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This paper proposes a scheme for probabilistic joint remote preparation of an arbitrary high-dimensional equatorial

quantum state by using high-dimensional single-particle orthogonal projective measurement and appropriate unitary

operation. As a special case, a scheme of joint remote preparation of a single-qutrit equatorial state is presented in

detail. The scheme is also generalized to the multi-party high-dimensional case. It shows that, only if when all the

senders collaborate with each other, the receiver can reconstruct the original state with a certain probability.
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1. Introduction

Quantum communication plays a significant role
in the ongoing field of information theory. Quantum
teleportation, proposed by Bennett et al.,[!! is the pro-
cess that transmits an unknown quantum state from
a sender to a spatially distant receiver via a quan-
tum channel with the help of some classical infor-
mation. In the last decade, Lo,/2 Pati,3l and Ben-
nett et al.l¥ presented a new quantum communication
scheme that uses classical communication and a pre-
viously shared entangled resource to remotely prepare
a known quantum state. This communication scheme
is called remote state preparation (RSP). Compared
with teleportation, RSP requires less classical com-
munication cost than teleportation. Since then, vari-
ous protocols® 2% for the generalization of RSP have
been presented by using various kinds of methods, in-
cluding low-entanglement RSP, higher-dimensional
RSP, optimal RSP,[”! generalized RSP,[®! oblivious
RSP, continuous variable RSP,'% faithful RSP,
etc. Meanwhile, some RSP schemes have been imple-
mented experimentally.[21—2°]

All the above schemes assume the case that only
one sender knows the original state to be remotely
prepared and wants to help the receiver recover the
original state. However, if two-party or multiparty
shares a original quantum state, and they want to re-
motely prepare it in the laboratory of receiver, how
can they do it? To answer this problem, recently, a
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novel aspect of RSP, called the joint RSP (JRSP),
has been proposed.26=29 In these schemes of the
JRSP,[26-29] two senders (or N senders) know partly
the original state they want to remotely prepare, re-
spectively. If and only if all the senders agree to collab-
oration, the receiver can reconstruct the original quan-
tum state. Nevertheless, in Refs. [26]-[29] only the
single- or multi-qubit state was considered. Though
various schemes of RSP of high-dimensional quantum
state have been proposed in recent years,6:11:30-32]
no scheme has yet been reported for the JRSP of
higher-dimensional quantum state. In this paper, we
propose a scheme for JRSP of a higher-dimensional
equatorial quantum state. In our scheme, a bipartite
higher-dimensional partial entangled state is used as
the quantum channel, and the single-particle higher-
dimensional projective measurement and appropriate
unitary operation are needed. It is shown that, if and
only if all the senders collaborate with each other, the
receiver can recover the original state with a certain
probability.

2. Probabilistic JRSP of a three-
dimensional equatorial quan-

tum state

To present our scheme more clearly, let us first be-
gin with JRSP in three dimensions. Suppose that Al-
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ice and Bob wish to help the receiver Charlie remotely
prepare a three-dimensional equatorial quantum state

1
|¢>:ﬁ

where the parameters §; = a1 +b; and §; = as+by and

(10) + e 1[1) + e12[2)), (1)

a1, az, by and by are real. Suppose that Alice and Bob
know the original state |¢) partly, i.e., Alice knows a;
and ag, Bob knows by and by, but unknown to Charlie.
We also suppose that the tripartite three-dimensional
non-maximal entangled state |p)i23 shared by Alice,
Bob and Charlie can be written as

[th)123 = @0|000)123 + a1|111)123 + @2|222))123 , (2)

where |ag|? + a1|? + az|? = 1 and |ap)? > |asl?,
|a1]? > |ae|?. Assume that qutrit 1 belongs to Alice,

|

qutrit 2 belongs to Bob and qutrit 3 belongs to Char-
lie, respectively. In order to help Charlie remotely
prepare the original state, what Alice and Bob need
to do is to perform single-qutrit projective measure-
ments on their own qutrits 1 and 2 respectively. The
measurement bases chosen by Alice are mutually or-
thogonal basis vectors {|z¢), |1}, |x2)}, which are re-
lated to computation basis vectors {|0},|1),]2)} and

are given by
o) = = S0 TRy @)
V3 5

where ap = 0 and j,k = 0,1, 2. Specifically,

1 . .
fr0) = 7(10) + 7 1) 4 e 2)
1 . . . .
fra) = 500+ ¥ D) 4 47 el )
1 . . . .
[22) = (10} + /3 a0} 4 @27/ e nay)) ()

S

3

And the measurement bases chosen by Bob are mutually orthogonal basis vectors {|yo), |y1), |y2)}, which are

related to computation basis vectors {|0),]1),]2)} and are given by

lyo) = —=

yofx/g
1

|yl>:

Sl

3
1
|yz> - %

Using Egs. (4) and (5), we can describe the state (2)

(10) + e [1) 4+ e7*2[2))
(|0> + e27ri/3efib1|1> + e47ri/3€7ib2|2>) ,

(|0> + e47ri/367ib1|1> + eQwi/Sefib2|2>) ) (5)

1 . .
[W)123 = —=[|z0)1]y0)2(0|0) + a1 €% [1) + aze'?2]2))3

V3

Since a1 and ag (by and by) being necessary for de-
termining the bases {|zx)1} ({|yr)2}) are known only

to Alice (Bob), Alice and Bob are always able to make

+ e47ri/36i(51|1 + ay e27ri/3ei62|2 3

)
2mi/3 o id1 1)+ as e47ri/36i62|2
)

)
)
)
Qo]0 + a1 e2™/3 181 (1) 4y e471/3 0102|9)),
)
)
)
)

3

)
)
)3
)

+a e471-1/3 eiél |1> + as e27ri/3ei62|2>)3] ] (6)

[

the measurements independently of each other.2]

Now let Alice and Bob measure their own qutrits

1 and 2 respectively, and then they inform Charlie
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of their outcomes by the classical channels. Accord-
ing to Alice’s and Bob’s measurement results, Charlie
can reconstruct the original state at his side. With-
out loss of generality, assume Alice’s measurement re-
sult is |zg); and Bob’s result is |y2)2, the qutrit 3
will collapse into the state (ap|0) + oy e271/3 ¢191|1) +
g e1™1/3 e192|2))3 /3. Charlie needs to perform a local
unitary operation U; on qutrit 3, this means that

Ui ® (040‘0>3 —+ aq eQWi/S ei51 |1>3
+ o e47ri/3 ei62|2>3)/3

1 . .
— g(a0‘0>+a1€161‘1>+OZ2€162‘2>)3 , (7)

0)(0] + e*/3[1)(1] + eT/32)(2].
Next, Charlie should introduce an auxiliary qutrit

where U; =

C in the state |0)¢, and performs another uni-
tary operation U’ on both qutrits 3 and C. The
U' is a 9 x 9 matrix in the two-qutrit bases
{100)sc, [10)3¢:, [20)3¢, [01)30, [11)3¢, [21)3¢ |02) 30,
112)3¢, [22)3c}

wWo w1 0
U/ = w1 —Wo 0 ) (8)
0 0 I

where [ is a 3 x 3 identity matrix, wg and wy are 3 x 3
diagonal matrices. The wy and w; take the forms as
follows:

wo = diag()\(); Alv 1) B} (9)
w1 :diag(\/l—)\OQ,\/l—)\lzyo) , (10)

where A\g = as/ag and A\; = az/a;. The unitary oper-
ation U’ will transform the state & (c|0)+aq e'21[1)+
azei92]2))3 ® |0)¢ into

1 i
+3 <\/ag —a3[0) + /a2 — ade 51|1>)3 ® Ve .
(11)

Then Charlie performs a computation basis measure-
ment on the auxiliary qutrit C. If the measurement
result is |1)¢, the remote preparation of the original
state fails. If the measurement outcome is |0)¢, the
state of the qutrit 3 will collapse to (|0) + eo1|1) +
e192|2))/y/3, which is exactly the original state |¢).
Thus the JRSP of single qutrit state is successfully
realized and the success probability is |az|?/3. If the
measurement results of Alice and Bob are the other 8

cases in Eq. (8), Charlie should perform an appropri-
ate unitary operation Uy, = > e*™*/3[5)(j| (j,k =
0,1,2) on his qutrit 3, respectively, the state of qutrit
3 can evolves to (ap|0) + ajei®|1) + agei®2]2))3/3.
Then, similar to the above deal, the JRSP can be
perfectly realized, the total probability of successful
JRSP is 3|az|?. Specially, if quantum channel is a
maximally tripartite-qutrit entangled state, namely,
|| = |a1| = |aa| = 1//3, the total successful proba-
bility equals 1.

Classical communication cost plays an important
role in RSP, more RSP schemes were discussed in
detail [19:18:32=34] Tp the above scheme of JRSP of
single qutrit state, without loss of generality, if Al-
ice’s and Bob’s measurement outcomes are |zg); and
|y2)2, respectively, and Charlie’s measurement result
is |0)¢, the classical communication cost required is
—(|e2|?/3) log, (|ava]?/3) bits. As the above analyses,
there are 9 kinds of measurement results by Alice and
Bob, so the amount of the classical communication is
—3|az|? log, (|ae|?/3) bits. For the maximally entan-
gled channel, the total classical communication cost
will equal 2log, 3 bits.

3. Probabilistic JRSP of a d-di-
mensional equatorial quantum

state

Now we will generalize the above scheme to arbi-
trarily higher dimensions. Suppose that Alice and Bob
wish to help Charlie remotely prepare d-dimensional
equatorial quantum state

d—1
@) = el5)/Vd, (12)
j=0

where parameters d; is real and let do = 0. We assume
that Alice and Bob know the state |@) partly, that is,
Alice knows a; and Bob knows b;, where a; 4+ b; = §;
(j =0,1,...,d — 1), but Charlie does not know them
at all. We also suppose that a tripartite d-dimensional
nonmaximally entangled state shared by Alice, Bob
and Charlie can be written as

d—1
) =" a;lijshes/Vd, (13)
§=0
where Zi;& loj|? =1, || > |ag—1| (j =0,1,...,d—
2), and the qudit 1 belongs to Alice, the qudit 2 to
Bob and the qudit 3 to Charlie, respectively.

080310-3



Chin. Phys. B Vol. 19, No. 8 (2010) 080310

To achieve the JRSP scheme, Alice should make
a single-qudit projective measurement on her qudit 1.
The measurement bases of Alice are a set of mutually
|x2)}, which are re-

ld=1)}

orthogonal vectors {|xo), |z1),.. .,
lated to computation basis vectors {|0}, |1}, ...
and are given by

¥
L

2mijk/d

e 1)V (14)

lzk) = ) e

<.
I
=)

where k,7 =0,1,...
a single-qudit projective measurement on his qudit 2

,d — 1. Meantime Bob performs
in the bases {|vo), [y1),-- -, |y2)}, which are related to
the computation basis vectors {|0),]1),...,|d—1)} and

are given by

T
L

o) VA (15)

lyr:) = €

<.
Il
o

where k',j = 0,1,...,d— 1. In terms of Egs. (1
(15) the state |¥)123 can be rewritten as

d—1 d—1 d—1
o = 43 {1 Xl 3o,
k'=0 §=0

4) and

—27ij(k+k )/d id

X e 719)3]

H/—/

After the measurements Alice and Bob inform Charlie
of their results by using the classical channels. Ac-
cording to the measurement results of Alice and Bob,
Charlie can reconstruct the original state |®) on his
qudit 3. If the measurement results of Alice and Bob
are |zk)1 and |yg)e, (KK =0,1,...,d —
tively, Charlie should perform a unitary operation

1), respec-

d—1

=D P ) G| (17)

Jj=0

on his qudit 3, respectively. In this case, the state of
. Next, Charlie
introduces an auxiliary qudit A in the state |0) 4, and

qudit 3 will evolve to Z?;é a;j e )z

then performs another unitary operation U}, on both
qudits 3 and A. The U} is a d* x d? matrix in the

bases {|jl)sa} (j,1=0,1,...,d—1)
Vg U1 0
Up=|wv -0 |, (18)
0 0 I

where [ is a d X d identity matrix, 1y and v, are d X d
diagonal matrices. The vy and v; take the forms as

follows:

Vo

= diag()\o,/\l,...,/\d_g,l) s (19)
V1

diag<\/1)\02,\/1)\12,...,1/1)\3_2,0) ,

(20)

where X\, = ag-1/o; (7 = 0,1,....,d — 2).

The unitary operation U} will transform the state

(3975 aj el j)s/v/d) @ |0) 4 into

d—1
Qd—1

Vi 3

J:
1 d—2
+3 Z\/a —aj e i)s | @1)a . (21)

Then Charlie performs a single-qudit measurement

e![j)s/Vd | ©[0)a

on the auxiliary qudit A. If the measurement result
is [1)4, the JRSP of the original state fails. If the
measurement outcome is |0) 4, the state of the qudit
3 will collapse to the state ZJ 0 ! 19i]j)5/v/d. This
means that the JRSP of the original state |®@) is suc-
cessfully realized with the successful probability being
|cea—1]?/d. The required classical communication cost
is —(|ag_1]?/d)logs(lag_1]|?/d) bits.
Eq. (16), if the measurement results of Alice and Bob

Similarly, from

are the other d? — 1 cases, Charlie will also obtain the
same successful probability |ag_1]|?/d by the above
steps. Therefore the total probability of successful
joint RSP is d|ag—1]? and the total amount of classical
communication required is —d|og_1]? logy(|ag—1]?/d)
bits. For the special case, that is, if the quantum chan-
nel is a maximally tripartite-qudit entangled state,
ie., |aj) = 1/vVd (j =0,1,...,d — 1), the total suc-
cessful probability equals 1, and the total classical
communication cost is 2log, d bits.
The above scheme can be generalized to the
multi-party case. Suppose N senders Alice;, Alices,
., Alicey share a d-dimensional equatorial quantum
state

d—1
=Y M)V, (22)
j=0

where the parameters n; is real and let 19 = 0.
Suppose Alicey, Alices, ..., Alicey know partly the
state which they wish to help the receiver Charlie re-

Ahceg knows
GON
j= 0 a; = 1

,N), and all a;- ™) are real. We also

motely prepare, i.e., Alice; knows a

2
aj, ..

(m = 0,1,...

, Alicey knows alY, where -
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suppose that the (N + 1)-partite d-dimensional non-
maximally entangled state shared by N senders and
Charlie can be described as

d—

1 . .
| = d Z;)aj\]] - -]>12...(N+1) ) (23)
- N+1
where 3773 oy [2 = 1, |aj| > |ag-1| (j = 0,1,....d~

2), and the qudit 1,2,...,N belongs to Alicey,
Alices,. . ., Alicey, and qudit (N 4 1) belongs to Char-
lie, respectively.

To help the receiver Charlie remotely prepare
state |=), all senders need to perform a single-qudit
projective measurements on their own qudit in the or-
thogonal basis vectors {|xg, )}, respectively. Here

ok} = 3 ¥l
J

N; kpm,j=0,1,...,d— 1. Then,
they all inform Charlie their measurement results via

(m)

VA, (24)
where m =0,1,...,
classical channels. In accord with the measurement
results of the senders, Charlie can recover the original
state |=) on his qudit by appropriate operations U, (gN)
and U}, where

Ui = Z Ens b1, (25)

and U} is in the form as Eq. (18). That is, the JRSP of
the state | =) is successfully realized. The total proba-
bility of successful JRSP is d|ag—1|>. When the quan-

tum channel is a maximally (N + 1) partite-qudit en-
tangled state, the total successful probability equals
1, and the total amount of classical communication
required is N log, d bits.

4. Conclusion

In conclusion, we have proposed a scheme for joint
remote preparation of a high-dimensional equatorial
quantum state. In this scheme, two senders share an
original state which they wish to help the receiver to
remotely prepare, but the senders only partly know
the state.
laborate with each other can the receiver remotely

It shows that only if all the senders col-

reconstruct the original state with certain probabil-
ity. To present this scheme more clearly, we first in-
vestigated a scheme for JRSP of a three-dimensional
equatorial quantum state in detail. Then we have pre-
sented a scheme for joint remote preparation of a d-
dimensional equatorial quantum state. We also gen-
eralize the scheme to the multi-party d-dimensional
case. These schemes require resources such as bipar-
tite three- or d-dimensional nonmaximally entangled
state as the quantum channel, single-qutrit or single-
qudit projective measurement, classical communica-
The total

successful probability and the total classical commu-

tion and appropriate unitary operation.

nication cost required in the JRSP process have been
calculated, respectively.
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