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The dynamics of a non-smooth electric circuit with an order gap between its parameters is investigated in this

paper. Different types of symmetric bursting phenomena can be observed in numerical simulations. Their dynamical

behaviours are discussed by means of slow-fast analysis. Furthermore, the generalized Jacobian matrix at the non-

smooth boundaries is introduced to explore the bifurcation mechanism for the bursting solutions, which can also be

used to account for the evolution of the complicated structures of the phase portraits. With the variation of the

parameter, the periodic symmetric bursting can evolve into chaotic symmetric bursting via period-doubling bifurcation.
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1. Introduction

The nonlinear dynamics on multiple time-

scale have attracted much attention during recent

decades.[1] For the non-dimensional systems, the so-

called multiple time-scale implies that the variables

or their combination forms can be divided into several

groups, which change with an order gap on different

time scales. The multiple time-scale phenomena may

come from the real slow-fast variation with real time,

or the dimensional, the structural, the physical effects

in real systems. The type of system can be observed

in many practical problems.[2−7] For the two timescale

systems, there exist two types of states according to

their time scales. The quiescent state corresponding

to the subsystem with slow time scale may lead to

the spike determined by the subsystem with fast time

scale. Bursting phenomena take place when the dy-

namics alternates between the quiescent states and

the spikes. There have been a few approaches to the

analysis of bursting behaviour, such as mathematical

approach,[8] analog electronic circuits,[9,10] and so on.

However, up to now, most of the theoretical anal-

yses have been restricted to the smooth systems.

The bursting phenomena of non-smooth systems are

still open problems. In the present paper, we ex-

plore a non-smooth circuit, namely, four-order Chua’s

circuit,[11] which is shown in Fig. 1.

Fig. 1. Four-order Chua’s circuit.

The dynamics of the circuit can be described by

the following differential equations:[11]

C1v̇1 = i1 − g(v1),

C2v̇2 = −G1v2 − i1 − i2,

L1i̇1 = v2 − v1 −Ri1,

L2i̇2 = v2, (1)

where v1 and v2 denote the voltages across capac-

itors C1 and C2 respectively; i1 and i2 denote the

currents through inductances L1 and L2 respectively;

g(v1) represents the current through the nonlinear re-

sistor, and it is expressed as g(V1) = GbV1+0.5(Ga−
Gb)× (|V1 +BP| − |V1 −BP|).

Here we focus on the non-smooth circuit and con-

sider the dynamics when there exists order gap be-

tween the parameters to reveal the bursting phenom-

ena as well as the associated bifurcation mechanism.
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2. Numerical simulation

By employing the transformation[11] y1 = v1/BP,

y2 = v2/BP, y3 = i1/GBP, y4 = i2/GBP, t = τC2/G,

α1 = C2/C1, α2 = G1/G, β1 = C2/L1G
2, β2 =

C2/L2G
2, a = Ga/G, b = Gb/G, and G = 1/R, the

dimensionless form of Eq. (1) can be written as

ẏ1 = α1(y3 − f(y1)),

ẏ2 = −α2y2 − y3 − y4,

ẏ3 = β1(y2 − y1 − y3),

ẏ4 = β2y2, (2)

where f(y1) = by1 + 0.5(a− b)(|y1 + 1| − |y1 − 1|).
In order to reveal the dynamical behaviours of

this system, we fix the parameters at α1 = 2.14,

β1 = 0.177, β2 = 0.003, a = −0.42, and b = 1.2 in this

paper and take α2 as a bifurcation parameter. When

α2 = −0.18 and α2 = −0.28, the periodic bursting can

be obtained by numerical simulation (see Fig. 2). The

combination of large-amplitude and small-amplitude

oscillation forms LS solution in the circuit, where L

and S correspond to the times of the large-amplitude

and the small-amplitude oscillation during one period

respectively.

Fig. 2. Phase portraits and time series of system (2) for α2 = −0.18 (a) and −0.28 (b).

Fig. 3. Phase portraits and time series of system (2) for α2 = −0.300 (a) and −0.304 (b).
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From Fig. 2, one can see that period-adding bifur-

cation occurs with the value of α2 decreasing, though

the period of the movement is almost the same, which

implies that S increases quickly for LS solution.

When α2 decreases to −0.300, the value of L dou-

bles in each period for LS oscillation. A cascading of

period-doubling bifurcations can be observed with the

value of parameter α2 further decreasing, which leads

the system to chaotic bursting at α2 = −0.304 (see

Fig. 3).

In the above parameter conditions, β2 is rela-

tively small, so the dynamics of y4 changes relatively

slowly while the first three equations of Eq. (2) de-

scribe the relatively fast change. Then the full system

(2) is divided into two subsystems, namely, slow sub-

system (y4) and fast subsystem (y1, y2, y3). Thus

the dynamics of system (2) may exhibit a fast-slow

effect, which often behaves in a periodic state char-

acterized by mixed mode oscillations. The type of

oscillation, which has been observed in the numerical

simulations for the circuit, can also be called bursting

phenomenon.[8] Revealing the mechanism of the move-

ment is very important for understanding the compli-

cated phenomena of the vector field. In the following,

we will investigate the details of typical bifurcation in

the evolution of dynamics.

3. Bifurcation mechanism for

non-smooth system

According to the slow-fast analysis,[8] in order to

analyse the dynamical behaviour of the bursting and

classify the burster, slow variable y4 can be treated as

a bifurcation parameter of the fast subsystem, adjust-

ing the behaviour of the system.

The fast subsystem (y1, y2, y3) is a piecewise lin-

ear system. Two switching boundaries exist, denoted

by Σ1,2 : y1 = ±1. Furthermore, three equilibria,

expressed as E0 : {y10, (1 + a)y10, ay10} for −1.0 <

y1 < 1.0, where y10 = −y4/[a+ α2(1 + a)]; E− : {y10,
(1 + b)y10 − (a − b), by10 − (a − b)} for y1 ≤ −1.0,

where y10 = −[y4 − (a− b)(α2 + 1)]/[b+ α2(1 + b)];

E+ : {y10, (1+b)y10+(a−b), by10+(a−b)} for y1 ≥ 1.0,

where y10 = −[y4 + (a− b)(α2 + 1)]/[b+ α2(1 + b)],

can be observed. The stability of E0 is determined

by the eigenvalues of J0, while the stabilities of E±

are determined by those of J±, where J0 and J± are

expressed as

J0 =

∣∣∣∣∣∣∣∣
−aα1 0 α1

0 −α2 −1

−β1 β1 −β1

∣∣∣∣∣∣∣∣ and J± =

∣∣∣∣∣∣∣∣
−bα1 0 α1

0 −α2 −1

−β1 β1 −β1

∣∣∣∣∣∣∣∣.
For example, for α2 = −0.18,

J0 =

∣∣∣∣∣∣∣∣
0.8988 0 2.14

0 0.18 −1

−0.177 0.177 −0.177

∣∣∣∣∣∣∣∣
with eigenvalues λ0

1 = 0.5829, λ0
2,3 = 0.1594±0.5615 i,

J± =

∣∣∣∣∣∣∣∣
−2.568 0 2.14

0 0.18 −1

−0.177 0.177 −0.177

∣∣∣∣∣∣∣∣
with eigenvalues λ±

1 = −2.4029, λ±
2,3 = −0.0810 ±

0.3466 i.

Obviously, the equilibrium E± are asymptotically

stable focus points, while E0 is an unstable focus

point.

There exist various definitions of bifurcation in

the literature, which are all consistent with each other

for smooth dynamical systems, but become inconsis-

tent when applied to non-smooth systems.[12] So we

should analyse the non-smooth bifurcation in the fast

subsystem especially. Because the vector field is non-

smooth but still continuous, we could use the general-

ized differential of Clarke to set up a generalized Jaco-

bian matrix.[13] The generalized Jacobian of the fast

subsystem, expressed as J(±1) = {qJ0 + (1 − q)J±,

∀q ∈ [0, 1]}, at the bifurcation point is the closed con-

vex hull of the Jacobians on each side of the switching

boundary. The eigenvalues of J(±1) are set-valued

and form a path in the complex plane with q as the

path parameter.

Fig. 4. Set of eigenvalues of the generalized Jacobian for

α2 = −0.18.

Now we still take the case for α2 = −0.18 as an

example to analyse the bifurcation mechanism. The
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path of eigenvalues of the generalized Jacobian at

y1 = ±1.0 is depicted in Fig. 4, from which one may

find that the eigenvalues of J(q) are purely imaginary

for q = 0.791, and one eigenvalue crosses the origin

for q = 0.606. The path of the eigenvalues of J(±1)

shows that the discontinuous bifurcation is a multiple

crossing bifurcation,[13] in the sense that the eigenval-

ues cross the imaginary axis more than once during

their jump.

By treating y4 as a bifurcation parameter of the

fast subsystem for α2 = −0.18, the bifurcation dia-

gram for equilibria of the fast subsystem can be seen

in Fig. 5, where the equilibria of the fast subsystem

form a Z-shaped curve, and the trajectory of the peri-

odic bursting is also appended. The Z-shaped curve is

made up of three branches, i.e. the solid upper branch,

the dot middle branch and the solid lower branch. The

solid branches represent stable focuses while the dot

branch represents unstable focus. A and B are equi-

librium points of bifurcation. They are located at the

switching boundaries Σ1,2 : y1 = ±1 respectively. The

dash lines, yn1, yn2, yn3 are the nullclines of the slow

variable y4. Above yn1 (below yn3), we have ẏ4 > 0

(ẏ4 < 0).

Fig. 5. Symmetric non-smooth fold/fold bursting of

focus–focus type as observed in slow-fast circuit (2) for

α2 = −0.18.

We will analyse the mechanism of the bursting

shown in Fig. 5. The arrows on the phase portrait in-

dicate the directions of the flow. We set A as the start-

ing point, which is located at the switching boundary

Σ1 (Σ1 : y1 = −1). To the left of A, the stable fo-

cus on the upper branch is the only attractor of the

fast subsystem. Thus, beyond that point, the orbit of

the full system switches to the stable upper branch.

Then, y4 increases since ẏ4 > 0. That is to say, the

orbit follows the stable upper branch to the right and

oscillates with a frequency of 0.3466 determined by

the imaginary part of the complex eigenvalues for E+.

Since the subsystem, (y1, y2, y3), is a non-smooth

system, the discontinuous bifurcation is related to the

switching boundaries in the vector field. From Fig. 5,

we can see that the orbit meets the switching bound-

ary Σ2 at point B when the value of y4 increases to

y4B ≈ 0.5268, which leads the trajectory jump back

to the stable lower branch via multiple crossing bifur-

cation. Two conventional bifurcations, namely a Hopf

bifurcation and a turning point bifurcation evolve in

the combined bifurcation.[13] Here just the turning

point bifurcation leads the instability of the equilib-

ria. Then the value of y4 decreases since ẏ4 < 0 and

the orbit follows the stable lower branch to the left to

begin the next revolution.

Fold/fold bursting is defined in Ref. [8]. It is of a

focus-node type as the corresponding up-state is a sta-

ble focus while the down-state is a stable node. The

spiking-like oscillations occur only in the up-state be-

cause the rate of the convergence to the up-state is

relatively small.[8]

It is pointed out that though the bursting shown

in Fig. 5 occurs in a non-smooth system, the bifurca-

tion mechanism is similar to that of fold/fold bursting.

However, the bursting shown in Fig. 5 is of focus–focus

type as the corresponding up-state and down-state are

both stable focuses. The rates of the convergence to

the up-state and to the down-state are both small,

which leads the spiking-like oscillations to occur not

only at the up-state but also at the down-state pas-

sage. Considering the non-smoothness and the sym-

metry, we may call it symmetric non-smooth fold/fold

bursting of focus–focus type.

We now account for the period-adding phenom-

ena of the phase portraits (plotted in Fig. 6) with the

decrease of parameter α2. For comparison, we list the

details of the eigenvalues associated with E± for dif-

ferent values of α2. When α2 = −0.18, λ1 = −2.4029,

and λ2,3 = −0.0810 ± 0.3466 i, while λ1 = −2.4027

and λ2,3 = −0.0311 ± 0.3018 i for α2 = −0.28. From

the former computation results of the complex eigen-

values, one may find that the imaginary part of the

complex eigenvalues keeps almost constant, which im-

plies that the oscillating frequencies of the trajectories

from Di to Ei (i = 1, 2) are nearly the same. However

the absolute value of real part of the complex eigen-

values decreases quickly with the decrease of α2 and

the distance from Di to Ei (i = 1, 2) still keeps al-

most constant, resulting in the rapid increase of the

oscillating time in the spiking-like oscillation.
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Fig. 6. Phase portraits of system (2) for α2 = −0.18 (a) and −0.28 (b).

4. Conclusions

Symmetric bursting phenomena can be found for a non-smooth electric circuit when there exists an order

gap between the parameters. Since its non-smoothness, the bifurcation mechanism of this system is different

from that of a smooth system. In particular, the bifurcation is related to the switching boundaries in the vector

field. Discontinuous bifurcation in the combination of the Hopf bifurcation and the turning point bifurcation

may occur at the non-smooth boundaries. For the special system in this paper, only the turning point bifurcation

connects the fast passage (spiking-like oscillation) and the slow passage (quiescent state) to form the bursting

behaviour of the system. Besides, with the variation of the parameter, the change rate of the real parts of

the eigenvalues for the fast subsystem is much larger than that of the imaginary parts, which may lead to the

period-adding phenomena of the portraits.

References

[1] Lee I, Kim S and Jun S 2004 Comput. Methods Appl.

Mech. Enger. 193 1633
[2] Hu G, Wang Y, Schoneich C, Jiang P and Fessenden R

1999 Radiation Phys. Chem. 54 559
[3] Rajesh S and Ananthakrishna G 2000 Phys. Rev. E 61

3664
[4] Yang Z Q and Lu Q S 2006 Chin. Phys. 15 518
[5] Dai X G, Li H Q and Luo X H 2008 Acta Phys. Sin. 57

7511 (in Chinese)
[6] Han X J, Jiang B and Bi Q S 2009 Acta Phys. Sin. 58

4408 (in Chinese)

[7] Cui B T, Ji Y and Qiu F 2009 Chin. Phys. B 18 5203

[8] Izhikevich E 2000 Int. J. Bifur. Chaos 6 1171

[9] Maeda Y and Makino H 2000 BioSystems 58 93

[10] Savino G V and Formigli C M 2009 BioSystems 97 9

[11] Liu X, Wang J Z and Huang L Proceedings of the 25th

Chinese Control Conference Harbin p. 227

[12] Leine R I and Nijmeijer H 2004 Dynamics and Bi-

furcations of Non-smooth Mechanical Systems (Berlin:

Springer-Verlag)

[13] Leine R I and van Campen D H 2006 European Journal

of Mechanics A: Solids 25 595

080510-5


