Chin. Phys. B Vol. 19, No. 8 (2010) 080301

Poisson theory and integration method of Birkhoffian
systems in the event space*
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This paper focuses on studying the Poisson theory and the integration method of a Birkhoffian system in the event

space. The Birkhoff’s equations in the event space are given. The Poisson theory of the Birkhoffian system in the event
space is established. The definition of the Jacobi last multiplier of the system is given, and the relation between the

Jacobi last multiplier and the first integrals of the system is discussed. The researches show that for a Birkhoffian system

in the event space, whose configuration is determined by (2n + 1) Birkhoff’s variables, the solution of the system can

be found by the Jacobi last multiplier if 2n first integrals are known. An example is given to illustrate the application

of the results.
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1. Introduction

The study of dynamics in the event space has im-
portant significance not only geometrically but also
mechanically. Since the generalized coordinates and
the time are on an equal footing in the event space,
one can choose parameters elastically to establish the
equations in a simpler form, and next by the paramet-
ric equations in the event space not only the dynamical
equations in the usual configuration space can be ob-
tained, but also the energy integral can be obtained
directly. In 1960, Syngel! studied the dynamics of
holonomic conservative systems in the event space. In
1983, Rumjantsev[? established the parametric equa-
tions with multipliers in the event space for nonholo-
nomic conservative systems. Mei 134 studied the vari-
ational principle, the parametric equations and the
method of their integration for nonholonomic noncon-
servative systems. In the last 20 years, much atten-
tion has been paid to the study of the dynamics in
the event space, and a series of important results have
been made.>=28] But the researches on the integra-
tion method of mechanical systems in the event space
are not enough. In this paper, the integration method
of Birkhoffian systems in the event space is further
studied. The Poisson theory of the systems is estab-
lished, and the method of Jacobi last multiplier for
integrating Birkhoff’s equations in the event space is

presented.

2. Differential equations of mo-
tion of Birkhoffian systems in

event space

We consider a Birkhoffian system which is deter-
mined by the Birkhoff’s variables a* (u=1,...,2n).
Now we construct an event space of (2n + 1) dimen-
sions. The coordinates of space points are a* (u =
1,...,2n) and ¢, which may be regarded as totally in-
dependent variables. Introducing the notation

=t z,41=0a" (p=1,...,2n), (1)

then, all the variables z,, (« =1,...,2n + 1) may be
given as functions of some parameter 7. Let x, =

7, (7) be some curves of class C? such that

dz, ,
— ==z 2
dr « (2)
are not all zero at the same time, and we have
. dz, 2
e a—— A 3
¢ dt x} 3)

For a given Birkhoffian B = B(t,a”) and given
Birkhofft’s functions R, = R,(t,a”) (pn=1,...,2n),
Birkhoff’s functions Bg(zs) (8=1,...,2n+1) of
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parametric form in the event space are defined by the
following equalities

Bl (xa) = —B(.’I)l, T2y ... ,£2n+1),
B11(7a) = Ryu(21, 22, -, T2n41),
(L=1,...,2n). (4)

The differential equations of motion for the Birkhof-
fian system in the event space can be written as fol-

lows:

(aBﬁ 33“):[;; =0, (a=1,...,

— 2n+1). )
Oz, Oxp ) 5)
For the Birkhoffian system in the event space, it is easy
to verify?4 that the parametric equations (5) are not
independent, in which the first equation of Egs. (5) is
the result of the last 2n equations of Eqgs. (5). Suppose
that one may solve ;v;L 41 from the last 2n equations of
Egs. (5), that is

= QUL (w=1,...,2n),  (6)
where
0B,+1 0B,41
Qi pyg = —EFL 22 Qet(Qprt 0,
pt1,v+1 02pr1 | OTprs (Qusiv41) #
QH+1,V+1QV+LT+1 = 5#+17T+1' (7)

3. Poisson theory of Birkhoffian

systems in event space

Differentiating an arbitrary function F =
F(71,2,) with respect to the parameter 7 along the

|

dynamical trajectory of the Birkhoffian system (5) in
the event space, we have

dF OF , OF oF
- e Qu+1,y+1QU
dr  Or L oxq L1 0xpq1’
where
d 0 0 0
_— = — Qurtls ”HQV 9
dT a +x18 1+ 111:18 H+1 ( )

From the formula (8), we obtain the following Propo-
sition.

Proposition 1 For a Birkhoffian system (5) in
the event space, the necessary and sufficient condition

under which I(7,z,) = C is a first integral of the sys-

tem is
ol , OI ol
— —— 4 Qutlrtlo —— =0. (10
o7 + xlaxl + +1,177 D21 (10)

Let I = By, then the condition (10) becomes

- aBl 8B1 p+1,0+1 aBl
0 - W +x 1 a 1 + Q Q v+1, 1xlm
OB, 0B dB,.1 , OB
_ Q;,L+1 v+1 /
or MR 0x1 0x1 Tor, 8mu+1

(11)

Therefore, we have another Proposition below.

Proposition 2 For a Birkhoffian system (5) in
the event space, if x; is not explicitly contained in
B, (a=1,...,2n+1), and 7 is not explicitly con-
tained in By, then the Birkhoffian By = B is a first
integral of the system.

Taking the partial derivative of Eq. (10) with re-
spect to the parameter 7, we obtain

8 (dI\ Oxl O 0 ;AN oQutLrtl , Qs11 , OI
— == I —Q, QM+1,I/+1 v /
5 (5r) + o7 G ”137(8 ) or gt or oz,
oxy OI o ¢ oI
Qu+1 V+IQU 1 Q/J,+1,V+1QV r 2 —0. 12
* Y Br Btper | “*11’1@7(8%“) 0 (12)
If 7 is not explicitly contained in B, (¢« =1,...,2n+ 1) and ), then the above formula becomes
d (01 , 8 10I 8 (oI
— = vl — (=) =0. 1
or (m) o (aT) * 1 wlaxuﬂ (aT) 0 (13)

Therefore, we have the following Proposition 3.

Proposition 3 For a Birkhoffian system (5) in
= (' is a first integral, and
2n+1)

. are also first inte-

the event space, if 1(7,z)
7 is not explicitly contained in B, (e =1,...,
and z, then 0I/07, 9*1/0712,

\
grals of the system.
Similarly, we have Proposition 4 below.
Proposition 4 For a Birkhoffian system (5)
it I(1,2,) = C is a first

and z, is not explicitly contained in

in the event space,

integral,
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B, (a=1,...,2n+ 1) and z, then 91 /0z,, 821/8x§,
. are also first integrals of the system.
Propositions 1-4 constitute the Poisson theory of

Birkhoffian systems in the event space.

4. Method of Jacobi last multi-
plier of Birkhoffian systems in

event space

The conception of the last multiplier of a system
of differential equation was introduced by Jacobil?”! in
1844. Whittaker gave an application of the last mul-
tiplier to a Hamilton system with two degrees of free-
dom when one integral is known in addition to the in-
tegral of energy.2?) Mei extended the method to a gen-
eralized Hamilton system.?) Now we further apply
the method of Jacobi last multiplier to the Birkhof-
fian systems in the event space.

Definition For a Birkhoffian system (5) in

the event space, if there exists some function M =

M (7, x4) satisfying the following condition

6M 7]

or T om, ME)+

(MQ“+1’V+1QV+1711‘/1) = 0,
(14)

then the function M is called the Jacobi last multiplier

8x#+1

of the system. Equation (14) is called the determining
equation of Jacobi last multiplier of the Birkhoffian
system in the event space.

From the definition above, we have the following
Propositions.

Proposition 5 For a Birkhoffian system (5) in
the event space, if the following condition is satisfied

O (e, e =0, (15)
Oz yq1 '
then M =1 is the Jacobi last multiplier of the system,
and all the integrals of the system are its Jacobi last
multipliers.
Proposition 6 For a Birkhoffian system (5) in
the event space, if M = M(7,2,) and N = N(7,24)
are two Jacobi last multipliers of the system, then its
quotient M /N is a first integral of the system.
Proof Using the determining equation (14) and
the formula (9), we have

d /M o /M o (M 0 M
Il (eltal RS el /7 o p+1,v+1 - (=
dT(N) ar(z\f)+ 191, ( )*Q Qv 119‘"13;5%1(1\7)
1 /O0M , OM oM ON ON ON
_ (= ze Qu+1 V+1Q / I Q/,;,+1,V+IQV /
~ (5 e 19z, © AL N+1) N2(6 M “’wlaqu)
1 0 M 0
= —|-M— Q“+17V+1QV ! el T VA Q“+1’V+1Ql, ! —0. 1
< 5o )| - 55 T )] =0 (16)

Therefore, the quotient M /N is a first integral of the system.

Proposition 7 For a Birkhoffian system (5) in the event space, if 2n first integrals of the system are

known, i.e.
I,(1,24) =Cy (0 =1,...,2n), (17)
then the integral of the system is
M* 2n+1,v+1 7\ * _
A dzon,11 — (2 Qyy1127)*dr| = const., (18)
where A denotes the Jacobian o1 L)
A: 1,425 -5 42n , 19
O(z1, T2, .., Tap) (19)

here ( )* denotes that z, (c =1,...,

2n) are expressed as functions of xa, 1 and 7.

Proof For the Birkhoffian system (5) in the event space, similar to the deduction given by Whittaker in

Ref. [29], we can easily obtain
5} 0
S (I, ) = A
axu_;,_l ( +171x1) 83;271-‘,—1

[z, ety ar] + 2 (L)) (20)

oT \A*
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From Eq. (20), and using the determining equation (14) of the Jacobi last multiplier, we obtain

1 dM 9 a1
D Q?n+1,u+19y 1\ * A*i| 7( ) =0 21
AM dr + 0Tan+1 [( 1127/ + or \A* ’ (21)
o 9 o (M
Q2ntlvilq IR A*} 7( ) =0 22
O0%on+1 [( +1,1%1) / + or L A* ’ (22)
which shows that the expression
M*
F |:dl‘2n+1 — (92n+1,u+1gy+1,1x/1)*d7_:|
is the perfect differential of some functions of x5, 1 and 7, and this establishes the proposition.
\
5. Examples According to the Proposition 4, we can obtain a first
integral by the integral (29) as follows:
As an example, we study the integration prob-
lem of a fourth-order Birkhoffian system in the event
space, whose Birkhoff’s functions are[??! Li=z4+as+a1 =0 (30)
_ L/ o 2
Br=—xs = 2 (I‘l + 135), From the formulae (27)-(30), we have
BQ = T4, B3 = Ts5, B4 = B5 =0. (23)
The differential equations of motion (5) can be written 1 =04 — Cy — x5,
1
as r9 = —Coxs + 504% - Ch1 — 03,
Tl + 147 + w575 = 0, L, 1,
_ 9321 -0, _Ill . 1"5 -0, r3 =Cq — 502 — 5.%‘5, x4 = Cy. (31)
—m4x) 25 =0, —axsz)+a5=0. (24)
Making some deriving work, we obtain
The determining equation (14) of the Jacobi last mul-
tiplier can be written as follows: B a1, I, I, L) o
an-l-i(Mm’)—i—i(Mx ) A_a(xl To, T3 x4)_1_A' (82)
or 0x1 1 0xo 4
+ i(M;v53v'1) - i(Mx/l) =0. The integral (18) can be written as
8.133 8.135
(25)
Equation (25) has a solution / [d% - (—(E/l)dT:| — Cs. (33)
M=1. (26)
In this problem, the system has the following  After integral, we obtain
integrals!??!
I — Lo, oy _ x5 =Cps — 7. (34)
1—I3+§(I4+I5)—C1, (27)
12 = Ty = 02, (28)

Formulae (31) and (34) give the solution of the prob-

1
I3 = vywy + 2175 + 51‘% —x3—x3=C3. (29) lem, and it contains four arbitrary constants.
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