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Formation of combined solitons in two-component
Bose—Einstein condensates®
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We investigate the combined soliton solutions of two-component Bose—Einstein condensates with external potential.

The “phase diagram” is obtained for the formation regions of different combined solitons. Our results show that the

intraspecies (interspecies) interaction strengths and the external trapped potential clearly affect the formation of dark—

dark, bright—bright, and dark—bright soliton solutions in different regions. Especially, we find that the bright—bright

(dark—dark) soliton can exist in the case of both repulsive (attractive) intraspecies interaction strengths in the presence

of external potential. This novel phenomenon is completely different from the formation of soliton solution of one-

component Bose—Einstein condensates without external potential, and it will be useful for the study of two-component

Bose—Einstein condensates.
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The realization of Bose—Einstein condensations
(BEC) of weakly interacting atomic gases!! 9]
strongly stimulates a tremendous number of explo-
rations for the nonlinear properties of matter waves.
One specific topic of wide interest is the various types
of excitations of multi-component BEC which possess
complicated properties not seen in individual compo-
nents.

For an individual atomic BEC the macroscopic
wave function obeys the so-called Gross—Pitaevskii
equation, =8 whose nonlinearity is a result of the
interatomic interactions. Depending on the repul-
sive or attractive nature of the interatomic inter-
actions, the Gross—Pitaevskii equation gives either
dark or bright solitons. A dark soliton!®1% in BECs
is a macroscopic excitation characterized by a lo-
cal density minimum.'" Several theoretical studies
were made for the dynamics and the stability of dark
solitons.['2=24] A bright soliton was created in exper-
iments with BECs of "Li atoms[?~27 with an attrac-
tive interparticle interaction. Recently, the control-
lable soliton solutions, 2834 j.c. the term of nonau-

tonomous solitons introduced first, are of interest in
individual atomic BECs and the dynamics of nonau-
tonomous soliton[336] can be affected by adjusting
the external linear time-dependent potential.

The development of trapping techniques allowed
the creation of multi-component condensates trapped
in different internal (electronic) states.[>”38] They pre-
sented the novel and fundamentally different scenar-
ios for its ground statel®®—4! and excitations.[#2—44
In particular, the separation of the species in different
domains[®®! was observed. Recently, two-species BECs
with tunable interactions!*>=*") were successfully pro-
duced. This important progress motivates further ex-
plorations of two-species BECs.[48—55]

In this paper, we study the family formation of
combined soliton solutions of two-component BECs
with an external potential in a closed form. As we
shall set forth later, by choosing the sign (positive
or negative) of A; two component BECs allow for the
existence of dark—dark, dark—bright and bright—bright
soliton solutions.

As a theoretical model, we consider a trapped
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two-component BEC in which the dynamic process
takes place only in one dimension due to the strong
This
approximation is valid if the mean-field interaction

trap confinement in the transverse direction.

is smaller than the typical energy separation in the
other directions, and has been successfully employed
in the analysis of dark solitons in single-component
condensates. %] For sufficiently low temperatures the

dynamics is well described by!?7—59
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where V(z) denotes the external confining potential,
and the coupling constant, A\; = 47Th2ajj/m, 7 =12
and \g = 4rmh%aia/m

traspecies and interspecies interaction strengths, re-

= 4mh2as;/m, represent in-
spectively, with a;;, 4,7 = 1,2, being the correspond-
ing scattering lengths and m the reduced mass. In the
experiment!60-61] of a very long cigar-shaped BEC, the
validity of Eq. (1) requires the correlation length to
be much larger than the mean interparticle separation
along the axial direction.l%? Along the symmetric axis
(z-axis), the confining potential is usually written as
V(z) =

ciple. However, in a realistic experimental setup, the

mw?22/2 which can extend to infinity in prin-

dimension of the trap is finite and the realistic trap-
ping potential is truncated within the extension of the
trap. That is to say, the realistic confining potential
becomes flat near the edges of the trap and can be
reasonably assumed to be the tanh-shaped potential
V(z) = Vp tanh? (82).

Generally, the stationary solution of Eq. (1) can
be assumed to be ¥; = R;(z)el(%G)=rmit/h) with
j =1,2, where R;(z) and u;(z) are both real param-
eters. Substituting this expression into Eq. (1) and
separating the imaginary part from the real part, we

have
2
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Integrating Eq. (2), we can easily obtain
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The amplitude function can be assumed to be in the
form, R; = (A, tanh? (Bz) + Bj)1/2, j =1,2. Substi-
tuting it into Egs. (3) and (4) we obtain the parame-

ters A;, u;, and C, separately, which reads
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where Bj, 7 = 1,2, is the free parameter determined
by the density of BEC.

With all the parameters obtained before we can
obtain the exact soliton solutions of two-component
BEC with an effective trapped potential in a closed
form. From the expression of R; it follows that the
dark soliton exists under the condition of A; > 0,
while the bright soliton exists under the condition of
A; < 0. It implies that the combined soliton solu-
tions, such as dark—dark, dark-bright, and bright—
bright, can be obtained by adjusting the sign (positive
or negative) of A; determined by the combined effect
of intraspecies, interspecies interaction strengths, and
the terms of external trapped potential.

(i) Dark—dark soliton solutions

With the help of the expressions of R; (j = 1,2)
we see that the dark—dark soliton solutions can exist
in the case A; > 0, j = 1,2. And then the restriction
of Eq. (10) demands the parameter B; > 0, j = 1,2.
From Egs. (6)—(10) we find that these dark—dark soli-
ton solutions can be realized by adjusting the relation
among scattering length (Mg, A1, A2), width 8 and
height Vj of external trapped potential. For example,
one can choose that A23%/m > V5, 0 < A1 < Ay < Ao
(or Ay < 0 < Aa < Ng), see Fig. 1 below. Each dark
soliton has the form

v = \/Aj tanh? (Bz) + B, ei(aj(z)—ltjt/ﬁ)7 (11)
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where parameters A; and p; have been given in
Egs. (6)-(9), 0; (z) is obtained from Egs. (5) and (10),
7 =1,2, and in the form

0; (z) = arctan 4 | /Blj tanh (8z) + B4 | ijz (12)

It is interesting to point out that the nonlinear term
arctan \/A; /B tanh (8z) enters into the phase.

(ii) Bright—bright soliton solutions

Similarly, the existence of bright-bright soliton
solutions demands the conditions A; < 0 and B; =
—A;. It is also realized by adjusting the relation be-
tween scattering lengths Ag, A1, A2 and the sign of
the parameter (hzﬂz/m — VO), such as 7232 /m > Vj,
)\0<)\1<)\2<0(or/\0<—\/m<0<)\1<)\2),
see Fig. 1 below. With the condition B; = —A; and
Egs. (5) and (10) we have spacial phase 0;(z) = 0
and chemical potential p1; = Vo — R2p%/2m, j = 1,2.
With these consideration each bright soliton solution

reduces into the form

N ey i(hB2/2m—Vo/R)t ; _
!p] - \/Tﬂcosh (Bz)e , ] = 1,2 (].3)

(iii) Dark—bright (bright—dark) soliton solu-
tions

In order to obtain the combined dark—bright soli-
ton solutions we must demand that A; > 0, A, < 0
and Bl 2 O,BQ = —AQ.
achieved by choosing an appropriate relation among
scattering lengths Ao, A1, A2, width 3 and height Vj of
potential, such as the scattering length A%232/m >V,
and )\(2) > Ao, A1 > Ag > Ao, (OI‘ /\(2) < Ao, A1 <
Ao < A2), see Fig. 1 below. With these conditions and
Egs. (5) and (10) we have spacial phase 65 (z) = 0 and
chemical potential s = Vo — h232/ (2m). Then the
combined dark—bright soliton solutions take the form

This condition can be

Wl = \/Al tanh2 (BZ) + B1 ei(gl(z)_ﬂlt/h)7

_ V—As ei(ﬁﬁ2/(zm)—vo/h)t7 (14)
cosh (8z)

where all the parameters have been given in Eqs. (6)—
(10) and Eq. (12).
the combined bright-dark soliton solutions can also

Repeating a similar procedure

be constructed analytically.

The above discussion shows that the intraspecies
and interspecies interaction strengths, width S and
height 1V} of external trapped potential play the im-
portant roles in forming combined soliton solutions

of two-component BEC. Next we will discuss this in
detail. For the tightly trapped potential (A?32/m >
Vo > 0) or the expulsive potential (Vy < 0), the fam-
ily formation of combined soliton solutions is shown
in Figs. 1(a)-1(c), in which we have assumed Ay > Ay
without loss of generality. Without external potential,
the dynamics of single-component BEC admits a dark
(bright) soliton solution for the repulsive (attractive)
interparticle interaction. However, in the presence of
external potential and by adjusting interspecies in-
teraction strength Ay, two-component BEC supports
the complex formation of combined soliton solutions.
For both repulsive intraspecies interaction strengths
(A; > 0,7 = 1,2) indicate in Fig. 1(a) that the sys-
tem supports dark—dark soliton (—v/AjAa < Ag < Ay
or Ao > M), bright-bright soliton (Ag < —v/A1\2),
dark-bright soliton (v/A1A2 < Ag < A2), and bright—
dark soliton (A < Ag < v/A1A2). For both attractive
intraspecies interaction strengths (A\; < 0,7 = 1,2)
shown in Fig. 1(b), two-component BEC also admits
combined soliton solutions in different regions, such as
dark—dark soliton (A\g < v/A12), bright-bright soliton
(Ao < A1 or X2 < Ao < VA1A2), dark-bright soli-
ton (A1 < Ao < —v/A1)A2), and bright—dark soliton
(—vA1A2 < Ag < A2). Finally, for the attractive and
repulsive intraspecies interaction strengths (A < 0
and Ay > 0), there are dark—dark soliton (Ao > A2),
bright-bright soliton (Ag < A1), and dark—bright soli-
ton (A1 < Ap < Az2).

The above results clearly indicate that the in-
terspecies interaction strength Ay and the exter-
nal potential determine mainly the complex forma-
tion of combined soliton solutions for two-component
BECs. The surprising phenomena are the existence
of bright-bright soliton for the case of both repul-
sive intraspecies interaction strengths and the exis-
tence of dark—dark soliton for the case of both attrac-
tive intraspecies interaction strengths. They are com-
pletely different from the soliton solutions of single-
component BEC formed in the case of without an ex-
ternal potential. It implies that the external poten-
tial is also a key factor for the formation of bright
(dark) soliton solutions in two-component BEC. If
one tunes the trapped potential to the weak case, i.e.
0 < h%2B%/m < Vg, the regions of combined soliton
solutions are shown in Fig. 2, which are completely
opposite to the results of the tightly trapped poten-
tial.
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Fig. 1. Phase diagram of combined solitons versus interspecies interaction strength \g for two-component BEC
with the tightly trapped potential (h?82/m > Vj > 0) or the expulsive potential (Vy < 0). Panel (a) is for
both repulsive intraspecies interaction strengths (A; > 0,5 = 1,2), panel (b) is for both attractive intraspecies
interaction strengths (A; < 0,5 = 1,2), and panel (c) is for the attractive and repulsive intraspecies interaction
strengths (A1 < 0 and A2 > 0).
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Fig. 2. Different regions for the formation of combined solitons versus interspecies interaction strength Ao
with weakly trapped potential (0 < h262/m < Vi > 0). Panel (a) is for both repulsive intraspecies interaction
strengths, panel (b) is for both attractive intraspecies interaction strengths, and panel (c) is for the attractive
and repulsive intraspecies interaction strengths.

In summary, we analytically investigated the complex formation of the combined soliton solutions of two-
component BEC in a closed form. The “phase diagram” distinctly indicates the formation regions of different
combined solitons, where the intraspecies (interspecies) interaction strengths and external trapped potential
play the complex roles for the existence of combined solitons. Especially, with the effect of external potential
there exists the bright—bright (dark—dark) soliton for repulsive (attractive) intraspecies interaction strength.

This is the novel and fundamental scenario for the study of two-component BEC.
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