 120 uK.

w100
£ A
= i
S 80+ j
o ] i B
B S P = =
& 604 A: Pp,=1W,6=1GHz
2 | B:P,=05W,5=1GHz
8 404 solid line: total potential Urp(x)
B solid-dash line: optical potential Upp(x)
=
g 20+
©
E
= 0
g
3 J

—20 T T g T T T T T T T T

4.0 4.5 5.0 5.5 6.0 6.5 7.0

z/pm

Fig. 12. The total guiding potential U(z) of the cHE1;
mode in the EDHF for 8°Rb atoms versus the horizon-
tal position z for a; = 7 um, by = 6.2 pym, ng = 1,
n1 = 1.4530, ny = 1.4502, e = 0.46, A\ = 0.78 um,
Py, =1 W or 0.5 W, including the optical potential of
the ¢HE11 mode in the EDHF and the cavity attractive
potential from an inner surface of the elliptic hollow core.
In the horizontal position of 0—4 pm, the total guiding
potential U(z) is small enough to approach zero.

On the other hand, from Subsections 2.2 and
2.4, we can see that if let an elliptic hollow mode be
diffracted output at the outlet of the EDHF, a high-
order elliptic hollow beam with a divergent angle will
be generated, that is, a short EDHF with a few mi-
cron in hollow size can be used to generate some high-
order elliptic hollow beams with a fractional angular
momentum, which is similar to the generation of dark
hollow beam by a small cylindrical hollow fibre!*) and
can be used to study the transfer of the angular mo-
mentum from the light field to cold atoms, even to
study matter-wave vortexes (fraction quantum Hall

effect) with a fractional angular momentum in the
guided BEC atoms, etc.

4. Conclusions

In this paper, we have investigated the electro-
magnetic field distributions, Poynting vector distribu-
tion, polarization states and orbital angular momen-
tum of ;HE;; mode, the high-order ;HEi5, -HE;3,
and (HE;5 modes; and also those of the corresponding
odd modes in a micron-sized EDHF, and briefly anal-
yse the dual-mode transmission in the EDHF. Our
study shows that i) the E-field distributions of the
odd modes in the cross section of the EDHF are the
same as those of the even modes by rotating an angle
of 7/2, but the boundary ellipses are different; ii) the
per-photon OAM of single HE (EH) mode is exactly
equal to zero, while that of dual-mode in the EDHF
is fractional in A, and has a sinusoidal oscillation as z
varies.

Moreover, we have briefly discussed some poten-
tial applications of the above elliptic hollow modes
in atom and molecule optics, and found that the blue-
detuned hollow evanescent-wave modes can be used to
guide cold atoms in the hollow region of the EDHF,
and this scheme can also be used to generate vari-
ous high-order elliptic hollow beams with fractional
angular momenta. If monochromatic sources of ultra-
cold atoms are gained, single-mode propagation in the
EDHF can maintain coherence of the matter-waves,
while multimode propagation does not.[?”:38 Because
the orbital angular momentum per photon of the el-
liptical dual-mode in the EDHF is usually fractional
in A, the interaction of the output light field with cold
atoms, molecules or other microparticles should be
more worthy of research. The electromagnetic vor-
tices formed by an elliptic optical field can be used
as optical waveguides and atom traps,®® which can
be also used to study the transfer of angular momen-
tum from the light field to atoms, molecules or other
microparticles.[*9~42] In addition, researches on the in-
teraction of its angular momentum with the internal
states of molecular systems!*3! or on the creation of nu-
cleation vortices in atomic or molecular Bose-Einstein

gl44—46]

condensate should be very interesting.
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