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In this paper, we establish travelling wave solutions for some nonlinear evolution equations. The first integral

method is used to construct the travelling wave solutions of the modified Benjamin-Bona—Mahony and the coupled

Klein—Gordon equations. The obtained results include periodic and solitary wave solutions. The first integral method

presents a wider applicability to handling nonlinear wave equations.
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1. Introduction

Over the last few decades, directly searching for
exact solutions of nonlinear partial differential equa-
tions (NPDEs) has become a more attractive topic in
physical science and nonlinear science. The investiga-
tion of the travelling wave solutions for nonlinear par-
tial differential equations plays an important role in
the study of nonlinear physical phenomena. Nonlinear
wave phenomena appear in various scientific and engi-
neering fields, such as fluid mechanics, plasma physics,
optical fibres, biology, solid state physics, chemical
kinematics, chemical physics and geochemistry. Non-
linear wave phenomena of dispersion, dissipation, dif-
fusion, reaction and convection are very important in
nonlinear wave equations. In the past several decades,
new exact solutions may help to find new phenom-
ena. A variety of powerful methods, such as inverse
scattering method,!™? bilinear transformation,®! the
tanh-sech method,*=% extended tanh method,”—?
method,[10-11]

method,['? exp-function method3—15! and Riccati

sine—cosine homogeneous balance
equation method® were used to address nonlinear
dispersive and dissipative problems.

Also, He et al.'™ gave physical meaning to ap-
proximate solutions and exact solutions of nonlinear
equations with initial-boundary conditions. Dai et al.
used a three-wave method!*®l and double exp-function
method™ for finding exact multi-solitary solutions of
nonlinear evolution equations.

In the pioneering work, Feng[??) introduced the
first integral method for a reliable treatment of the
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NPDEs.
used in many papers such as in Refs. [21]-[23] and the

The useful first integral method is widely

reference therein. Chow derived an exact and periodic
solution of the nonlinear model.*4

Our first interest in the present work is in imple-
menting the first integral method to stress its power
in handling nonlinear equations, so that one can ap-
ply it to models of various types of nonlinearity. In
Section 2, we describe this method for finding exact
travelling wave solutions of nonlinear evolution equa-
tions. In Sections 3 and 4, we illustrate this method in
detail with the celebrated modified Benjamin-Bona—
Mahony and coupled Klein—-Gordon equations. In Sec-
tion 5, some conclusions are given.

2. The first integral method

Raslan summarized the procedure for using the

first integral method. 2%

Step 1 Consider a general NPDE in the form

)=0. (1)

Using a wave variable £ = x—ct, we can rewrite Eq. (1)

P(uvut7ux7uwm7utta Ugt, Ugzxy -+

in the following nonlinear ordinary differential equa-
tion (ODE)

QU.U U U",...) =0, (2)

where the prime denotes the derivation with respect
to €. Equation (2) is then integrated as long as in all
terms containing derivatives the integration constants
are considered to be zeros.
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Step 2 Suppose that the solution of ODE (2)
can be written as

u(z,t) = f(§). (3)
Step 3 We introduce a new independent variable
X(©)=f©), Y=/[fel), (4)
which leads to a system of
Xe(§) =Y (),
Ye(§) = F(X(£), Y (E))- (5)

Step 4 By the qualitative theory of ordinary dif-
ferential equations,6! if we can find the integrals of
Eq. (5) under the same conditions, then the general
solutions to Eq. (5) can be solved directly. However, in
general, it is really difficult for us to realize this even
for one first integral, because for a given plane au-
tonomous system, there is no systematic theory that
can tell us how to find its first integrals, nor is there
a logical way for showing us what these first integrals
are. We will use the division theorem to obtain one
first integral of Eq. (5) which reduces Eq. (2) to a first
order integrable ODE. An exact solution to Eq. (1) is
then obtained by solving this equation. Now, we come
to recall the division theorem.

Division theorem Suppose that P(w,z) and
Q(w, z) are polynomials in C(w, z), and that P(w, z)
is irreducible in C(w,z). If Q(w,z) vanishes at all
zero points of P(w, z), then there exists a polynomial
G(w, z) in C(w, z) such that

Qlw, z] = Plw, z]G[w, z]. (6)

3. Modified Benjamin—Bona—Ma-

hony equation

Consider the modified Benjamin—-Bona—Mahony

equation/2”]

g + Uy + auluy + gy =0, (7)

where a and b are known constants.
Using wave variable £ = = — ct, equation (7) is
carried out to the following ODE:

(1 — o) + av®u’ — beu” =0, (8)

where the prime denotes the derivation with respect
to &. Integrating Eq. (8) with respect to & and con-
sidering the constants for integration to be zeros, we

obtain
3

(1—c)u+ a% — beu” = 0. (9)

Using Eq. (4) we obtain

X&) =Y(9), (10)

7©= 2@ + X0, ()

According to the first integral method, we sup-
pose that X (£) and Y (£) are nontrivial solutions of
Egs. (10) and (11), and ¢(X,Y) = Y7 ja;(X)Y" is
an irreducible polynomial in complex domain C[X, Y]
such that

g[X(€),Y(€)] =D a(X)Y' =0, (12)
=0

where a;(X), (¢ = 0,1,...,m) are polynomials of X
and a.,(X) # 0. Equation (12) is called first integral
Egs. (10) and (11). According to the division theorem,
there exists a polynomial g(X) + h(X)Y in complex
domain C[X,Y] such that

dg _ 0 0X

0X | 0q oY
¢~ 09X o¢

oYy o¢

= [9(X) + h(X)Y]Y a(X)Y'.  (13)
=0

In this example, we assume that m = 1 in Eq. (12).
Suppose that m = 1, by equating the coefficients of
Y? (i =0,1,2) on both sides of Eq. (13), we have

a(X) = h(X)ar (X), (14)

ao(X) = g(X) + h(X)ao(X), (15)
a1(X)Y = g(X)ao(X)

— a1(X) ((1;)6)X+ ?ECX:‘) . (16)

Since a;(X) (i = 0,1) are polynomials, then from

Eq. (14) we deduce that a1 (X) is constant and h(X) =
0. For simplicity, take a1(X) = 1. Balancing
the degrees of g(X) and ag(X), we conclude that
deg(g(X)) =1 only. Suppose that g(X) = A1 X + By
and A; # 0, then we find that aog(X) is expressed as

ap(X) = 5

X% 4 BoX + Ay. (17)
Substituting ag(X), a1 (X) and g(X) into Eq. (16) and
setting all the coefficients of powers X to be zeros,
then we obtain a system of nonlinear algebraic equa-
tions and by solving it, we obtain

1—c a

AO:T B():O, C:m, (18)
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where A; is the free parameter. Inserting Eq. (18)
into Eq. (12), we obtain

Ay

a—bA?
5 .

abA1
Combining Eq. (19) with Eq. (10), we obtain the ex-
act solution to Eq. (11) and then the exact solution

Y(§) = X2(6) +

(19)

to the modified Zakharov—Kuznetsov equation (7) can
be written as

X =t |Sera], o

where ¢ is the integration constant and K is

2042 — 2a
K=/ =L = 21
V" (21)

Thus the travelling wave solution to the modified
Benjamin-Bona—Mahony equation (7) can be written
as:

a

(o, t) = _A£1 tan [[2( <x it coﬂ L (22)

Our results can be compared with Bekir’s results.[?”!

If proper K values are chosen, then it can be seen that
the results are same.

4. Coupled Klein—Gordon equa-
tion

Now, we consider the Klein—Gordon equations

coupled with scaler field v, in the form[?®!

Ugpy —utt—u+2u3+2uv:0,

vy — v — 4uug = 0. (23)
Using the wave variable £ = x — ¢t and proceeding as
before we find

(1— A" —u+2u® + 2uv = 0,

(1+c)v + 4eun’ =0, (24)

where by integrating the second equation we find

—2cu?
1+c¢’

Substituting Eq. (25) into the first equation of Eq. (24)
and integrating the resulting equation, we obtain

(25)

v =

1— ) —u+ 2(11;0‘3) ud = 0. (26)
Using Eq. (4) we have
X(©) =Y, (27)

1 2
= mX(f)—mXB(f),

According to the first integral method, we sup-

1463 c# F1. (28)

pose that X(£) and Y (£) are nontrivial solutions of
Egs. (27) and (28), and ¢(X,Y) = Y7 ja;(X)Y" is
an irreducible polynomial in complex domain C[X, Y]
such that

m

X (©,Y(©) =D a(X)Y' =0, (29)
=0
where a;(X), (¢ = 0,1,...,m) are polynomials of X
and a.,(X) # 0. Equation (29) is called first integral
of Egs. (27) and (28), due to the division theorem,
there exists a polynomial g(X) 4+ h(X)Y in the com-
plex domain C[X,Y] such that

dg _ 090X | 0g 0¥
dé 90X o6 QY O¢
= [9(X) + h(X)Y]Y ai(X)Y".  (30)
=0

In this example, we assume that m = 1 in Eq. (29).
Suppose that m = 1, by equating the coefficients of
Y? (i = 0,1,2) on both sides of Eq. (30), we have

a1 (X) = h(X)a1(X), (31)
ao(X) = g(X) + h(X)ao(X), (32)
a1 (X)Y = g(X)ao(X)
= a1(X) (1 jCQX— (150)2)(3) .(33)
Since a;(X) (i = 0,1) are polynomials, then from

Eq. (31) we deduce that a1 (X) is constant and h(X) =
0. For simplicity, take a1(X) = 1. Balancing
the degrees of g(X) and ag(X), we conclude that
deg(g(X)) =1 only. Suppose that g(X) = A1 X + By
and A; # 0, then we find a¢(X) to be given as

_A
2
Substituting ag(X), a1 (X) and g(X) into Eq. (33) and
setting all the coefficients of powers X to be zeros,

ap(X) X? + BoX + Ao. (34)

then we obtain a system of nonlinear algebraic equa-
tions and by solving it, we obtain

24
A = 1.70» By
iv2A4, +1

where Aq is free parameter.

=0, c=1+——— (35)

iv2A4,

Similarly, as for the case of Eq. (35), the exact
solutions are

uy(x,t)
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Ay K?
= —Kj tan [Kl (ac K2 lt—l—Co)} ) (36)
ug(z,t)
= —Kjtanh [KQ (x K+ lt + Coﬂ ) (37)
'Ul(xvt>

—2K? 5 | Ao K2
5K, 1 an {Kl T — K2 +co )|, (38)

vo(z, )
2K2 2 AO K2
= tanh ——1
9K, + 1 {Kg TTRIyL T » (39)

where ¢ is the integration constant and K; and K,

Ky = \/iAgV2 + 1, (40)
Ky = \/idgV2 — 1. (41)

A comparison between our results and Bekir’s

are

results,?%) shows that some of the obtained results are

new, and the rest are the same. We foresee that our
results can be found to have potentially useful appli-
cations in mathematical physics and applied mathe-
matics including numerical simulation.

5. Conclusion

The first integral method is successfully used to
establish travelling wave solutions. Many well-known
nonlinear wave equations are handled by this method.
The performance of this method is found to be reli-
This
method has the advantages of being direct and concise.

able and effective, and it gives more solutions.

The availability of computer systems like Maple facil-
itates the tedious algebraic calculations. The method
which we proposed in this paper is also a standard,
direct and computerizable method, which allows us to
solve complicated and tedious algebraic calculations.
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