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This paper presents a new robust adaptive synchronization method for a class of uncertain dynamical complex

networks with network failures and coupling time-varying delays. Adaptive schemes are proposed to adjust controller

parameters for the faulty network compensations, as well as to estimate the upper and lower bounds of delayed state

errors and perturbations to compensate the effects of delay and perturbation on-line without assuming symmetry or

irreducibility of networks. It is shown that, through Lyapunov stability theory, distributed adaptive controllers con-

structed by the adaptive schemes are successful in ensuring the achievement of asymptotic synchronization of networks

in the present of faulty and delayed networks, and perturbation inputs. A Chua’s circuit network example is finally

given to show the effectiveness of the proposed synchronization criteria.
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1. Introduction

Over the past decades, complex networks have
received considerable attention from physicists, bi-
ologists and industries. Various complicated prob-
lems in networks have been studied, such as topo-

1] (2]

logical structures,[!l small-world,[? robustness and

B] The synchronization problem!¥ of dynam-

fragility.
ical complex networks has also received significant at-
tention over the last few years, which is involved in
lots of practical control systems and many physical
phenomena, such as synchronization of coupled oscil-
lators, rendezvous in space, aircraft formation control,
flocking theory, and so on.

In complex networked control systems, networks
are of great importance to stability and performance of
the whole system.!”! As we know, the synchronization
behaviour of complex systems is reached by exchang-
ing neighbour nodes’ information through networks.
Nowadays, dynamic network topology becomes a hot
research topic because the links among nodes are al-
ways added or removed at an unknown time due to

unreliable transmission or limited communication ca-
pability. Under investigation of consensus in net-
works, switching network topologies were considered
in Ref. [6]. The studies of random topology were devel-
oped with random weighted directed graphs,[” differ-
ent link Bernoulli random probabilities,® temporally
Markovian fault model,[® and so on. Besides, adap-
tive control has also been developed as a useful strat-
egy to design controller feedback gain for implement-
ing synchronization with dynamical networks. Adap-
tive laws were developed to estimate unknown cou-
pling strength!’®=14 and controller parameter!5—22]
for asymptotic synchronization of networks. The re-
cent paper?3! concerned with network structure iden-
tification of unknown general complex dynamical net-
works by using adaptive model matching method. As
we know, there exists another type of dynamical net-
work caused by faulted networks, which means the
network working negatively for synchronization. How-
ever, the above studied works are based on the net-
works working positively. Few efforts have been made
to consider the synchronization behaviour of complex
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networked systems with network failure. Recently, a
paper[s] proposed a discrete-time consensus protocol
to deal with the convergence speed problem in the case
of network failure. Thus, a novel adaptive method
will be adopted to deal with a robust synchroniza-
tion problem of an unknown directed dynamic net-
work with nonuniform coupling strength and network
failure in this paper.

The controlled synchronization of complex dy-
namical networks has become a rather significant
topic in practical applications, since the networks
may always be affected by time-delays and pertur-
bations. The studies of delayed dynamical networks
were developed with coupling delays,[!3—16:23-25] de-
layed nodes,2%26] decaying function,?” distributed

(28.29] and so on. However, the delays consid-

delays,
ered under either constant status or some assumptions
in the above papers such as the delay derivative is
less than 1. The asymptotic synchronization prob-
lem is more challenging in the presence of unknown
time-varying perturbations. References [21] and [22]
considered the robust synchronization with uncer-
tain dynamical networks under some assumptions. In
Ref. [30], linear matrix inequality (LMI) method was
proposed to optimize H, performance of a linear com-
plex dynamical network subject to external distur-
bances. Reference [31] utilized a sliding-mode adap-
tive observer method to synchronize chaotic systems
with known bound perturbations. Recently, adaptive
method was used in Ref. [32] to compensate the effect
of disturbance, but the requirement of upper bound of
disturbance is needed and asymptotic consensus can-
not be guaranteed. It should be pointed out that there
are many control approaches in existing large scale
system literatures to deal with the perturbation rejec-
tion problem, such as high gain control,*3! adaptive

compensation control, 34 (35]

and sliding mode control.
In this paper, a bounded perturbations as well as un-
known time-varying coupling delays in communica-
tions are treated with dynamical network topology.
Besides, a new adaptive method is proposed to com-
pensate for the effect of imperfect communications
without bound information of delays and perturba-
tions.

In this paper, by using adaptive control tech-
niques, an effective approach is proposed to solve the
robust synchronization problem for a class of uncer-
tain and delayed dynamical complex networks against
network failures. Distributed adaptive control is de-
veloped to achieve synchronization when topological

structure and coupling strength of networks, and the
bounds of delayed state errors and perturbations are
assumed to be unknown. For this purpose, some adap-
tation laws are proposed to estimate unknown pa-
rameters which include the information of topological
structure and coupling strength of networks on-line
first. Meanwhile, we also propose some adaptive laws
to estimate the upper and lower bounds of delayed
state errors and perturbations, respectively. Then, a
class of distributed adaptive state feedback controllers
is constructed relying on the updated values of these
estimations. Based on Lyapunov stability theory, the
adaptive closed-loop complex networked system can
be guaranteed to be asymptotic synchronization in the
presence of network failures, coupling time-delays and
perturbations. Besides, it should be noted that the
new proposed adaptive design method is not neces-
sary for the estimations to give the exact information.

The robust synchronization problem formulation
In Section 3 distributed
adaptive state feedback controllers are developed. A

is described in Section 2.

Chua’s circuit example and simulations are provided
in Section 4. Finally, conclusion is given in Section 5.

2. Preliminaries

In this paper, we consider a general dynamical
network G composed of N linear coupling identical
nodes,¥ with each node G;, i = 1,2,..., N being an
n-dimensional dynamical system, described by:

N

#i(t) = f(zi(t), ) + ¢ Y agTa(t —7(t))

J=1

+ui(t) + di(t), (1)

where f : R" — R™ is continuously differentiable,
x;(t) € R™ is the state of node 7, u;(t) € R" is the
control input, d;(t) € R™ represents the uncertainty
in system dynamics that may include parameter per-
turbations, external disturbances, unmodeled dynam-
ics, etc., and d; < d;(t) < d; where d; and d; denote
the unknown lower and upper bounds of d;(t), respec-
tively. a;; represents the topological structure of the
network. a;; = 1 denotes that the link between the i-
th node and the j-th node is connected, while a;; = 0
denotes that the link is disconnected. It should be
noted that if the network between nodes ¢ and j is
faulted, the topology parameter denotes by a;; = —1.
¢; > 0 is an unknown constant topology weighted pa-
rameter representing the coupling strength of node

080508-2



Chin. Phys. B Vol. 19, No. 8 (2010) 080508

i, which can be changed intermittently due to the
effect of some uncertainty reasons, such as environ-
ment change and equipment corruption. 7;(t) is a
state time-delay with 0 < 7;(t) < 7; < oo for the
system, and 7; is an unknown constant. The matrix
I' € R™*™ is the inner connecting matrix of each node.
Let liy = = Yopiy s @ (7 = ) and lij = ai; (j # ),
then we call L = [l;;]nxn as the graph Laplacian in-
duced by the information flow G.[6!

Network (1) describes a general model of cou-
pled dynamical units ranging from physical to tech-
nological, and to biological fields, where nodes repre-
sent physical units and links represent the interactions
among them. The topology of such networks has been
extensively studied and some common architectures
have been discovered.[!! The model of many chaotic
systems such as the Lorenz oscillator system, Chen’s
oscillator, Rosler oscillator and Chua’s circuit can also
be formulated by network (1). It should be noted that
N of such net-
works are always satisfying a Lipshitz condition, i.e.,

the nonlinearities f;(x,t), i =1,2,...,

there exist unknown constants ¢; > 0 for any two dif-
ferent constants x1,zo € R™ such that8—33

(z1 — w2) " P(fi(w1,t) — fi(wa,1))
< gillz1 — o, (2)
where P = diag{p1,po,...,pn} is an (n x n)-

dimensional diagonal matrix composed by positive
constants p;, [ =1,2,...,n.

It is well known that a general physical phe-
nomenon of complex network is to synchronize net-
work with a given orbit. Similar to Ref. [1], let s(¢)
be a solution of the isolate node of the network, which
is assumed to exist and is unique, satisfying $(¢) =
f(s(t),t), where s(t) can be an equilibrium point, a
nontrivial periodic orbit, or even a chaotic orbit. The
dynamical network (1) is said to achieve asymptotic
— ay(t) —
s(t) as t — oo. Here, the main objective of control is

synchronization if z1(t) — x2(t) — ---

to find some smooth controllers such that the solutions
And we shift
the solutions to the origin through the transformation
ei(t) = z;(t) — s(t). Then, the stability of the syn-
chronous solution z1(t) = z3(t) = -+ = xn(t) = s(¢)
can be studied by the following variational equation:*!

N
t) + ¢; Z aierj (t)
j=1

+ ui(t) + (1), (3)

of network (1) synchronize with s(t).

where 2;(t) = [zi1(t), zi2(t), - . ., zin (t)]T € R™ is an ex-
ternal disturbed signal composed by the delayed state
errors and perturbations of networks, described by
2i(t) = e S gD ey (b= () —e; (1)) +dy (1), Since
7;(t) is a bounded time-delay, thus z;(t) is a bounded
signal. Then we let z,(t) and z;(t) denote the unknown
lower and upper bounds of z;(t), respectively.

In the following section, the main objective is to
construct robust adaptive state feed-back controllers
ui(t), i = 1,2,..., N such that the error system (3)
can be guaranteed to be lim;_,, ¢;(t) = 0 even in the
cases of coupling delay and perturbation effects all the

time and network deteriorated.

3. Adaptive synchronization con-

troller design

As we know, a fault of network may occur at un-
certain time and the deteriorated network is also un-
known. Moreover, the fault can result in the change
of network topology, but it remains a fixed topologi-
cal characteristics of network under a period of time.
Thus the adaptive method is suitable for adjusting
controller parameters to compensate for the faults.
On the other hand, as external disturbed signal z;; (%)
is a time-varying but bounded signal, we utilize the
constants z;; and Z;; to describe it with the following
equality el Pz (t) < ef P,((1 — i)z + 2;;), where
oqg=1if e}fP, > 0and o5 = 0if e P, < 0, 2(t)
is the I-th element of z;(t) and P, is the I-th col-
umn of P defined in Eq. (2). Then adaptive method
is adopted to estimate the constants z; and Zz; for
constructing controllers and eliminating the effects of
external disturbed signals. Thus, we consider linear
state-feedback controller as follows:

u;(t) = —kh(xl(t) s(t))
— (I = a3)zi(t) + 2,(1)), (4)
where ¢ = 1,2,..., N, 12;12» is the estimate of kq;,

which is an unknown constant including the infor-
mation of network topology; Z;(t) and z;(t) are the
estimates of Z;(t) and z,(t), respectively; and o; =
diag[oi1, 042, - .., 0] 18 an n X n-dimensional diago-
nal matrix composed by constants o;; € {0,1}, | =
1,2,....n

Then, by combining the Lyapunov function meth-
ods and the adaptive schemes, the following theorem
can be obtained which shows the globally boundedness

of the solutions of the adaptive closed-loop system.

080508-3



Chin. Phys. B Vol. 19, No. 8 (2010) 080508

Theorem 1 Under Lipshitz condition (2), using
the control scheme described in Eq. (4) with updated
adaptive laws

Ak, (t
) _ e
dzy(t
Zdlt( ) _ sue; (t) P,
dz;(t
all) _ it m, o)
where k;, s;1, ¢t = 1,2,...,N, l =1,2,...,n are pos-

itive constants, one can guarantee that all signals
of complex networked system (3) are bounded and
lim;_, 00 2;(t) = s(t) for any initial value z;(0).

Proof Please see Appendix.

Remark 1 Following Eq. (5), the adaptive laws
to estimate upper and lower bounds of z;(¢) are the
same. However, the estimation values are different
because of the different initial values.

Remark 2 Most of existing works consider the
topology element a,; as a nonnegative constant. Thus
the coupling network plays a good effective role for
synchronization of the whole networks, since the eigen-
values of Laplacian matrix L are always non-positive.
However, the existing classical results on Laplacian
matrices are no longer applicable if the topology ma-
trix of a network may have negative elements, which
means the network faulted.!®! The proposed method
in this section can also guarantee synchronization of
the networks in that case.

4. Numerical example

In this section, an example of robust synchro-
nization design is given to demonstrate the proposed
method. A Chua’s circuit network composed of twenty
dynamical nodes borrowed from Refs. [15] and [31]
with perturbation inputs added is considered.

Consider the following target model described by
Chua’s circuit which is illustrated in Fig. 1. Following
the knowledge of electrics, a single Chua’s circuit can
be described by the following differential equations:

Civg = l(—Ul + UZ) - f(U1)7

R
. 1 .
Covg = E(m — vg) + i3,
Lig = —U2, (6)

where v; and vy are the voltages across the capaci-
tors Cy and Cb, i3 denotes the current through the

inductances L, R are linear resistors, the term f(vq)
represents the current through the nonlinear resistor
Np which is a piecewise-linear function expressed as
f(v1) = Gpivr + 0.5(Ga1r — Gpa)(|or + 1] = |vr — 1)
under Lipshitz condition.*® Then the formulation of
Chua’s circuit (6) can be defined by the general model
(1), that is:

T41 -p p 0 Zi1 —pf (1)
Tig | = | ¢ —qr| |Tg| T 0
j?ig 0 —v0 T3
N
+ciZaijij(t—Tj)+ui+di, (7)
=1

where xj1 = i1, T2 = Vi, 3 = i3, p = 1/RCY,
g =1/RCy, r = 1/Cyy v = 1/L, i = 1,2,...,N.
In this simulation, the network composed of twenty
Chua’s circuits. Similar to Ref. [15], we choose C; =
1F,C, =2F, R=(1/7) Q L = (1/7) H, and
Gy = —1/7,G41 = —40/7. Then the desired syn-
chronization manifold is shown in Fig. 2.

R fv)
AVAVAV, >
+ +
L Ng
j—1 —_—u
Ca _ 1 —
13

Fig. 1. Chua’s circuit.

—20¢+

t

Fig. 2. The desired target orbit,
(s1(1)), s2(t)), s3(1) "

where s(t) =

Then, to verify the effectiveness of the pro-
posed adaptive method, the simulations are given
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with the following parameters and initial conditions:
k1i(0) = 0, 23(0) = 5, 2,(0) = =5, p = 1, A =
2, ki = 005, sy =1, i=12...,20, | =1,2,3.
The following case is considered in the simulations,
that is, the disturbances: i = 1,2,...,20, d; =
[0.34, sin(it), —0.2icos(0.14t)] enter into the networked
system at the beginning (¢ > 0). Meanwhile, the de-
lays 7;(t) = ]0.3sin(0.3it)|, ¢ = 1,2,...,20 exist in
communications. The weight matrix L = (as;)20x20
is a Laplacian matrix with a;; = 0 or a;; = 1 at the
beginning. But at t = 2 s, some coupling networks
among nodes are faulted, i.e. a;; = —1, and the cou-
pling strength of network is also changed. Due to the
space limitation, we omit the formulation of network
changes here.

Figures 3 and 4 denote respectively the response
curves of system states and synchronization errors,
which illustrate the proposed distribute adaptive con-
trollers can ensure asymptotic synchronization of net-
works in the above-mentioned cases. Figures 5 and 6
demonstrate the response curves of the estimations of
controller parameters k1; and upper and lower bounds
of zy, i =1,2,...,20, I = 1,2,3, respectively. It is
easy to see that the estimations can converge and all
signals are uniformly bounded.

25
20

15
10

zi(t)

Fig. 3. Synchronization of Chua’s network with 20 circuits
with adaptive control (z;i1-dashed, x;2-dotted, z;3-solid,
i=1,2,...,20).

2 3 4 5

t
Fig. 4. Synchronization errors of Chua’s network with 20
circuits with adaptive control (e;1-dashed, e;2-dotted, e;3-
solid, 1 =1,2,...,20).

The estimate of kq;

Fig. 5. Response curves of the estimates of k1;(t), ¢ =
1,2,...,20.

~10 : : : : ‘

Estimate of lower bound of z;(t)

Fig. 6. Response curves of the estimates of upper and
lower bounds of z;1(t) (dashed), z2(t) (dotted), z;3(¢)
(solid), s =1,2,...,20.

5. Conclusion

In this paper, we have shown an adaptive design
method to solve the robust synchronization problem
for a class of complex networked control systems with
coupling time-delays, perturbations and network fail-
ures. Adaptive schemes are proposed to estimate the
unknown parameters which include the information of
network topological structure and coupling strength
for automatically compensating for the effects of net-
work failures, as well as to estimate the upper and
lower bounds of delayed state errors and perturbations
for compensating for the effects of delays and pertur-
bations. On the basis of Lyapunov stability theory, it
has been shown that the adaptive closed-loop complex
networked system can be guaranteed to be asymptotic
synchronization even in the presence of network cou-
pling delays, perturbations and faulted networks. A
numerical example has been given to illustrate the ef-
fectiveness of the proposed methods.
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Appendix: Proof of Theorem 1

Since ky;(t), Zu(t) and 2;(t) are the estimates of
k1:(t), zy(t) and z;(t), respectively, we denote the er-
rors of estimations and their real values as l::h-(t) =
s (8) = kais Za(t) = Za(t) = Zu, Za(t) = 24(t) — zip- As
kll, 205 zl are unknown constants, it is obvious that
Fualt) = Fas(), Falt) = Zat), Zg() = 2a(t), where
i=1,2,...,N,1=1,2,....n

In the following, we use the well-known Lyapunov
stability theory to prove that the solutions of network
(1) synchronize with s(t) by using control scheme (4)
with updated adaptive laws (5). Thus, define a Lya-
punov function candidate as:

N N ~ N n o g
t) = Ze?Pei+Zmi—1kfi+ZZ D
i=1 i=1 i=1 =1
0'le 1
+ZZM’

i=1 =1

(A1)

It is easily seen that V(¢) > 0 for any e; # 0. Then,
from Egs. (3) and (4), the time derivative of V(¢) for
t > 0 can be given by

V(t)
=2 Z eTP flag,t
+ 2 Z 61-TPCZ' Z aijfej
i=1 j=1
N N
-2 Z e;FPku-ei +2 Z e;FPzi
i i=1

— f(s,1))

N
— QZeTP —0; zl—&—z —|—22/$ khkh
=1
N —0 )zlzl 200242
il i 4041241241 ll
syy ZZ
=1 =1 i=1 [=1
(A2)
Now, we denote that p = min{pi,p2,...,pn} is

the minimal number among p;. Moreover, since the
positive diagonal matrix P and inner connecting ma-
trix I" are constant matrices, there always exists a pos-
itive constant A such that the Euclidean norm ||PI|| <
A. Then, according to the Lipshitz condition (2) and
the fact that b107¢ £ ba¢TO < 1061070 + €9bo¢ T ¢ for
any vectors § € R™, ( € R™, constants by > 0, by > 0,
and €1 > 1/2 + by/2by, €2 > 1/2 4 b1/2bs, equation
(A2) can be rewritten by

Vi(t)

N N
<Y 2 (g +Ae Y (05— Dag; | p~ e
i=1 j=1
2zze Pilzi + 23) +Z2n Faikrs
=1 1l=1
+ 2226 P(1—-o0y zll—ZZe thel
=1 1=1
N 21— o) Eaza 2005,5
— ll il 2] 1l
D) PE +ZZ
i=1 =1 i=1 (=1
(A3)
where constant 6;; 4,5 = 1,2,..., N satisfies d;; >

1/24¢;/2¢;, ;5 # 1.

For the sake of eliminating time-varying signal
zy(t) in Eq. (A3), we choose oy = 1 for e} P, > 0
and o; = 0 for el P, < 0, thus the following inequal-
ity holds true

ZZ‘” Pz <

(T —oa)Za + zy)-

<y

i=1 1=1

(A4)
On the other hand, when k,; = (¢ +
A¢; Zjvzl (6;; — 1)aij)p~*, and we choose the updated

adaptive laws as Eq. (5), we can rewrite Eq. (A3) as

N N
|4 t) < Z 21 g+ Aey Z((S” - 1)&1‘]‘
i=1 =1

p™ el

N N .
— Z 2]611]2”(%”2 + Z QHZ-_Iklikli

- Z 2k1plleq]|? + ZQR Uepiky = 0. (A5)
i=1
According to Eq. (A4), we have S8, 2" TP,
20 = YN S0 PR~ ou)Zalt) + zy(1) if and
only if e; = 0. Thus, it is obvious that V = 0 if and

onlyife; =0,i=1,2,..., N, and aset E can be found

as B = {(e,k1,2,2) : V =0} = {(e, k1, 2,2) : e = 0},
where e = (61, €2,..., GN)T, ]%1 = (];'117 ]%12, ey ]%1N)T7
Z=(21,%2,.-,2n) %, 2 = (&1, 29,---,2x)T. Starting
with arbitrary initial values e;(0), l;:h-(()), zi(0) and

2,(0), the orbit converges asymptotically to e; = 0,
ki; = k1i, 2 = 7z and 2; = z;, where ky;, Z; and z; are
constants. Based on LaSalle invariance principle, the
system trajectories converge to the largest positively
te=0k =0,%=
0, = 0}. Then, the solutions of closed-loop complex

invariant subset M = {(e, ki, 2, 2)

network are uniformly bounded, and the states x;(¢),
i=1,2,...
ends the proof.

, N converges asymptotically to s(¢). This
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