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For quantum sparse graph codes with stabilizer formalism, the unavoidable girth-four cycles in their Tanner graphs

greatly degrade the iterative decoding performance with a standard belief-propagation (BP) algorithm. In this paper,

we present a jointly-check iterative algorithm suitable for decoding quantum sparse graph codes efficiently. Numerical

simulations show that this modified method outperforms the standard BP algorithm with an obvious performance

improvement.
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1. Introduction

Quantum error correction (QEC) coding is a

vital technique in protecting quantum information

against decoherence noise, which can be widely used

in quantum information systems such as quantum

fault-tolerant computation, quantum communication

and entanglement distillation.[1−3] Devising good er-

ror correction codes has been an important problem of

information and coding theory either in classical field

or in quantum field.[4−8] Fortunately, the existence of

good quantum codes has been proved.[9]

In classical coding theory, low-density parity-

check (LDPC) codes and Turbo codes are two classes

of sparse graph codes with capacity-approaching per-

formance, both of which can be decoded efficiently

with iterative decoding algorithm.[10] While in quan-

tum coding theory, feasibility of QEC mechanism and

quantum belief-propagation (QBP) algorithm make

quantum sparse graph codes possible to be practical

good quantum codes.[11] Stabilizer code (also known

as additive code) is an important class of QEC codes

with simple formalism, which can be constructed from

classical codes.[12,13]

The existing quantum sparse graph codes can be

classified into three categories: namely CSS stabilizer

structure, general stabilizer structure (Non-CSS), and

non-additive codes.[14] In this paper, we mainly con-

centrate on stabilizer sparse graph codes. Based on

CSS structure, many construction methods have been

proposed such as dual-containing CSS codes with ran-

dom sparse cyclic matrices,[6] quantum LDPC code

constructed with algebraic method,[15] finite geome-

try method,[16] and so on.[17−19] Due to the special

structure of CSS codes, a separate decoding strat-

egy can be implemented on their component classical

codes. However, the flexibilities in coderates and per-

formances of these codes are limited by their construc-

tion methods. Therefore non-CSS quantum LDPC

codes with more flexible rates and better performance

have been proposed recently.[20−22]

In either classical or quantum coding theory, ef-

ficient decoding algorithm (with good decoding per-

formance and low complexity) is an important crite-

rion for code applications. And some heuristic meth-

ods introduced to break the symmetric problem in de-

coder improve the decoding performance of quantum

sparse graph codes.[23] It is well known that the itera-

tive decoding process of the BP algorithm can be de-

scribed visually by using the Tanner graph. Unluckily

there exist unavoidable grith-four cycles in the Tan-

ner graph of quantum stabilizer codes, which greatly

degrade their BP decoding performance. For codes

with CSS structure, well-devised component codes can

avoid this problem; but for general structure quantum

codes, efficient decoding method is still required.
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Inspired by the issues above and the classical cod-

ing techniques in Ref. [24], we give a modified QBP

decoding method for quantum sparse graph codes. By

choosing some stabilizer generators involved in girth-

four cycles into jointly-check pairs, the convergence of

the iterative decoding process can be improved. On

the other hand, this modified method can also com-

promise the symmetric degeneracy problem in the de-

coder. To illustrate the effect of this jointly-check

strategy, we simulate some available quantum LDPC

codes with different algorithms. Numerical simulation

results show that an improved decoding performance

can be obtained with the method presented in this

paper.

The rest of the paper is organized as follows. In

Section 2, we review the basic stabilizer theory and

principle of sparse graph QEC codes. And Section

3 describes the jointly-check iterative decoding algo-

rithm for quantum sparse graph codes. In Section 4

some illustrating simulation results are given. Finally

in Section 5, we make a conclusion from the present

study in this paper.

2. Stabilizer formalism and quan-

tum sparse graph codes

In this section, we first present some notations

used in this paper and a brief review of the basic sta-

bilizer theory. Then quantum stabilizer sparse graph

codes are defined together with their Tanner graph

characteristics. For more details about stabilizer code

theory, we refer the readers to Ref. [25]–[27].

2.1.Notation

In this paper, we denote single qubit state by |φ⟩
and n-qubits state by |ψ⟩. Error on single qubit can

be described by Pauli group G1 = {I,X,Z, Y }. And

error on n-qubits is denoted by group Gn, which is

n-fold tensor product of single qubit errors.

Lemma 1 Two elements of G1 commute if and

only if one of them is I or they are equal. Any two

elements from group Gn commute if and only if there

is an even number of anti-commuting components be-

tween them.

In the subsequent parts of this paper, we use sym-

bol “◦” for the commutativity operator between ele-

ments P1, P2 ∈ Gn, i.e., P1 ◦ P2 = 0 when they com-

mute and P1 ◦ P2 = 1 if they anti-commute.

2.2. Stabilizer code theory

Stabilizer code [[n, k]] is defined as vector space

Vs stabilized by a subgroup S of Gn such that −I ̸∈ S
and S has n − k linearly independent and commut-

ing operators z1, z2 . . .zn−k.
[26] It is convenient to de-

scribe stabilizer generators by binary symplectic ma-

trix AGF (2) over GF (2) or self-orthogonal quaternary

matrix AGF (4) over GF (4). And these matrices are

called quantum check matrices, which can be used to

do encoding and decoding operations of QEC codes.

Conventionally we take finite field GF (4) ={
0, 1, ω, ω2

}
with ω2+ω+1 = 0 and ω̄ = ω2. The map-

ping relationship between Pauli matrices and GF (4)

elements can be shown in Table 1.

Table 1. Mapping relationship between Pauli matrix and

GF(4) element.

Pauli matrix I X Z Y

GF (4) element 0 1 ω ω2

Then quantum check matrix in GF (4) form can

be written as

AGF (4) = (z1, z2, . . . ,zn−k)
T, (1)

which is self-orthogonal with respect to trace inner

product over GF (4). Decoding of quantum sparse

graph code is performed on GF (4).

The CSS code is a special class of stabilizer code

with the following check matrix structure:

AGF (2) =

H1 0

0 H2


(n−k)×2n

, (2)

where H1 and H2 satisfy H1H
T
2 = 0. When H1=

H2, there comes a dual-containing (also as weakly

self-dual) CSS code. More theories about stabilizer

code can been found in Refs. [6], [26] and [27].

2.3.Quantum sparse graph codes

Just as their classical counterpart, the sparse-

ness characteristics of quantum sparse graph codes

make them more feasible to be practical good quan-

tum codes. Each row in quantum check matrix A rep-

resents a quantum check equation, i.e. a check node in

its Tanner graph. Tanner graph plays an important

role in decoding sparse graph codes. Different from

classical cases, the messages propagating in Tanner

graph of quantum codes are probability messages of

qubit errors.
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As an example, we depict the Tanner graph of

the famous [[5, 1]] QEC code in Fig. 1. Check node zi

corresponds to the i-th stabilizer generator, and vari-

able node xj corresponds to the j-th qubit. An edge

connecting a check node zi and a variable node xj

indicates that the i-th row of quantum check matrix

AGF (4) has a nonzero value over GF (4) (i.e. a non-

identity matrix in G1). A cycle is defined as a closed

path with edges starting and ending at the same node

position. The length of the shortest cycle is called

the girth. We can see from Fig. 1 that there are many

girth-four cycles as illustrated in the following Lemma

2.

Fig. 1. Tanner graph of the [[5,1]] QEC code. Mes-

sages passing along edges are probabilities of correspond-

ing qubit errors. The bold lines indicate a girth-four cycle

in this Tanner graph.

Lemma 2 Quantum stabilizer codes must con-

tain girth-four cycles in their Tanner graphs.

From the definition of stabilizer code in the last

section, we can see that stabilizer generators of QEC

codes commute with each other. From Lemma 1, two

commuting operators must have an even number of

anti-commuting component positions. It means that

any two rows of quantum check matrix should have an

even number of non-trivial entries in common, which

form a girth-four cycle. So there must exist girth-4

cycles in Tanner graphs of sparse QEC codes.

3. Iterative decoding of quantum

sparse graph codes

3.1.Quantum channel model

The channel model we used in this paper is depo-

larizing channel (memoryless Pauli channel), which is

widely used in quantum information field. Depolariz-

ing channel plays a role similar to AWGN (Additive

White Gauss Noise) channel in classical coding the-

ory. For each qubit transmitted through this quan-

tum channel, error I (no error) occurs with probabil-

ity 1 − ε, and error X, Z, Y with probability ε/3,

expressed as

p(Ej = a) =

 1− ε, when a = 0,

ε/3, when a = 1, ω, ω2,
(3)

where 1 ≤ j ≤ n and a ∈ GF(4). Depolarizing channel

is a quaternary memoryless symmetric channel with ε

being the transition probability (also being the depo-

larizing strength).

3.2. Syndrome measurement and error

estimation

After receiving the quantum codeword state

|ψ′⟩ = E|ψ⟩ from the channel output, we make

eigenvalue measurement of each stabilizer generator

zi without disturbing the quantum state. This pro-

cess is shown in Eq. (4)

zi|ψ′⟩ = ziE|ψ⟩ = siEzi|ψ⟩ = siE|ψ⟩ = si|ψ′⟩, (4)

where |ψ⟩ is the channel input quantum codeword

state, E ∈ Gn is the occurring channel error on quan-

tum codeword. The measurement result si = {0, 1}
depends on the commutation between error operator

E and stabilizer generators zi. Suppose an n-qubit

QEC stabilizer code [[n, k]] and E is the occurring

channel error, then we will obtain an error syndrome

given as

s = (s0, s1, . . . sn−k), (5)

where s is an (n− k)-tuple binary vector.

Given error syndrome s, the decoding problem is

to find the most likely channel error Ê that can satisfy

all check equations in the following Eq. (6), which are

different from classical parity check equations.

Ê ◦ zi = si, ∀ 1 ≤ i ≤ n− k, (6)

Ê(s) = argmax {p(E/s)} ,∀ E ∈ Gn. (7)

And the decoding problem is to find this vector with

the highest probability as shown in Eq. (7).

While the task of computing Eq. (7) is a non-

deterministic polynomial (NP) problem. Memory-

less assumption of the channel model makes bit-

wise maximum-likely decoding possible, i.e., Ê =⊗n
j=1 Êj . But it is also a difficult task due to its ex-

ponential computation complexity. The BP algorithm

used in classical sparse sparse codes can settle this

problem efficiently. Different from classical codes, the
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QEC codes have degeneracy problem, i.e., some dif-

ferent errors can produce the same syndromes. The

basic QBP decoding of QEC sparse graph codes and

some methods dealing with symmetric problem can be

seen in Ref. [23].

3.3. Jointly-check iterative decoding al-

gorithm

In classical coding theory, sparse graph codes have

good iterative decoding performances by using the BP

algorithm. But girth-four cycles in Tanner graph of

quantum code make this algorithm unworkable effi-

ciently as shown in Lemma 2. In order to improve

the decoding performance based on Tanner graph over

GF (4), we choose the check nodes involved in girth-

four cycles into jointly check pairs. By disturbing the

updated message distribution of qubit nodes involved

in cycle-four, the iterative decoding process can con-

verge better.

As the Tanner graph in Fig. 2, we denote by

M(j)={i : Aij ̸= 0} the set of check nodes connected

with qubit xj . And the set of qubits that check node

zi connected is denoted by N(i)={j : Aij ̸= 0}. We

denote a set M(j) with qubit xj excluded by M(j)\i
and a set N(i) with check node zi excluded by N(i)\j.
Now we give the jointly-check decoding method as the

following steps for all nonzero variable nodes xj with

1 ≤ j ≤ n and all check nodes zi with 1 ≤ i ≤ n− k.

Fig. 2. Message updating process in Tanner graph of quantum sparse graph codes. Here zi1 and zi2 are

two check nodes with common qubits xj1 , xj2 involved in a cycle-four. And xj is the variable node not in

girth-four cycle. dc is the degree of check nodes (i.e. row-weight of check matrix AGF (4)), and dv is the

degree of variable nodes (i.e. column-weight of check matrix AGF (4)). And fa
j is the initial probability

information from the channel output.

Step 1 Initialize: From the quantum channel model in Subsection 3.1, channel error on each qubit has

the probability message as shown in Eq. (3). Then every variable node xj broadcasts this initial probability

message faj = p(Ej = a) to all its connected check nodes M(j).

Step 2 Check nodes updating: After receiving messages from connected variable nodes, each check node

zi computes the new message rij transferring to its connected variable nodes xj . In the (l + 1)-th iterative

process, the information transmitted from check node zi to variable node xj uninvolved in a girth-4 cycles can

be computed as

raij(l + 1) =
∑

xj′ :j
′∈N(i)\j

P
(
zi |Ej=a, {xj′ : j′ ∈ N(i)\j}

)
×

∏
j′∈N(i)\j

q
xj′

j′i (l), (8)

where a, xj′ ∈ GF (4) and qaji(0) = faj . The conditional probabilities above are either zero or one, depending

on whether the check equation in Eq. (6) can be satisfied. This can be done efficiently, owing to the fact that

the probability of an n-tuple binary sequence with an even number of 1s is
(
1+

∏n
j=1(1− 2p1j )

)
/2 if its j-th bit

is equal to 1 with probability p1j .

As shown in Fig. 2(a), if two check nodes (zi1 , zi2) involved in a girth-4 cycle (xj1 and xj2 are their common

variable nodes), we use these two check equations together to avoid the impasse due to girth-4 cycles. For
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variable nodes xj1 and xj2 , only r
a
i1j1

and rai1j2 are computed as follows:

rai1j1(l + 1) =
∑

xj′ :j
′∈N(i1)∪N(i2)\j1

P
(
zi1 , zi2 | Ej1 = a, {xj′ : j′ ∈ N(i1) ∪N(i2)\j1}

)
×

∏
j′∈N(i1)∪N(i2)\j1

q
xj′

j′i1
(l)q

xj′

j′i2
(l) (9)

with a similar process that rai1j2 can be computed.

On the other hand, rai2j1 , r
a
i2j2

are set to be 1 for all

a ∈ GF (4).

Step 3 Variable nodes updating: From Fig. 2(b),

we can compute the new message qji that variable

node xj transfers to its connected check node zi in

the following equation:

qaji(l + 1) = αjif
a
j

∏
i′∈M(j)\i

rai′j(l), (10)

where αji is chosen such that
∑

a∈GF (4) αjiq
a
ji(l +

1)=1.

Step 4 Decision: For each qubit node, marginal

qubit-wise probability can be computed as

qaj (l + 1) = αjf
a
j

∏
i′∈M(j)

rai′j(l), (11)

where αj is chosen such that
∑

a∈GF (4) αjq
a
j (l+1)=1.

Then we choose a most likely error value Êj with the

highest probability on qubit-j as the following equa-

tion:

Êj = argmax
{
qaj (l + 1)

}
,∀a ∈ GF (4). (12)

Step 5 Output: From the memoryless assump-

tion of the channel model, we have Ê =
⊗n

j=1 Êj . If

Ê can satisfy Eq. (6), then output the correct decod-

ing. Otherwise, go to Step 2 with the next iterative

process with l = l + 1 until l reaches the predeter-

mined maximum iterative number T . When the itera-

tive process halts with the maximum iterative number

or outputs a trivial result, we can use the method from

Ref. [23] and begin a new iterative process. When the

final decoded value Ê = E, the decoder gives a cor-

rect result. Otherwise, the deocoder fails with a frame

error (also called codeword error) output.

After error estimation, the transmitted quantum

codeword can be recovered by acting operator Ê on

the corrupted codeword states as Ê|ψ′⟩ = EE|ψ⟩ =

I|ψ⟩ = |ψ⟩. If errors E and E′ differ by an sta-

bilizer element S with E′ = ES, ∃ S ∈ S, then

they have the same syndromes. And both of them

can be used to correct the received quantum state

E′|ψ′⟩ = ES|ψ′⟩ = E|ψ′⟩ = |ψ⟩. Degeneracy can

improve QEC performance, but it also induces some

impasse problem by using qubit-wise decoding algo-

rithms. Jointly-check strategy can converge the itera-

tive decoding process of quantum sparse graph codes.

4. Simulation results

In this paper we choose some codes from Refs. [22]

and [23] to test our decoding method. Now we briefly

give these codes with quantum rate R = 1/2 and then

simulate their performance by using our modified de-

coding method.

To compare with quantum LDPC codes with CSS

structure, we first simulate the code from Ref. [23]

with codelength n = 800, rate R = 1/2, row-weight

30 and average column-weight 18. With separately

decoding strategy in Ref. [6], the decoding perfor-

mance is worse than that of standard BP algorithm

over GF (4) as shown in Fig. 3. The reason is that

there are still girth-four cycles in this self-dual clas-

sical component code. Furthermore, we can see that

our method outperforms standard BP significantly.

Fig. 3. Comparison among decoding performances of dif-

ferent methods for the codes from Ref. [23], where we set

T=100 and FER stands for frame error rate.

The second code we simulated has codelength

n = 2068 and 1/2 coderate.[22] Its check matrix

A = [A1|A2] can be constructed by the following ma-
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trices:

A1 =

 X1 XT
1 P

T Y1 Y T
1 QT

PXT
1 PX1P

T QY T
1 QY1Q

T

 , (13)

A2 =

 X2 XT
2 P

T Y2 Y T
2 QT

PXT
2 PX2P

T QY T
2 QY2Q

T

 , (14)

where X1=[I0 + I121], X2=[I1 + I100], Y1=[I8 +

I79], Y2=[I29 + I165] , and P , Q are randomly in-

terleaving matrices with size 517×517.

The quantum code [[2068, 1034]] constructed

above has row-weight 16 and column-weight 4 in their

check matrix. We simulate its error correcting perfor-

mance by using the method given in Section 3 with nu-

merical results shown in Fig. 4. By combining jointly-

check and random-perturbation methods together, the

threshold of 10−4 FER can be around 0.02, which is

significantly higher than the result 0.013 in Refs. [6]

and [22].

Fig. 4. Curves of frame error rate (FER) versus depolar-

izing strength ε for different iterative decoding algorithms

for quantum LDPC codes from Ref. [22], where maximum

iterative number T = 80.

Jointly-check strategy has a similar effect to ran-

dom perturbation method. The former is forward

adjustment and the latter is feedback, together with

these two methods we can improve the decoding per-

formance much more as the results shown in Fig. 4.

Furthermore, the example codes above are not de-

signed optimally for jointly-check method, we think it

can have a much better performance for well designed

quantum sparse graph codes.

5. Conclusion

In either classical field or quantum field, the ex-

istence of the efficient decoding algorithm is an im-

portant criterion for the utilization of those error cor-

recting codes. In this paper, by taking into account

the unavoidable girth-four cycles in quantum Tanner

graph, we present a more suitable method of decoding

quantum sparse graph codes.

With numerical simulations, we find that by

grouping some check nodes involved in girth-four cy-

cles into jointly-check pairs, the BP decoding process

of quantum codes can converge efficiently. Compared

with the standard BP decoding algorithm, our method

significantly improves the performance in decoding

QEC sparse graph codes. Furthermore, a much bet-

ter decoding performance is obtained by combining

the jointly-check method with random perturbation

method together.

The degeneracy problem of quantum codes makes

their decodings different from classical ones. It is an

challenging problem to devise good quantum codes

and efficient decoding algorithms based on this fea-

ture. In the future work, we will extend this technique

into nonbinary quantum codes and find more good

quantum codes with efficient decoding algorithm.
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