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This paper investigates Kondo transport properties in a quadruple quantum dot (QD) based on the slave-boson

mean field theory and the non-equilibrium Green’s function. In the quadruple QD structure one Kondo-type QD

sandwiched between two leads is side coupled to two separate QD structures: a single-QD atom and a double-QD

molecule. It shows that the conductance valleys and peaks always appear in pairs and by tuning the energy levels in

three side QDs, the one-, two-, or three-valley conductance pattern can be obtained. Furthermore, it finds that whether

the valley and the peak can appear is closely dependent on the specific values of the interdot couplings and the energy

level difference between the two QDs in the molecule. More interestingly, an extra novel conductance peak can be
produced by the coexistence of the two different kinds of side QD structures.
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1. Introduction

The Kondo effect,[!! as a typical many-body
attracted consider-
Ow-

ing to the rapid advances in the low-temperature

correlated phenomenon, has
able theoretical and experimental attention.

and semiconductor-fabricating technologies, exten-
sive studies on Kondo effects have also been car-
ried out in artificial atomic or molecular quantum-
dot (QD) structures.*='4 In recent years, based on
the single-QD or double-QD structure, many inter-
esting subjects, such as the single-impurity Kondo
effect,
channel Kondo effect, and the competition between

the double-impurity Kondo effect, many-
Kondo effect and anti-ferromagnetic interaction or
Ruderman-Kittel-Kasuya—Yosida (RKKY) interac-
tion, have been investigated.!'>~17 On the other hand,
different kinds of QD structures have been proposed
according to the specific research objectives. In gen-
eral, QD structures!®=26] can be classified into four
kinds: serially coupled QDs, horizontally coupled
QDs, circularly coupled QDs, and side-coupled QDs.
Just very recently, people start to consider the side-
coupled QDs theoretically and experimentally.27—31]

First Giiclii et al.3? studied the transport prop-
erties in a setup with a noninteracting QD and a side

Kondo-type QD. Then using a strongly correlated QD
attached to two leads with a side noninteracting QD,
Wu et al.[?3] studied the transport properties and the
influences of the side single QD. It is demonstrated
that the linear conductance will depart from the uni-
tary limit due to the interdot coupling. Moreover,
Tanamoto and Nishi devised a similar setup with a
side-coupled double-QD structure to study the Fano—
Kondo effect.[?4 Afterwards, Trocha and Barna$ in-
vestigated the Kondo—Dicke resonances in the electron
transport through a triple QD system with two sepa-
rate side QDs.[35] These studies may be viewed as the
starting point of the studies on the QD system with
side-coupled QD structures.

Motivated by these researches, in this paper, we
propose a new type of quadruple QD setup with two
different side-coupled structures: a single-QD atom
and a double-QD molecule, as shown in Fig. 1. It
should be emphasized that this extension of the side-
coupled QD structure is by no means a trivial proce-
dure. As discussed below, studies on this quadruple
QD can present much more information which is cru-
cial to help us completely understand the influences
on the transport properties caused by the competi-
tion between two different side structures. Using the

*Project supported by National Natural Science Foundation of China (Grant Nos. 10604005 and 10974015) and supported by
Program for New Century Excellent Talents in University of China (Grant No. NCET-08-0044).

fCorresponding author. E-mail: jiangzhaotan@bit.edu.cn

(© 2010 Chinese Physical Society and IOP Publishing Ltd

http://www.iop.org/journals/cpb  http://cpb.iphy.ac.cn

077307-1



Chin. Phys. B Vol. 19, No. 7 (2010) 077307

non-equilibrium Green’s function we will study sys-
tematically the quantum transport properties in this
quadruple QD system. It is shown that the valleys and
peaks in the linear conductance curves always appear
in pair and one can obtain one-, two-, or three-valley
conductance patterns by tuning the energy levels in
three side QDs . Whether the valley and the peak can
appear is closely dependent on the specific values of
the interdot coupling and the energy level difference
between the two QDs in the molecule. In addition,
the relative position relation between the valley and
the peak in each pair is completely determined by the
melecular QD energy levels. Moreover, an extra novel
conductance peak can be caused by the coexistence of
the two different side QD structures.

ta3

t14

VikR,1
R

t12

VikL1
L

Fig. 1. Schematic illustration of the QD system with two
different kinds of side-coupled objects, QD atom (QD2)
and molecule (QD3 and QD4), sandwiched between two
leads (L and R). The Vjp, /gr,1 describes the coupling of
QD1 to leads L/R, whereas t;; is the interdot coupling
between the ith and the jth QDs with ij = 12, 14, 43.

The rest of this article is organized as follows. In
Section 2 we give the Hamiltonian of the QD system
with the side-coupled three QDs and the derivation
details of the Green’s function and the conductance.
In Section 3 the numerical results and discussion are
presented. Finally, a conclusion is outlined in Section
4.

2. Model and formulation

We consider a complex system composed of four
single-level QDs, one small QD1 and three large QDs
2, 3, and 4, sandwiched between the left (L) and right
(R) leads (see Fig. 1). The entire system under con-
sideration can be modeled by the Anderson impurity
Hamiltonian H = Hgot + Hicads + Hcoup, in which the
first term describes the Hamiltonian of the four QD

system

Haow = Y (21}, dio + Usdl, digdlydis /2)
+ 3 (tydl,dio +he). (1)
(i)

Here ¢; (i = 1, 2, 3, 4) denotes the ground-state en-
ergy of the ith QD and U; the corresponding intradot
Coulomb repulsion interaction. The d; (dis) is the
creation (annihilation) operator of the electron in the
state €; and t;; represents the interdot coupling be-
tween the ith and jth QDs with (ij) = 12, 14, 34. The
noninteracting electrons in the left and right leads are
modeled by

Hicaqs = Z Ekaczgacko’a (2)

koa=L,R
with €, being the energy of an electron with wave
vector k and spin o in the ath lead, and ¢},__ (croq) the
corresponding creation (annihilation) operator. The
coupling between the two leads and QD1 is denoted
by

Heowp = Y Via1Chyadio + hc., (3)
koo
where Vi1 represents the hopping term between the
ath lead and QD1.

In the regime here we consider that the Coulomb
interactions Uz 3 4 in QDs 2,3,4 are kept to be 0, and
the Coulomb interaction U; in QD1 is chosen to be oo,
which forbids the double occupancy on QD1. Thus
we can make use of the infinite-U slave-boson mean-
field (SBMF) approach to discuss its Kondo transport
properties. Therefore, in the auxiliary slave-boson
representation the Anderson Hamiltonian H can be

reexpressed as/?0]

H = Z 51«0040110(1614:001 + Zélfltaflo + ngd;r)gdpa
po

koo o

+ (tasdl,dsg + tra fl,bd2g + trafi,bdsg + hoc)

+> (Via10lpab fio +hie) + ABTb—1).  (4)
koa
To derive the above Hamiltonian the creation (anni-
hilation) operator d! (di,) is decomposed into fi_b
(b' f1,) and the constraint bib+ 3" f 1, = 1is also
taken into account by a Lagrange multiplier A. Based
on the slave-boson mean field approximations the op-
erators bf and b are replaced by a constant ¢ number
b, indicating that the charge fluctuations around the
average (b(t)) are ignored. The two undermined pa-
rameters b and A can be determined by the following
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self-consistent equations

b2—iZ/g—;G1<h,(a) =1, (5)
—»}j/‘ (c-&)G5, (). (6)

Here G5, (e) is the lesser Green’s function, which
can be found according to the Dyson equation G" =
g" + G"X"g" and the Keldysh equation G< =
G"Y<G*.37-39 Here we show all the required pa-
rameters used in the Dyson and Keldysh equations.
The retarded Green’s functions of the isolated QDs
can be expressed in the 4 x 4 matrix form with the
diagonal elements gj; = (¢ — & +i0%)7!
(e—ep+i 0+)~! for p = 2, 3,4 while the non-diagonal
ones zero. The lesser self energy can be written as

and g, =

—ilo, ti2, 0, tu
t~217 07 07 0

I7(e) = : (7)
07 07 07 t34

1?41 ) 07 t437 0

Here we define &, = &1 + A\, t1o = ta1 = tiab,
fiy = ty = tub, and Iy = (It + I'r)/2. The
Fa = ?’Nzk V;ia,le*aJd(a
where Vi1 = Vk"k%1 = bVia,1-

— €ra) is equal to b2T,
For the lesser self en-
ergy X< there is only one non-zero element X5 (¢) =
i[IfL(e) 4 Tr fr(€)]. Remarkably, all the parameters
in the Dyson or Keldysh equation are 4 x 4 matrices.
The current flowing through the QD system can be
expressed by

fmz/ & Pl fu(Ghyy — Gh,) + G, (8)
and the linear conductance is
G =dlg/dV = fImZ/d FR 11“. (9)

Here the bias is defined as V = V, — Vg with
VR = 0 being the energy zero point and fr the
Fermi distribution function of the right lead. Gener-
ally, the current flowing through a two-terminal struc-
ture can be expressed as the following typical form
I = (2¢/h) [ deT(¢)[fL(e) — fr(e)] with the transmis-
sion coefficient T'(¢).13”) For the present model we can
obtain its transmission coefficient
Iy IR (A7)’
[(e —&AT, + A2+

T(e) = (10)

(ToAT)?
Here we introduce two parameters A]; = (¢ —e2)[(e —
53)(8—64) - |t34‘ ]) and A = —( —63)[(8—52)|£14|2+

(e—e4)|t12]?]+|f12/?|t34]?. Moreover, in the small-bias
limit, the linear conductance can be proved to equal
G(e = 0) = 2GoT(0) with Gy = €?/h being conduc-
tance unit. Also, we can calculate the local density of
states (LDOS) in QD1 according to the formula

pie) = ~ImGyy /m
— - 2F0( 71-1)2 _ . (11)
m{l(e =&)AL, + A2 + ([A7)?}

1), we may find that the
linear conductance is closely dependent on the LDOS

By comparing Egs. (10) and (1

p1(0). Actually, from our results one can easily deduce
the formulae for the system with the side-coupled sin-
gle QD,[32:33] double QDs,4, or two separate QDs!3?!
by selecting the suitable parameters, which further
manifests the validity of our research. Notably, the
model considered here can exhibit much more infor-

mation than the three systems in Refs. [32]-[35].

3. Results and discussion

Numerical results about the Kondo transport
through the quadruple QD system are provided so as
to explore the effects on the quantum transport in-
duced by the side-coupled QDs.
assume the equal tunnel couplings I'1, = I'r = 1 as the
—3.5.
1075
is kept always throughout the calculation. We here

For convenience we

energy unit, and the bare QD1 energy level ; =
The low temperature condition with kT =

mainly concentrate on the linear conductance near the
zero-bias anomaly.

3.1. Effects of QDs’ energy levels

In this section we will investigate the influences
of the side-coupled QD energy levels on the Kondo
transport properties through QD1. To observe all the
effects clearly we will discuss the linear conductance
in three cases: (i) tuning the energy level g5 of QD2
only; (ii) tuning the energy levels e3 and &4 of QDs 3
and 4 simultaneously; and (iii) tuning all three energy
levels €9 = €3 = &4.

In Fig. 2 we first consider the influence of the QD2
energy level on the linear conductance G(0). Figure
2(a) shows the conductance curves when e3=e¢4=—0.2
is smaller than &; =~ V,=VRr=0. In the case of
t12=0.01, QD2 is weakly coupled to QD1 and inclined
to decouple from QD1 in the region of |e3| >> 0,
where the conductance becomes a constant equal to
that of the system only with the QD molecule (QDs
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3 and 4).
the interdot coupling t1o will play a crucial role in
renormalizing the LDOS p;(e) in QDI1, and thus se-
riously affects the conductance pattern.

However when |eo] ~ 0, close to &1,

Especially
the LDOS at e=e5=0 is suppressed to be zero, in-
ducing the zero conductance at e5=0. On the other
hand, the renormalization of p;(e) will also induce a
resonant conductance peak on the right side of this
valley. This means that the side-coupled QD2 can
induce an anti-resonance and a resonance in the con-
ductance. As the interdot coupling ¢1o increases, the
valley becomes wide, which should be certainly the
case since a stronger t1o will make the energy level eo
mixes strongly with £; in a wider region. However,
the bottom of the valley always stays at eo=0 while
the peak position moves right with the peak becom-
ing wide. Then we study the G ~ &9 curves in the
other three cases of e3=¢4=0, e3=¢4 >> 0, and even
€3=0.2 and €4=0.1. We can see that there are no qual-
itative changes occurring in the conductance patterns
but some quantitative variations. The appearance of
the zero conductance at e = 0 is due to that the
LDOS pi(e) of QD1 goes to zero at € = 9, same as
the results obtained by Wu et al.l*3 This property
of the zero LDOS is immune to the side-coupled QD
molecule, which can be seen clearly from Eq. (11).
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Fig. 2. Conductance as a function of the energy level of
QD2 e for different energy levels (a) e3 = e4 = —0.2; (b)
0.0; (c) 0.2; and (d) e3 = e4 + 0.1 = 0.2. The interdot
couplings are chosen to be t14 = t43 = 0.1.

Next we investigate the second case where the in-
fluences of the side-coupled double QDs 3 and 4 are
considered by tuning €3 and 4 while €5 is kept invari-
antly equal to —0.2 or 0.2, respectively in Figs.3(a) or
3(b).

two anti-resonance valleys can be observed at g3 =

For the dashed curve in Fig.3(a) with e5 = &4

40.1, and on the right hand side of each valley a res-
onance peak is always formed. When g4 — e3 = F0.1,
the conductances seem to move to right/left relative

to that of e3= &4 with the principal characteristics
untouched. Obviously, all these characteristics should
be attributed to the side double QDs 3 and 4, which
can be understood also from the relation p;(e=0)=0.
It can be easily found that the two anti-resonance po-
sitions corresponding to p1(e=0)=0 are localized at
(=0 £ /0% 4+ 4|t34/|?)/2 with 6 = g4 — e3, which give
the positions of the conductance valleys. Also we can
find a resonance peak on the right side of each val-
ley. Then we examine the curves with 5 = —0.2
in Fig. 3(b). We can find that the conductance pat-
terns are very similar to those in Fig. 3(a). It seems
that the valley of €5 does not affect the conductance
pattern at all. In fact, this is not the case. In the
cases of e = £0.2 and the weak interdot couplings
(t12 = t14 = t43=0.1), QD2 is almost decoupled from
QD1 and thus little effect can be made on the con-
ductance. However, if we choose €5 being very close
to zero, one can anticipate that serious variations of
the conductance patterns will appear. Especially in
the limit of e2=0 (anti-resonance position), the con-
ductance will always be zero no matter how the energy
levels of QD3 and QD4 change. In the same manner,
when the side-coupled QDs 3 and 4 are tuned right at
the anti-resonance positions, the conductance is also
always zero, immune to the side-coupled single QD2.

6 f--l N ST N 10E.. N,
' ‘-.z
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Fig. 3. Conductance G vs the QD3 energy level €3 with
€2=0.2 (a) and —0.2 (b), where the solid, dashed, and dot-
ted curves corresponding to €4 — e3 = —0.1, 0.0, and 0.1
are lifted up by 0, 2, and 4, respectively. Here all the in-
terdot couplings are kept to be t15 = t14 = ta3 = 0.1. For
the equal QD energy levels ea = €3 = €4, the conductances
are plotted in (c) for the different interdot couplings t43.
From bottom to up, the offsets of the curves are selected
to be 0, 2, 4, 6, and 8, respectively. Here t12 and t14 are
kept equal to 0.1.

Lastly we study the conductance patterns in
Fig. 3(c) when all the three QD levels are kept equal
and tuned in the same speed. For the weak interdot
coupling t34=0.01 we can see that two sharp peaks
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and three narrow valleys are observed. With the in-
crease of t34, the middle valley is always pinned at
€3 = 0, while the other two valleys at +¢34 move away
from each other. Actually the middle valley is deter-
mined by the side QD2 and it is reasonable that the
valley position is not influenced by the variation of
t34. However, the other two valleys induced by the
side-coupled double QDs are strongly modified by the
interdot coupling t34. This indicates that the interdot
coupling between QDs 3 and 4 can seriously change
the conductance valley positions. In addition, when
ts4 increases, the sharp peaks between the adjacent
valleys in the case of weak t34 become broader and
Also, it should be
emphasized that each valley always has an adjoint res-

eventually evolve into two flats.

onance peak on its right side, indicating that the side
QD structures can produce the conductance valley and
peak in pair.

3.2. Effects of interdot couplings

In this section, we will turn to study the influ-
ences of the interdot coupling ¢34 on the linear con-
ductance. For this purpose, we examine the transmis-
sion coefficient again. From the condition 7'(e=0)=0
we can find that eo=0 and e3e4 = [t34]>. Assuming
€4 = €3 + 0, the latter condition can be further ex-
pressed as tzqs = +/e3(ez +d), which gives the zero
conductance positions shown in Fig. 4. For a positive
(negative) ¢, the zero conductance can be established
by adjusting ¢34 in the region of €3 > 0 or g3 < —§
(e3 < 0 or e3 > —§), called as region I. However, in
the region of —§ < e3 <0 or 0 < e3 < 4, called as re-
gion II, one can not find such anti-resonance positions

any more.

[ea(es — [8D]M/? [es(es +[8D)]'/2

t34

(a) (b)
> 1 0 1 2 —2 -1 0 1 2
e3/d] es/|d]

Fig. 4. Variations of the zero conductance positions as a
function of e3 for —|d| (a) and +|d| (b).

In the following we will first discuss in Fig. 5 the
influences of t34 on the transport properties when &3

takes the values in region I. For the case of —|d| the
conductances corresponding to e2=0.1 and —0.1 are
shown in Figs. 5(a) and 5(b), respectively. When e3
takes the value of —0.15 in the region €3 < 0, and thus
€4 is equal to —0.25, we can find an anti-resonance val-
ley at t34 = 0.194. On the other hand, when e3 takes
the value of 0.15 (or 0.3) in the region €3 > —§=0.1,
a valley can also be found at 0.0866 (or 0.245). No-
tably, there exists a resonance peak localized on the
right side of the valley when €3 < 0 while on the left
side when 3 > —4§. This is also the case for eo = —0.1
shown in Fig. 5(b). Now we turn to examine the trans-
port properties with 6 = 0.1 in Figs. 5(c) and 5(d).
Obviously in the region of 3 < —§ = —0.1 there ex-
ists a conductance valley with a resonance peak on its
right side. However, a resonance peak will be found
on the left side of the valley for €3 > 0. These re-
sults indicate that the interdot coupling t34 between
QDs 3 and 4 can induce an anti-resonance valley and
a resonance peak for a certain QDs energy level con-
figuration. To summarize, when €3 is in the left part
of region I, the conductance peak is localized on the
right side of the valley while it is on the left side when
€3 is in the right part of region I.

Finally, we explore the conductance when eg
is localized in region II. For convenience we re-
express the transmission coefficient in Eq. (10) as
T(e =0)=T3/([&1 — A(0)/A7,(0)]? + I}) with I, =
Iy = Io. Generally &; is pinned at the Fermi en-
ergy (= 0) and hence the transmission coefficient is
mainly determined by the term —A(0)/A7,(0) = 7.
When |v| is equal to 0 (00), the transmission coef-
ficient approaches 1 (0). For simplicity, by choos-
ing t15 = ti4 = tg we obtain a concise formula
v o= —tp [1/ea +1/(ea — t3y/e3)] -
Fig. 4(a), when e3 takes the values from 0 to |d],

For the case in

€4 takes the values from —|d| to 0. In the limit of
g3 — 07 and g4 — —|d| we obtain v = —#3 /5. The
conductance becomes independent of ¢34 as shown by
the solid curve in Fig. 5(a). When ey approaches
zero, the transmission coefficient approaches 0 because
|v] = oo, in agreement with the discussion in Subsec-
tion 3.2. In the other limit of e3 — |0] and €4 — 07,
we have v = —t2(1/e2—|3|/t3,). As t34 increases from
zero, v will decrease from +o0o and thus the conduc-
tance increases from zero, see the dash-dotted curve
in Fig. 5(b).
is decoupled from QD4 with |§| — oo or t34 — 0, the

For a general g5 # 0, only when QD3

conductance approaches zero in the case of ¢4 = 0.
This verifies that for the quadruple QD system con-
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sidered here the anti-resonance valley does not exist in €2 since €3 is independent of €3 4. It should be em-
region II when €9 # 0. Furthermore we consider the  phasized that this is a new type of resonance caused
resonance conductance peaks. Note that for certain by both side QD structures. Similar results can be
value of 1/(e4 — t2,/e3), T(0) = 1 can be relatively  obtained by analysing the case shown in Fig. 4(b).

easier to be established by adjusting the parameter

e2=0.1,e4 =e3 — 0.1 g2 =0.1,e4 =e3+0.1
o
)
=
V)
go=—0.1,e4 =3 —0.1 go =—0.1,e4 =e3+0.1
2F .\ IN 5 A [~ —
e ~ o r P
[ .= —s 4.._.. !‘{’TJ‘::-M.--_M
1 H . [N 1 d
iy ) iy @
Y| N
S by eam o ea=
%) i R
O -—0.20 H || -
o —— 005 i ) ———005
lj ; —-—-0.10 £ ) ——-010
¢ —-=-0.25 f oy ——02s
0 0.1 0.2 0.3 04 0 0.1 0.2 0.3 04
t43/F t43/['

Fig. 5. Variation of the conductance as a function of ¢43 while the other two interdot couplings are kept to be
t12 = t14 = 0.1 for the different QD energy level configurations.

4. Conclusion

In conclusion, we investigate the transport properties through the quadruple QD system. We mainly
concentrate on the influences on the linear conductance induced by two different kinds of side structures. It is
found that by tuning the energy levels in three side QDs one can observe one-, two-, or three-valley conductance
patterns. Furthermore, the conductance valleys and peaks appear always in pairs and their appearance is closely
dependent on the specific values of the interdot coupling and the energy level difference between the two QDs
in the molecule. Also, an extra novel conductance peak can be produced by the coexistence of the two different

kinds of side QD structures.
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