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Simulation study of the effects of time delay on the
correlation function of a bistable system

with correlated noises∗
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The effects of time delay on the fluctuation properties of a bistable system are investigated by simulating its

normalised correlation function C(s). Three cases including linear delay, cubic delay and global delay in the system

are considered respectively. The simulation results indicate that the linear delay enhances the fluctuation of the system

(reduces the stability of the system) while the cubic delay and global delay weaken it (enforce the stability of the

system), and the effect of cubic delay is more pronounced than the linear delay and global delay.
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1. Introduction

For a system in a stable state, the variable is not

at rest but fluctuating. The fluctuation of the state

variable is described by its correlation function in two-

time. The correlation function in a non-equilibrium

steady state is an important quantity on characteriz-

ing system’s fluctuation[1−8] and ordering.[9] The state

variable correlation function in two-time is also an im-

portant intermediate quantity for further detection on

the relaxation time,[8] characteristic correlation time[9]

and signal-to-noise ratio.[10] As a prototype model

of stochastic dynamics, bistable system’s state vari-

able correlation function C(s) has been widely stud-

ied without considering time delay feedback.[1−3] The

projection-operator method,[7,8] in which the mem-

ory kernel effects of the correlation function are taken

into account, was employed in Refs. [2]–[5]. Explicit

expression of the correlation function of a bistable

system with correlated noises was first obtained in

Ref. [2] by using this method. The first-order approx-

imation of this method was proved to be an effective

tool by the earlier experience with the Duffing oscil-

lator and laser fluctuations,[7] and by the numerical

simulations.[1,3,4,8]

The delay-induced dynamics of the stochastic

system has received more and more attention.[10−38]

The effects of time delay on the coherence

resonance,[10−12] stochastic resonance,[13−21] station-

ary properties,[22−32] laser population dynamics[33−35]

and rate process[36−38] have been studied extensively.

However, how the time delay can affect the correla-

tion function of a stochastic system has not been fully

researched yet. Time delay arises in the linear term

of the state variable in most of the previous works.

This is mainly due to the analytical difficulty of deal-

ing with nonlinear time delay feedback, particularly

for large delay or delay arising in a nonlinear term.

In Ref. [19], the cubic delay has been introduced to a

bistable system and its effect on the resonance prop-

erties is studied. For a bistable system where the time

delay exists in linear and cubic terms simultaneously,

its stationary properties and rate process are given by

a small delay expansion.[38] It is indicated that the

transition rate and the mean first passage time both

follow Arrhenius’ law when the additive noise inten-

sity is small, even if the delay is large. In order to fully

understand the dynamical properties of the stochastic-

delayed system, the correlation function of state vari-

able should be further considered. Since there is no

analytical method available, the numerical simulation

should be employed. Numerical simulations have now

become a powerful tool for checking the scope of va-

lidity in the theoretical work, and since the domain of
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the analytical solution cannot be obtained, numerical

simulations are vital for understanding the statistical

properties of the stochastic systems.

In this paper, the effects of time delay on the fluc-

tuation properties of a bistable system are presented.

In Section 2, the simulation results of normalized state

variable correlation function are given . In Section 3,

discussion and conclusion end the paper.

2. The effects of time delay on

the fluctuation properties of

the bistable system subjected

to cross-correlated noises

To fully investigate the effects of time delay on

normalized correlation function of a bistable system,

we consider that the time delay occurs in linear term,

cubic term, and all terms of state variables of the

bistable model.

2.1.The case for the bistable system

with linear delay

Consider a bistable system with delayed linear

term and subjected to correlated multiplicative and

additive noises:[24]

dx

dt
= x(t− τ)− x(t)3 + x(t− τ)ξ(t) + η(t), (1)

where τ is the delay time, ξ(t) and η(t) are the cross-

correlated Gaussian white noises, and have the follow-

ing statistical properties:

⟨ξ(t)⟩ = ⟨η(t)⟩ = 0, (2)

⟨ξ(t)ξ(t′)⟩ = 2Dδ(t− t′), (3)

⟨η(t)η(t′)⟩ = 2αδ(t− t′), (4)

and

⟨ξ(t)η(t′)⟩ = ⟨η(t)ξ(t′)⟩ = 2λ
√
Dαδ(t− t′), (5)

where D and α denote the multiplicative and addi-

tive noise intensities, respectively. The parameter λ

measures the strength of correlations between ξ(t) and

η(t). The stationary normalized correlation function

of the state variable x is defined by[1−9]

C(s) =
⟨δx(t+ s)δx(t)⟩st

⟨(δx)2⟩st
. (6)

It describes the fluctuation decay of a dynamics vari-

able δx = x − ⟨x⟩st in the stationary state, and s

represents the decay time.

The simulation can be performed by integrat-

ing the stochastic time-delayed Langevin equation (1)

with standard Euler forward procedure.[1] The Box–

Mueller algorithm is used to generate Gaussian noises,

and the decomposition method is employed to deal

with the noises correlation.[39,40] Using the Euler for-

ward procedure, the time-discrete numerical data are

calculated with the integration step of ∆t = 0.001.

An ensemble of N0 = 2 × 104 realizations of x(t) is

obtained. For each realization of x(t) the cycle is re-

peated for 1.8 × 104 times before C(s) is calculated

which can ensure the system to be in stationary state.

The initial condition of x(t) is set to x(t = 0) = 0 and

x(t−τ) = x(0) for t < τ . Control runs under different

initial conditions revealed no significant difference in

the dynamics.

Fig. 1. C(s) versus s for the case of linear delay, in which

τ takes 0, 0.1, 0.2, 0.3 and D = 0.2, α = 0.1. (a) λ = 0.5;

(b) λ = 0; (c) λ = −0.5.
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Our simulation aims at studying how the C(s) de-

pends on s and τ , and how this dependence varies with

the value of λ. During simulation we fix a = 1, b = 1,

the additive noise strength α = 0.1, and multiplicative

noise strength D = 0.2 for convenience. Some results

are plotted in Figs. 1–3.

In Fig. 1, the normalized intensity correlation

function C(s) versus the decay time s is depicted for

different values of τ and λ. C(s) decays monotonically

as the decay time s increases. The time for the curves’

decay to zero characterizes the process when the sys-

tem reaches steady state after a disturbing. The in-

crease of τ slows down the fluctuation decay of the

state variable x for three cases (λ > 0, λ = 0 and

λ < 0). This means τ enhances the system fluctua-

tion in this case. Equivalently, time delay reduces the

stability of the system.

2.2.The case for the bistable system

with cubic delay

Consider a bistable system with delayed cubic

term when subjected to correlated multiplicative and

additive noises:[19]

dx

dt
= x(t)− x(t− τ)3 + x(t)ξ(t) + η(t), (7)

All the terms in Eq. (7) have the same meaning as

those in Eq. (1), and the simulation technique is the

same as that given in Section 1.

In Fig. 2, C(s) versus s is depicted for different

values of τ and λ. C(s) decays also monotonically as

the decay time s increases. The increase of τ speeds

up the fluctuation decay of the state variable x for the

three cases (λ > 0, λ = 0 and λ < 0). This means

τ weakens the system fluctuation in the case of cubic

delay. In this case, the system’s stability is enforced

due to the emergence of cubic delay. It is seen also

that the cubic delay is much more pronounced than

linear delay.

2.3.The case for the bistable system

with global delay

Consider a bistable system with global delay and

subjected to correlated multiplicative and additive

noises:[38]

dx

dt
= x(t− τ)− x(t− τ)3 + x(t− τ)ξ(t) + η(t). (8)

All the terms in Eq. (8) have the same meaning as

those in Eq. (1), and the simulation technique is the

same as that given in Section 1.

Fig. 2. C(s) versus s for the case of cubic delay, in which

τ takes 0, 0.05, 0.1, 0.15 and the other parameters are the

same as those in Fig. 1.

In Fig. 3, C(s) versus s is depicted for different

values of τ and λ. C(s) decays monotonically as the

decay time s increases. The increase of τ speeds up

the fluctuation decay of the state variable x for the

three cases (λ > 0, λ = 0 and λ < 0). This means τ

weakens the system fluctuation for the case of global

delay, in other words, global delay enhances the sta-

bility of the system. The effect of the global delay is

more pronounced than the linear delay, but less pro-

nounced than the cubic delay.
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Fig. 3. C(s) versus s for the case of global delay, in which τ takes 0, 0.1, 0.2, 0.3 and the other parameters are

the same as those in Fig. 1.

3. Discussion and conclusion

We have studied the effects of time delay on the normalized autocorrelation function C(s) of a bistable

system by numerical simulation. In our results, linear delay and cubic delay have opposite effects on C(s),

i.e., the former enhances the fluctuation of the system while the latter weakens it. In other words, linear delay

reduces while cubic delay enhances the stability of the system. There exists a competition between the two kinds

of delay for the fluctuation properties of the bistable system. However the cubic delay has more pronounced

effects than the linear delay. So in the case of global delay (the linear and cubic delay arise simultaneously),

C(s) is weakened by increasing delay time. Our results indicate that the fluctuation of the system is not only

dependent on the noise intensity, but also the time delay. Whether the time delay restrains or enforces the

fluctuation of the system depends on its style in the Langevin equation.
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E 75 040101(R)

[33] Kim M Y, Roy R, Aron J L, Carr T W and Schwartz I B

2005 Phys. Rev. Lett. 94 088101

[34] Gu X, Zhu S Q and Wu D 2007 Commun. Theor. Phys.

48 1055

[35] Gu X and Zhu S Q 2010 Eur. Phys. J. D 56 215

[36] Guillouzic S, LHeureux I and Longtin A 2000 Phys. Rev.

E 61 4906

[37] Li J C and Mei D C 2008 Acta Phys. Sin. 57 6792 (in

Chinese)

[38] Lin L, Yan Y and Mei D C 2010 Acta Phys. Sin. 59 2240

(in Chinese)

[39] Zhu S Q 1993 Phys. Rev. A 47 2405

[40] Xiang Y L and Mei D C 2010 Chin. Phys. B 19 010501

080503-5


