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Discussions on the non-equilibrium effects in the
quantitative phase field model of binary alloys∗
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All the quantitative phase field models try to get rid of the artificial factors of solutal drag, interface diffusion

and interface stretch in the diffuse interface. These artificial non-equilibrium effects due to the introducing of diffuse

interface are analysed based on the thermodynamic status across the diffuse interface in the quantitative phase field

model of binary alloys. Results indicate that the non-equilibrium effects are related to the negative driving force in the

local region of solid side across the diffuse interface. The negative driving force results from the fact that the phase

field model is derived from equilibrium condition but used to simulate the non-equilibrium solidification process. The

interface thickness dependence of the non-equilibrium effects and its restriction on the large scale simulation are also

discussed.
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1. Introduction

The phase field method has been a powerful tool

in microstructural evolution simulation with the de-

velopment of computer and numerical methods. It

has been widely used in the research of solidification

theory.[1−8] In phase field method, the free-boundary

problem is treated by solving the multi-field cou-

pled governing equations to avoid tracking the com-

plex interface and therefore the topology changes can

be easily treated. However, phase field method is

strongly restricted by the huge discrepancy between

the simulation scale and the thickness of the diffu-

sion interface. Realistic simulation of solidification mi-

crostructures needs an exorbitantly fine grid to resolve

the steep gradients inside the diffuse interface, which

makes computations intractable. By properly increas-

ing the interface thickness, the simulation efficient

can be significant improved. However, the increase

of interface thickness brings artificial non-equilibrium

effects to the simulation results. The convergence

of simulation results requires small interface thick-

ness. Recently the presence of the quantitative phase

field models presented by Karma[6−8] has improved

considerably the computation efficiency by a ‘thin-

interface’ asymptotic analysis which puts the phase

field method forward to the more realistic application.

In the quantitative phase field models, the artificial

non-equilibrium effects were compensated by properly

selecting the interpolated functions and adding anti-

trapping current (ATC) term for binary alloys. Ac-

cordingly, the artificial non-equilibrium effects from

the diffuse interface are the most concerned issues in

quantitative phase field models.

The non-equilibrium effects in the phase field

model characterised in the ‘thin-interface’ asymptotic

analysis, including surface diffusion, interface stretch-

ing and discontinuity chemistry potential across the

interface, are the most considered problems in quan-

titative phase field models of binary alloys.[9] In

the first phase field model of binary alloys (WBM

model) proposed by Wheeler et al.,[10] the finite in-

terface thickness introduces an extra chemical poten-

tial which leads to discontinuity of the chemical po-

tential across the diffuse interface. Later, Kim–Kim-

Suzuki[11] (KKS) removed the extra chemical poten-

tial by the proper treatment of equal chemical po-

tential across the diffuse interface. In KKS model,

the composition in the diffuse interface is a numer-

ical solution, which cannot be analytical solved. In

the quantitative phase field model with ATC, the re-

striction of interface thickness from the extra chemical

potential has been removed analytically.[8,12,13] How-

ever, in phase field simulation the interface thickness

dependent non-equilibrium effects cannot be avoided

totally. As the interface thickness increases, simula-
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tion results such as the tip velocity, tip radius and

solutal distribution will be beyond convergence. The

evaluation of the non-equilibrium effects in the sim-

ulation process is still an open question. The origin

of the interface thickness dependent non-equilibrium

effects and its intrinsic relationship with the interface

thickness need to be further discussed, which may po-

tentially improve the efficiency of phase field method.

Herein, the non-equilibrium effects are revealed from

the bulk free energy density across the solid/liquid

diffuse interface according to thermodynamic analysis

in the quantitative phase field model of binary alloys.

The local non-equilibrium state across the diffuse in-

terface is numerically examined by phase field simula-

tion results.

2. The quantitative phase field

model of binary alloys

The quantitative phase field model with ATC

term directly follows the formulations given by

Ramirez et al.[8] (full derivations can be found in the

article). The model is based on the phenomenologi-

cal free energy functional F defined over the system

volume V ,

F =

∫
dV

[
ε2ϕ
2

|∇ϕ|2 + fAB (ϕ, c, T )

]
, (1)

where εϕ is the associated gradient energy coefficient,

ϕ is the phase field variable, c is the mole fraction of

solute B, and T is the temperature. The first term in

the bracket is the gradient energy related to the sur-

face tension energy, and fAB (ϕ, c, T ) is the bulk free

energy density of a binary mixture of A and B atoms

(molecules),

fAB (ϕ, c, T ) = f(ϕ, Tm) + fmix(ϕ, c, T ), (2)

where

f(ϕ, Tm) = H
(
−ϕ2/2/+ ϕ4/4

)
(3)

is the standard double-well function with the barrier

height coefficient H, and

fmix(ϕ, c, T ) = fA(Tm)− (T − Tm)s(ϕ)

+
RTm

v0
(c ln c− c) + ε(ϕ)c (4)

is the hybrid free energies of liquid phase and solid

phase for a dilute binary alloys. Here, fA(Tm) is the

free energy for pure A at melting point Tm, R is the

gas constant and v0 is the molar volume of A, and

s(ϕ) =
ss + sl

2
− g̃(ϕ)

L

2Tm
, (5)

ε(ϕ) =
εs + εl

2
+ ḡ(ϕ)

εs − εl
2

, (6)

where s is the parameter related to entropy density,

and ε is the parameter related to internal energy den-

sity. The subscript s and l indicate the solid phase

and liquid phase respectively, g̃(ϕ) and ḡ(ϕ) are inter-

polation functions and L is the latent heat per unit

volume. According to the equilibrium state condition,

δF

δϕ
= 0, (7)

δF

δc
= µE(T ), (8)

and the independence of surface tension energy

[∂ϕfmix(ϕ, c, T ) = 0], the relationship between the two

different interpolation functions is,

ḡ(ϕ) =
2

ln k
ln

[
1 + k − (1− k)g̃(ϕ)

2

]
− 1, (9)

where µE(T ) is the chemical potential, k is the equi-

librium segregation coefficient.

With the variational formulation ∂tϕ =

−KϕδF/δϕ, the phase field equation is

τ
∂ϕ

∂t
= W 2∇2ϕ+ ϕ− ϕ3 +

λ

L/cp
(1− ϕ2)2

×
(

2mc

1 + k − (1− k)ϕ
− (T − Tm)

)
, (10)

where τ = 1/ (KϕH), λ = 15L2/(16HcpTm), W =

(εϕ/H)
1/2

is the width of the hyperbolic tangent pro-

file of ϕ across the diffuse interface, Kϕ is a constant,

m the liquidus slope and cp the thermal capacity. Ac-

cording to the thin interface analysis, the relations

between these parameters are

d0 = a1W/λ, τ0 = a2λW
2/D,

a1 = 0.8839, a2 = 0.6267, (11)

where d0 is the thermal capillary length and D the so-

lutal diffusivity in the liquid. The equilibrium solution

or the first order solution in the thin interface anal-

ysis is ϕ0(x) = − tanh(x/(
√
2W )). Then the excess

free energy of the interface is given by

γ = ε2ϕ

∫ +∞

−∞

(
dϕ0

dx

)2

dx =
2
√
2

3
WH. (12)

The solutal diffusion equation is derived through

a volume-averaging technique including an additional

anti-trapping term that counterbalances the solute

trapping effect.[14] Using W and W 2/D as the scale

of length and time respectively, the complete two cou-

pled non-dimensional equations can be expressed as
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∂ϕ

∂t
=

1

a2λ
(∇2ϕ+ ϕ− ϕ3) +

1

a2L/cp
(1− ϕ2)2

(
2mc

1 + k − (1− k)ϕ
− (T − Tm)

)
, (13)

∂c

∂t
= ∇ ·

[
1− ϕ

1 + k − (1− k)ϕ
∇c+

(
1− ϕ

1 + k − (1− k)ϕ
+

W√
2

∂ϕ

∂t

1

|∇ϕ|

)
c(1− k)

1 + k − (1− k)ϕ
∇ϕ

]
. (14)

3. The non-equilibrium effects

relevant to negative driving

force

In the phase field model, the phase transforma-

tion driving force contributed by the non-equilibrium

of liquid and solid phases in thermodynamics is re-

lated to the second term on the right-hand side (RHS)

of Eq. (13),

∂ϕfmix ∝ mcl − (T − Tm), (15)

where

cl =
2mc

1 + k − (1− k)ϕ
.

Under the equilibrium condition,

∂ϕfmix = mc0l − (T − Tm) = 0, (16)

where c0l is the equilibrium liquid concentration. Dur-

ing non-equilibrium solidification process, the liquid

concentration cl is smaller than the equilibrium con-

centration c0l in order to produce the positive driving

force ∂ϕfmix > 0 as shown in Fig.1.[15]

Fig. 1. Sketch of the composition at the interface during

solidification process.

According to the Gibbs free energy curves, when

cl > c0l , the relevant solid composition does not exist

because the phase transformation driving force ∆G is

negative, e.g. the c′l in Fig. 1. In quantitative phase

field model, the condition of cl ≤ c0l may not be satis-

fied at some local area across the diffuse interface. In

the derivation of quantitative phase field model

c(ϕ) =
cl + cs

2
+ ϕ

cl − cs
2

, k = cs/cl. (17)

The non-equilibrium concentration of solid phase cs

is always a little higher than the equilibrium one c0s
during the solidification process. The phase transfor-

mation driving force satisfies

mcl − (T − TM) =
mcs
k

− (T − TM)

<
mcs0
k

− (T − TM) = 0 (18)

on the solid side of the diffuse interface. Therefore the

non-equilibrium distribution of phase field and con-

centration across the diffuse interface bring about the

negative phase transformation driving force at the cer-

tain local area where

2mc

1 + k − (1− k)ϕ
− (T − Tm) < 0, (19)

which means that the liquid phase is the stable state

from the viewpoint of thermodynamics. However, the

contribution of the surface tension energy term in the

phase field model still drive the mixture of solid and

liquid to metastable solid state (∂ϕ/∂t > 0) instead of

stable liquid state (∂ϕ/∂t < 0). During the derivation

of the phase field model, the surface tension energy is

a constant physical parameter in Eq. (12). With the

increase of the interface thickness, the energy barrier

height coefficient H decreases to keep WH constant.

Then the amendment of surface tension becomes lower

and the non-equilibrium effects related to the negative

driving force will be more obvious. When the surface

tension cannot make up for the negative driving force,

∂ϕ/∂t < 0 may appear at the certain local area across

the diffuse interface. The requirement of ∂ϕ/∂t > 0

during the simulation of continuous solidification pro-

cess can introduce the restriction on the phase field

model,

∇2ϕ+ ϕ− ϕ3 +
λ

L/cp
(1− ϕ2)2

×
(

2mc

1 + k − (1− k)ϕ
− (T − Tm)

)
> 0. (20)

According to the relationship of d0 = a1W/λ in the

phase field model, the limitation on the interface

thickness will be
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W

d0
< min

−
(
∇2ϕ+ ϕ− ϕ3

)
L/cp

a1(1− ϕ2)2
(

2mc

1 + k − (1− k)ϕ
− (T − Tm)

)
 . (21)

This is the extreme restriction for the interface thick-

ness. On the way approaching to this limitation the

simulation results may be outside the regime of con-

vergence because the negative driving force brings

about artificial solute trapping effects. Anyway, the

non-equilibrium effects relevant to the negative driv-

ing force are the prime reason for the extreme restric-

tion and the interface thickness dependent simulation

results.

4. Simulation and discussion

One-dimensional solidification into undercooled

melts without kinetic effects is simulated with the

same physical parameters as in Ref. [8],

−m(1− k)

L/cp
= 0.5325,

T − Tm −mc∞
L/cp

= −0.55, k = 0.15. (22)

Figure 2 shows ∂ϕfmix as a function of ϕ with different

interface thicknesses at the evolution time tD/d20 =

83000 with grid spacing dx = 0.4. In Fig. 2(a), at

a small interface thickness of W/d0 = 3.61, ∂ϕfmix

is positive in most regions across the diffuse inter-

face. However, as shown in the inset, ∂ϕfmix is neg-

ative near the solid side of the interface in the mag-

nified area. This consists with the previous analy-

sis that ∂ϕfmix > 0 cannot be satisfied across the

whole diffuse interface during phase field simulation.

With the increase of W/d0, the negative phase trans-

formation driving force becomes more obvious. As

shown in Fig. 2(b), for a large interface thickness of

W/d0 = 14.44, the negative driving force is visible

and there is an obvious minimum point on the curve

of ∂ϕfmix at around ϕ = 0.5. But in this case, the

deviation is not strong enough to overcome the posi-

tive contribution of surface tension, which ensures the

phase field can still evolve from liquid phase to solid

phase (∂ϕ/∂t > 0). During this kind of phase trans-

formation the solid concentration will be higher than

the equilibrium one, which is the so called solute trap-

ping effect in the diffuse interface model. This kind of

non-equilibrium may invalidate the simulation results.

Further increase of W/d0, i.e., the effect of surface

tension cannot keep the mixture changing into solid

phase. This causes the breakdown of the phase field

profile, indicating the extreme limitation of interface

thickness which is reached.

Fig. 2. The relevant thermodynamic driving force ∂ϕfmix

at time of tD/d20 = 83000, with grid spacing dx = 0.4. (a)

W/d0 = 3.61, (b) W/d0 = 14.44.

The diffuse interfaces from simulations with dif-

ferent interface thicknesses with a grid spacing dx =

0.4 are shown in Fig. 3. At a small interface thick-

ness, the phase field along the interface is close to

the equilibrium distribution. Although the negative

driving force is obvious for W/d0 = 14.44, the diffuse

interface is in a small deviation from the equilibrium

shape. Therefore the thermodynamic driving force re-

flects the convergence limitation of interface thickness

rather than the phase field variable. When the inter-

face thickness exceeds a critical value, the interface

breaks down on the side of solid phase region, which

also happens even with much thinner grid spacing

dx = 0.1 as shown in Fig. 3(b). The simulation result
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indicates that in the quantitative phase field model

the inequality (19) at some certain local areas across

the diffuse interface is caused by the intrinsic descrip-

tion of the phase field model. According to the above

simulation results and analysis, it can be concluded

that the non-equilibrium effects related to the negative

driving force and the extreme limitation of the inter-

face thickness, depending upon the non-equilibrium

distribution of phase field profile and concentration

profile, are intrinsic characteristic of the quantitative

phase field model with diffuse interface. In inequal-

ity (21) the phase field and concentration distribution

across the diffuse interface is very difficult to be ob-

tained analytically. Evaluation and verification of the

non-equilibrium effects can only be performed by nu-

merical simulations. However, it is affected by simula-

tion methodology because of the numerical-dependent

phase field and concentration distribution.

Fig. 3. The diffuse interface profiles with different inter-

face thicknesses and grid spacing. The invalid interface

shapes reveal that the interface thickness is beyond the

upper limit.

Figure 4 shows the values of both sides of the in-

equality (21) at dx = 0.4 and dx = 0.1, respectively.

The minimum value of the RHS of the inequality (21)

exponentially decreases with the interface thickness.

The crossing point corresponds to the extreme limi-

tation of the interface thickness caused by the non-

equilibrium effects. When the interface thickness is

larger than the critical value, the inequality (21) is

not satisfied.

Fig. 4. Values of both sides of ineq. (21) with different

W/d0. The extension dash lines are drawn to give the

crossing point approximately.

The discussion indicates that the phenomenon of

∂ϕ/∂t < 0 is inevitable in the phase field model, which

cannot be eliminated by optimising the simulation

methodology. The existence of negative driving force

strongly interacts with the solute drag effect. Further

understanding and characterising the negative area in

Fig. 2 may uncover the quantitative description of so-

lute drag effect in phase field model. Moreover, the re-

quirement of simulation convergence on the interface

thickness may be weaker by relaxing the extreme re-

striction on interface thickness. And the quantitative

phase field may be amended to improve the simula-

tion efficiency by releasing the non-equilibrium effects

relevant to the negative driving force.

5. Conclusion

In summary, the non-equilibrium effects relevant

to the negative driving force in the quantitative phase

field model of binary alloys solidification have been

presented. According to the analysis of phase transfor-

mation driving force, the existence of metastable solid

phase in thermodynamics is uncovered during the sim-

ulation of solidification by the quantitative phase field

model, which gives the thermodynamic explanation of

the description of solute trapping effects in phase field

model. For a larger interface thickness, the metastable

solid phase may transits to liquid phase (∂ϕ/∂t < 0),

which destroys the process of phase transition. The

extreme restriction of the interface thickness in the

quantitative phase field model is demonstrated numer-

ically according to the continuity of phase transition.
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