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Stability for the manifolds of equilibrium states of a generalized Birkhoff system is studied. A theorem for the

stability of the manifolds of equilibrium states of the general autonomous system is used to the generalized Birkhoffian

system and two propositions on the stability of the manifolds of equilibrium states of the system are obtained. An

example is given to illustrate the application of the results.
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1. Introduction

In 1983, American physicist Santilli R M pointed
out that Birkhoff mechanics is the most general form
of mechanics, which is constructed from Hamilton me-
chanics by the transformation theory.!!l In addition to
the generalization of Galilei’s relativity, Santilli stud-
ied the Birkhoff equations, the transformation theory
of Birkhoff equations, and so on.l After that, the
frame of Birkhoff dynamics was constructed first in
Ref. [3].
namics has become a popular subject and many im-
portant results have been obtained.~17 The Birkhof-
fian mechanics is the generalization of the Hamiltonian

In recent years, the study of Birkhoff dy-

mechanics, and it is applicable to atomic and molec-
ular physics and hadron physics.'? We advanced a
generalized Birkhoffian system in 1993, which is su-
perior to traditional classical mechanical systems.!8!
Recently, the study of the generalized Birkhoff sys-
tem made a series of contributions such as the basic

(19]

frame,['! the inverse problem of dynamics?? the in-

tegral invariant,[?!l the time integral theorem(?? the
conformal invariance(®3! as well as the symmetry.['8]
Mei has done much research on the stability of
the Birkhoff system.l?4=26] Fu et al. further studied
the stability of the relativistic Birkhoff system.27—2]
When the equilibrium positions of the system are not

isolated, we need to investgate the stability of the

manifolds of equilibrium states. In this paper, the
stability of the manifolds of equilibrium states of the
generalized Birkhoff system is studied. First, a the-
orem for the stability of the manifolds of equilibrium
states of the general autonomous system is introduced.
Secondly, two propositions on the stability of the man-
ifolds of equilibrium states of the generalized Birkhoff
system are obtained. Finally an example is given to

illustrate the application of the results.

2. Equations of motion of gener-
alized Birkhoff system

The generalized Birkhoff equations are['8:19]
., 9B R,
O = gan = or — e
(b, v=1,2,..., 2n), (1)

where B = B(t, a) is called the Birkhoffian, R, =
R,(t, a) are the Birkhoff functions, 4, = A,(t, a)
are called additional items and
OR OR

2,,) = - —L . 2

() (8@“ 8@”) @
When 4, =0 (p =1, 2, ...
Birkhoff equations become the Birkhoff equations.

, 2n), the generalized

Suppose that the system is nonsingular, i.e.

det(£2,,) #0,
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then all of @* can be solved by Egs. (1), and we obtain

a* = Fu(t, a), (3)
where
0B OR,
= MV —_— -
F,=0 (aay + 5 A#>,

Q1 2, = 68

3. Stability of the manifolds of
equilibrium states of general-
ized Birkhoff system

A mechanical system with steady constraints is

@ = f(x), (4)

where f(x) € C(R™, R™), and it satisfies the unique-
ness condition. Suppose that system (4) has a first
integral

g(x) =Co, g(x) e C(R", R™), m<n. (5)

Let
L={x|g(x)=Cy = const}, (6)

obviously, L is a manifold in R™, and it is an invariant
set of system (4). Let initial value @y € L, then the
solutions satisfying the initial value will also belong to
L,i.e.

x = xz(to, xo, t) € L. (7)

Suppose that the equilibrium position of system (4) is
not isolated, it turns into a submanofold of L and is
called the manifold of equilibrium states as follows:

e = {a| f(x) = 0}. (8)

For the stability of the manifolds of equilibrium
states of general systems, there exists the following
theorem. 3]

Theorem For system (4) with steady con-
straints, if there exists fixed sign function V(z) with
respect to e in L, whose complete derivative V is a
fixed sign function that is different from the sign of
V(z) with respect to ¢ in L or identically equal to
zero, then the manifold of equilibrium states ¢ is sta-
ble in L.

For the generalized Birkhoff system with steady
constraints, equations (1) become

OR, B OR,\ ., B 873
da+ Oa? “ Oat

+ A, =0. (9)

So we can obtain the equilibrium equations

0B A

@— M:O’ (,LL:1,2,

,2n). (10)
If we can obtain equilibrium positions a* = afj (u =
1,2,...,2n) from Eq. (10), then they are called iso-
lated equilibrium states, otherwise they are called the

manifolds of equilibrium states and denoted as

0B
€Z{G|W—AM:O}.

The above theorem is applied to the generalized

(11)

Birkhoff system, we have the following propositions.

Proposition 1 For the disturbed equations of
motion of the generalized Birkhoff system with steady
constraints, if there exists fixed sign function V(a)
with respect to € in L, whose complete derivative V
with respect to time ¢ is a fixed sign function that is
different from the sign of V(a) with respect to ¢ in
L or identically equal to zero, then the manifold of
equilibrium states ¢ is stable in L.

Proposition 2 For the disturbed equations of
motion of the generalized Birkhoff system with steady
constraints, if there exists a function V(a) that is not
always positive (negative) with respect to ¢ in L, and
its complete derivative V is always positive (negative)
with respect to € in L, then the manifold of equilib-
rium states € is unstable in L.

The Birkhoff system is a special case of genar-
alized Birkhoff system, so the results of the present
paper are applicable to the Birkhoff system.

4. Illustrative example

An example is given to illustrate the application
of the above results to the generalized Birkhoff system.

The fourth order generalized Birkhoff system is

Ri=Ry=0, Ry=da', Ry=a’

1 .
B = 5 {bll(al —+ a2)2 —+ bgg(ad —+ a4)2} y
/11 = AQ = blg(ag + CL4),

Az = Ay = —bpa(a' +a?), (12)

where b11, b12, and boy are constants. Now we come
to study the stability of the manifolds of equilibrium
states.
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The equilibrium equation (10) gives

bn(al + a2) + blg(CLS —+ a4) = 0,
0

bia(a' 4+ a®) + by (a® +a*) = (13)
Let
bir b2 20, (14)
biz  boo
then we will have
at+a>=0, and a®+a*=0. (15)

So we obtain the manifold of equilibrium states of the
system as follows:

e={a"a' +a*=0,a>+a* =0}. (16)
Choosing the following Lyapunov function:
V= %{bu(a1 +a?)? + 2b1a(at 4 a®)(a® + a?)
+ baa(a® + a*)?}, (17)
if it satisfies the following conditions:

bll b12

b1 >0, >0, (18)

b12 b22

then V is positive-definite for a' +a? = 0 and a®>+a?* =
0. If the following conditions hold:

—b —b
—by1 >0, ‘ R BN} (19)
—bi2  —ba
then V is negative-definite for a' 4+ a*> = 0 and
a® 4+ a* = 0. We can obtain
vV =0. (20)

From Proposition 1 it follows that the manifold of
equilibrium states (16) is stable when b1, b12 and bay
satisfy conditions (18) and (19).

5. Conclusion

The theorem for the stability of the manifolds of
equilibrium states of the general system with steady
constraint is applied to the generalized Birkhoff sys-
tem, and some conditions of the stability or unstabil-
ity of the manifolds of equilibrium states of the system
are obtained. The Birkhoff system is a special case of
generalized Birkhoff system, so the results of the paper
are applicable to the Birkhoff system.
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