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Approximate homotopy similarity reduction for the
generalized Kawahara equation via Lie symmetry
method and direct method*

Liu Xi-Zhong (X7 &)t

Department of Physics, Shanghai Jiao Tong University, Shanghai 200240, China

(Received 4 January 2010; revised manuscript received 13 January 2010)

This paper studies the generalized Kawahara equation in terms of the approximate homotopy symmetry method

and the approximate homotopy direct method. Using both methods it obtains the similarity reduction solutions and

similarity reduction equations of different orders, showing that the approximate homotopy direct method yields more

general approximate similarity reductions than the approximate homotopy symmetry method. The homotopy series

solutions to the generalized Kawahara equation are consequently derived.
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1. Introduction

It is well known that many phenomena in scien-
tific fields can be described by nonlinear partial differ-
ential equations (PDEs) and, in general, such nonlin-
ear equations are often very difficult to solve explicitly.
One of the most successful methods for solving nonlin-
ear equations is to reduce them to ordinary differen-
There
are several methods of computing similarity reduc-

tial equations which may be easier to solve.

tions of PDEs, among which, the Lie group method
also known as the classical method is the fundamen-
tal one.l! =3 The classical Lie group method based on
the invariance of PDEs under point transformations
(point symmetries) can be further extended to include
nonclassical symmetry groups, known as the nonclas-
sical method due to Bluman and Cole.l® As a differ-
ent approach, the direct method which is proposed by
Clarkson and Kruskal”) and used in many problems
(see, e.g., Refs. [8]-[10]) does not use techniques of
group analysis.

Because of the complexity of nonlinear problems,
perturbation, asymptotic and numerical methods are
often used, with much success, to obtain approximate
solutions of these equations. Another powerful ana-
lytical method for nonlinear problems, called the ho-
motopy analysis method (HAM), was first envisioned
by Liaol'™ and successfully utilized in solving many

problems for strong perturbations. The essence of the
HAM is to apply a kind of linear property of homo-
topy to transform a nonlinear problem into an infi-
nite number of linear sub-problems. Because this kind
of transformation is independent of small parameters,
the HAM can overcome the foregoing limitations of
perturbation techniques. The applications of HAM in
nonlinear problems have also been presented by many
researchers.!”>~ 14 Recently, the HAM was further im-
proved in Refs. [15] and [16].

Integrating HAM with the Lie group theory and
the direct method gives rise to the approximate homo-
topy symmetry method and the approximate homo-
topy direct method respectively, which were proposed
and used in Refs. [17] and [18].

The well-known Kawahara equation

with the indices ¢ and x denoting differentiation with
respect to time and a spatial coordinate, respectively,
describes long nonlinear waves in weakly dispersive
media (see, for example, Refs. [19]-[22]). Equation
(1) is also called the KdV equation of fifth order or
the singularly perturbed KdV equation.!?>24 There
are many generalizations of the Kawahara equation
according to the models of similar wave processes in
inhomogeneous media. We just consider the general-
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ized Kawahara equation in the form

with 7 an arbitrary constant.

In this paper, we are interested in applying the
approximate homotopy symmetry method and the
approximate homotopy direct method to obtain the
similarity reduction solutions and similarity reduction
equations for approximate equations of different or-
ders, and eventually to obtain the homotopy series
solutions of the generalized Kawahara equation.

For simplicity later, we construct the following
homotopy for Eq. (2):

(1 —q)(ur + 7uug, + wlu, + Ugza)
|

where ¢ € [0, 1] is an embedding homotopy parameter.
Obviously, when ¢ = 1, equation (3) is the generalized
Kawahara equation.

We first make the ansatz that the homotopy
model (3) has the perturbation expansion

u = Z uiq'. (4)
=0

Substituting this expansion into Eq. (3) and letting
all coefficients of different powers of ¢ equal zero, one
has

0(q") : Tugug,z + ot + uUoz + Uo zee = 0, (5)
O(ql) TUOUL,x — U0, zzzre + 2uOuluO,m + ugul,x + U ¢ + Ul,zzxx + TULUY,z = 07 (6)
O(qz) T UOU2,z + 2UoUIUL & + 2UoULUQ, + U2 zza — U zazzs T U%“O,x + ug ¢

+ UGu2 & + TULUL 5 + T U2Ug ;= 0, (7)
O(¢*) 1 —Us gazzs + 2UoUs 5 + 2U1UsUo 5 + 2UUI U 5 + US gzz + T UUS &

+ T Ugu 4 + 2uguzo s + u%ulw +uz . + ugu&x + Tusug z + TUIU2 ; = 0, (8)

: b
k k 7
O(q") Uk, + T Z Uk — iUz + Z Zui,rujfiukfj + Uk gzz — Uk—1,zzz00 = 0, (9)
i=0 j=0 =0

with u_1; = 0.

This paper is organized as follows. Sections 2 and
3 are devoted to applying the symmetry reduction
method and direct method to Eq. (9), respectively.
Section 4 concerns conclusion and discussion.

2. Approximate homotopy sym-
metry method to Eq. (2)

A symmetry is characterized by an infinitesi-
mal transformation which leaves the given differen-
tial equation invariant under the transformation of all
independent and dependent variables. To apply the
classical method to Eq. (9), we search for the Lie point
symmetry transformations in the vector form

vexd ipd

= 0
el U, ——
5zt ot t 2 Vrgur
k=0
where X, T, and Uy are functions with respect to =z,

t, and ug, k=0, 1, .... The symmetry in the vector

form V can also be written in the function form
Jk:Xuk’m—i-Tuk’t—Uk, (kZO, 1, ), (10)

where oy, are functions of z and ¢.
We can obtain the linearized equations for Eq. (9)
directly from the definition of symmetry,
k
Ort +7 > (UiaOk—i + i aUk—i)
i=0
E o J
+ Z Z(Ui,wuj—iuk—j + Ui O Uk —j
j=0 i=0
+ ui,ruj—iak—j) + Ok,xxx — Ok—1,zzxzxe — 0,

(k=0,1, ... (11)

with o_1 = 0.

To figure out X, T, and U, (k = 0, 1, ...),
we should substitute Eq. (10) into the linearized
Eq. (11) and eliminate ug, in terms of Eq. (9) for
k=0, 1, 2, .... After repeating computation several
times, we easily to find that

X =2C1z — ClTQt +x9, T =6C1t+ tg,
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Uy = —C1(2u0 + 7')7 Ui = —6Cuq,

U2 = —106‘1’LL27 Ug = —14C1U3, ey
U, = *201(2143 + 1)uk — 5k,0017'7
(k=0,1,...), (12)

where C1, xg and %y are arbitrary constants. The no-
tation Jy o satisfying dpo = 1 and d;0 = 0 (k # 0) is
adopted in the following text.

Having determined the infinitesimals, the similar-
ity solutions to Eq. (9) are found by solving the invari-
ant surface condition o = 0 in Eq. (10), or, equiva-
lently, by solving the characteristic equations

do _dt dug _ dt
X T U T
%:@7...,%:@7...7 (13)
Ul T Uk T

which will be discussed in detail for the following two

subcases.

Case 1 (C; # 0, in this case, without loss of
generality, we make the transformations z¢ — z¢Ch,

to — toC1, so equation (12) can be rewritten as
X = (22 — 7%t + 20)C1, T = (6t +t9)C1,
U, = —201(2k‘ + l)uk. — 6k70017'7
(k=0,1,...). (14)

From Egs. (14) and (13), we obtain the invariant
I(z,t), and invariant functions I, k=0, 1, 2, ...

§
_ 1 L o5, 1, ~1/3
=lx+ 50 + <tom + =7t | (6t + o) ,(15)

8 4
Io(,t,uo) = Vo = (uo + 7 ) (to +61)'/%, (16)
Li(z,t,u) = Vi = (to + 6t)us, (17)
Ly(x,t,ug) = Vo = (to + 6t)° 3us, (18)
Is(z,t,u0) = V3 = (to + 6t)7/3uj, (19)

From the above equations, considering Vi (k =

0, 1, ...) as functions of the similarity variable

toT? %
= <x+ % - —087 - 74) (6t +to) /3,

we obtain the symmetry reductions to Eq. (9)

wo = 5 + (6 + 1) /Y0 8), (20)
uy = Vi(€)(6t +to) ", (21)
uy = (6t + to) ~*/*V5(¢), (22)
uz = (6t +to) "/ PV3(€), (23)

1
up = (6t +to) " VBV (&) — §5k,07a (24)

The corresponding similarity reduction equations
which are satisfied by V;, (k =0, 1, ...) can be ob-
tained by substituting uy from Eq. (24) into Eq. (9)

I(z,t) | as
Vo,eee + Vo,V — 2Vo — 2Vp,e€ = 0, (25)
—2V1,6§ — 6V — Vo eeeee +2ViV0 e Vo + V02V175 + Vieee =0, (26)
2VoVaVo,e + V02V275 + V()75V12 — Vieeeee +2VoVi,e Vi —26Va ¢ — 10V 4 Vo gee = 0, (27)
Vo e Vi + 2V Vo e Vi 4+ 2V VaVo e + 2VoVaVi g + Vi e V2 + 2Va Vo e Vi — 2€Va e
+ Vagee = Vageeee — 14V3 =0, (28)
kE J
Vieee 3 > VieVi—iViej — 26Vie — (4k +2)Vi — Vo1, gecee = 0, (29)
j=0i=0
with V_; = 0.
Hence the series solution to Eq. (3) is obtained from Egs. (4) and (24)
> _ T
u= ;Omt + o) " HHIEV(E)g" — 5, (30)
then the homotopy series solution to the generalized Kawahara equation can be obtained by further setting
q=1
= _ T
u = Z(Gf + o)~ CFEIBV(€) — 5 (31)

k=0
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It is easily shown that when k = 0 of Eq. (29), equa-
tion (25) is of Painlevé II type.

Noting that the k-th similarity reduction equa-
tion in Eq. (29) contains Vg, V4, ...,
theoretically compute Vg, Vi, ...,

Vie_1, Vi, we can
Vi_1, Vi one after
another. The k-th similarity reduction equation is in
fact a third order linear ordinary differential equation
of Vi when the previous Vj, Vi, ..., Vi_1 are known.

To see this point we rewrite Eq. (29) as

Vk,E£§ — 2€Vk’§ - (4k + 2)Vk
+ (2= 261.0)Vo.eViVo + Vi VE = fu(€),
(k=1,2, ..), (32)

where fi(€) is an only function of {Vy, Vi, ..., Vi_1}

as follows:
k—1 g
Fe(€) = Vicrgeeee — D D> VieVimiVi
=1 i=0

l

k—1
- Z VieViiVo.
i=1
Case 2 When Cy = 0 and ¢y # 0, from Egs. (13)

and (12), we obtain the following similarity solutions:

ug = Vp(§), (33)
uy = Vi(§), (34)
us = Va(§), (35)
ug = Vi(§), (36)

with the similarity variable £ = t— (to/x¢)z which can
be redefined as the traveling wave form £ = = + ct,
where c is an arbitrary velocity constant.
Substituting Eq. (36) into Eq. (9), we obtain the
corresponding similarity reduction equations as

TVo,eVo + Vo,eee + Vb,gVOQ + Wo,ec =0, (37)
Vigee + 7VI(E Vo e + TVo(E)Vie + 2ViVoeVo + VieVE + cVie — Vogecee = 0, (38)
Va,ee = Vigeeee +TViVig + 2V0VaVoe + Vagee + 2VoVieVi + Vo Vi + Vo eV
+ TVoVae +7VoeVa = 0, (39)
TViVae +7VaVie + 2VoVaVo e + Vage + Vi gVE 4+ Va e ViE + 2VoVa e Vi + 7VoVa e
+ 2VaVo,eVi = Vageeee + V0,6 Va 4 Vagee +2V0V2Vie = 0, (40)
k kg
Vi,eee + TZ Vi—iVie + Z Z VieVimiVi—j + cVie — Vie1,¢¢eee = 0, (41)
i=0 =0 i=0

with V_1 = 0.
From Eq. (36), it is easy for us to derive the series
solution to Eq. (3)

=3 V(O (12)
k=0

after setting ¢ = 1 to Eq. (42) we obtain the homotopy
series solution

u=3"Vile). (43)
k=0

After integration, equation (41) can also be

rewritten as

2
cVi + Vkég + <1 — 3(51@70) VOQVk

+ (T — gék,o) VoV = gk(§), (=0, 1, ...),(44)

where g (€) is a function of {Vh, Vi, ..., Vi_1},

=
-3 ZW iViees

j=1 =0

=

gZVVk Vo + Vi1 ceee

1

<.

k—

Z Vk z_

l\DH—\

with Ay arbitrary integral constants. Equation (44) is
a second order linear ordinary differential equation of
Vi.

When k& = 0, equation (44) can be solved by the
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hyperbolic sech function

2 2 ’
(45)

1 v —4 2
Vo = I 5\/67'2 — 24c¢ sech <co + ﬂg

where ¢g is an arbitrary constant.
When k > 0, equation (44) can be integrated out
step by step, we obtain

Vi = V()’g [Ck + / VOTZ(Bk + V()gk)df:| (46)

with arbitrary integral constants By and C.

3. Approximate homotopy direct
method to Eq. (2)

Now we apply the direct method proposed by
Clarkson and Kruskal to find the similarity reduction
of Eq. (9).
reduction of Eq. (9) can be assumed in the general

According to the method, the similarity

form
up = Uk(z,t, Pe(2(2,1))), (k=0,1,...),  (47)

where U, P, and z are functions with respect to the
indicated variables, Py(z) satisfies a system of ordi-
nary differential equations, which can be obtained by
substituting Eq. (47) into Eq. (9).

For Eq. (9), it turns out to be sufficient to take
Eq. (47) in the special form:

up = ag(x,t) + Br(x, t)Pr(z(x,t)), (k=0,1,...).
(48)
To see this, we substitute Eq. (47) into only one
term ug g5 in Eq. (9), since only this term generates
Py ... and Py .. Py . after the substitution. It is eas-
ily seen that the coefficients for Py ... and Py .. Py .
are Uy, p, 2> and 3Uy, p, p, 2> respectively. We reserve
uppercase Greek letters for undetermined functions of
z hereafter. Because it must be an ordinary differen-
tial equation in Pj(z) after substituting Eq. (47) into
Eq. (9), the ratios of the coefficients are functions of
z, namely,

3Uk,Pksz§ = Uk,szirk(z)a (k = 07 ]-7 c ) (49)

with the solution Uy, = Fy(z,t) + Gg(x,t)el*(H) /3,
So, it is sufficient to seek similarity reductions of
Egs. (9) in the form (48).

Remark Without loss of generality, there are
three freedoms in the determination of ay(x,t),
Br(z,t) and z(z,t).

(i) If ag(z,t) has the form ag(z,t) =
Br§2(z), then one can take 2(z) = 0;

(ii)) If Bg(z,t) has the form pSi(x,t) =
B (x,t)§2(z), then one can take £2(z) = constant;

(iii) If z(x,t) is determined by 2(z2) = zo(x,1),
where (2(z) is any invertible function, then one can
take 2(z) = z.

We substitute Eq. (48) into Eq. (9) in the case
k = 0 and single out the coefficients for P, .., POZPoz,
Py. Py and Py, ., which are (yz2, 58’295, 2a0ﬁ§zz and

380222 + 302 2za, respectively. The assumption that

af(z,t) +

Py is only a function of z requires that

Bizy = Boz2Wo(2), (50)
2008320 = Boza®Po(2), (51)
360wzz + 3502wzxx = 502290(2), (52)

and thus, from Eq. (50) and Remark (ii), we have

From Egs. (51), (53) and Remark (i), we have
T
ap = —5 (54)

From Egs. (52), (53) and Remark (iii), after redefining
z we have

z=0@t)x+o(t), (55)

where 6(¢) and o(t) are undetermined functions of in-
tegration. Then in the case k = 0 equation (9) is

simplified to

1
0* PPy, + 0, Py + <9tz — 10 + 0oy — 47292> Py,
+ 0*Py,.. = 0. (56)

For this to be an ordinary differential equation in
Py(z), the coefficients of Py..., 2Py, and Py, must
satisfy the following relations:

1
015 = A104, — etO' + Gat — 17’202 - A2047 (57)

where A; and As are arbitrary constants.

We discuss the results in the following two sub-
cases for Eq. (57).

Case 1 When A; # 0, equation (57) has the
solution

0 = —(3A1t —ty)" Y3,
t T
— _(3A— )3 (T Lo
a (3 1t tl) <4 12A1 ta
Ay

where t; and ty are arbitrary constants.
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In order to determine ay, [, we substitute
Eq. (48) into Eq. (9) and single out the coefficients of
Pk7zzza Pkfl,zzzzz and POzPOa which are 51@2’3, 51@712950
and 20y 32z, respectively. We require that

Br-12) = BezaWi(2), (k=1,2,...),  (59)
201822, = Prz2Pr(2), (k=1,2,...). (60)
From Egs. (53), (59) and Remark (ii), we obtain
Br =221 (k=0,1,...). (61)
From Egs. (53), (60), (61) and Remark (i), we obtain
ay = —gam, (k=0,1,...). (62)

In terms of Egs. (4), (48), (55), (58), (61) and (62),
we obtain the similarity solutions to Eq. (9)

up = (— )%H(SA t—

- §5k,07 (63)

) (2I~c+1)/3P( )

where the similarity variable

z = 71‘(314115 - t1)71/3

. 2t % A
— (3A+t — #)"1/3 L,;,t ,72_
(3 ! 1) 4 12141 2 Al

So the homotopy series solution to Eq. (2) can be
derived from Egs. (4) and (63) by setting ¢ =1

%.w@

u= D (DHEA — 1) V() -

KFﬂg

Il
=]

J

The related similarity reduction equations are

k J
Pi oy + (A12 + A2) Py . + Z P . Pj_iPy_;
j=0i=0
—+ (2]€ + ].)Alpk - Pkfl,zzzzz = 07
(k=0,1,...) (65)
with P,1 =0.

We now compare Egs. (63) and (65) with
Egs. (24) and (29). Making the transformation to —
—x9/2, Ay — 0, A; — —2 and t; — t( simultaneously,
we see that the similarity variable becomes

2

xo torT? T3t ~1/3
- 00T T ) (6t+t .
z <33—|— 5 3 1 )( + to)

Equations (63) and (65) are changed into

1
up, = (6t +to) = FHD/3p(¢) — §6k,07"
k=0, 1, ..), (66)

and

P]il7ZZZ + Z ZPi72Pj—iPk—j - QZPIC,Z

j=0 i=0
- (4[17 + Q)Pk - Pk—l,zzzzz = 07
(k=0,1,...) (67)

with P_y = 0. Obviously, equations (66) and (67) are
4) and (29).
When k& = 0, equation (65) degenerates to

exactly the same as Egs. (2

Painlevé II type equation. Equation (65) is in fact
a third order linear variable coefficients ordinary dif-
ferential equation of P, with the assumption that P;
for j < k are determined in advance, since we can
rewrite Eq. (65) as

Pk,zzz + (Alz + AQ)Pk + (2k’ =+ 1)A1Pk
+ (2 — 25k,0)P0zPOPIc =+ P02Pk,z = fk’
(k=0,1,...), (68)

where

k— 7 k—1
ZZ 1zpj sz j*POZPzszi
j=11i=0 1=1

P —1,zzzzz-

Case 2 When A; = 0, it is straightforward from
Eq. (57) to find that
907’

0=0y, o= (4+00A2)t+ao, (69)

where 0y and oy are arbitrary constants. From
Egs. (55

able as the travelling wave form z = z + ¢/t with ¢

) and (69), we can redefine the similarity vari-

being an arbitrary velocity constant.

So, from Egs. (4), (48), (55), (61) and (62) we ob-
tain the homotopy series solution to Eq. (2) by setting
qg=1

> T
u:ZPk(z)—§7 (70)
k=0
where all Py(z) satisfy
kK J
C/Pk,z + Z Z Pi,sz—iPk—j + Pk,zzz
j=0i=0
2
T
- Pkfl,zzzzz - ka,z = 0>
(k=0,1,...) (71)

with P_; = 0. Taking k¥ = 0 in Eq. (71), we find that
the solution can be given by

1 V=id + 12
Py = —5\/ 672 — 24¢’ sech (cl + ;_Hz) ,
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where ¢; is an arbitrary constant. Equation (71) can
also be rewritten as

2
cPy . + (1 — 35k,0) PO2Pk + P

2

.

= g Pe= 0 (k=0,1,...), (73)
where

=
gk = Pkrfl,zzzz - g ZPinfiPkfj
j=1 =0
1 k—1
— gpo ; PiPk—i — ag.

From Eq. (73), we can obtain P (j =1, 2, ...)
through the following recursion equation:

P.=PF, [dk + /PO_,ZQ (ek + /ngo7Zdz> dz} ,
(74

where dj and ey are arbitrary integral constants.

4. Conclusion

In this paper, we have presented the application
of the approximate homotopy symmetry method and
the approximate homotopy direct method to the non-
linear generalized Kawahara equation. For both meth-
ods, the similarity reduction solutions and similarity
reduction equations for approximate equations of dif-
ferent orders are constructed. The homotopy series
solutions to the generalized Kawahara equation were
thus generated. Zero-order similarity solutions are
equivalent to Painlevé II and hyperbolic sech func-
tion solutions. The k-order similarity reduction equa-
tions are linear ordinary differential equations of Py
which can be solved step by step through the given
equations. From the comparison of the results for
the two methods, we discover that the approximate
homotopy direct method produces more general ap-
proximate similarity reduction than the approximate
homotopy symmetry perturbation method.
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