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This paper investigates Kondo transport properties in a quadruple quantum dot (QD) based on the slave-boson

mean field theory and the non-equilibrium Green’s function. In the quadruple QD structure one Kondo-type QD

sandwiched between two leads is side coupled to two separate QD structures: a single-QD atom and a double-QD

molecule. It shows that the conductance valleys and peaks always appear in pairs and by tuning the energy levels in

three side QDs, the one-, two-, or three-valley conductance pattern can be obtained. Furthermore, it finds that whether

the valley and the peak can appear is closely dependent on the specific values of the interdot couplings and the energy

level difference between the two QDs in the molecule. More interestingly, an extra novel conductance peak can be

produced by the coexistence of the two different kinds of side QD structures.
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1. Introduction

The Kondo effect,[1] as a typical many-body

correlated phenomenon, has attracted consider-

able theoretical and experimental attention. Ow-

ing to the rapid advances in the low-temperature

and semiconductor-fabricating technologies, exten-

sive studies on Kondo effects have also been car-

ried out in artificial atomic or molecular quantum-

dot (QD) structures.[2−14] In recent years, based on

the single-QD or double-QD structure, many inter-

esting subjects, such as the single-impurity Kondo

effect, the double-impurity Kondo effect, many-

channel Kondo effect, and the competition between

Kondo effect and anti-ferromagnetic interaction or

Ruderman–Kittel–Kasuya–Yosida (RKKY) interac-

tion, have been investigated.[15−17] On the other hand,

different kinds of QD structures have been proposed

according to the specific research objectives. In gen-

eral, QD structures[18−26] can be classified into four

kinds: serially coupled QDs, horizontally coupled

QDs, circularly coupled QDs, and side-coupled QDs.

Just very recently, people start to consider the side-

coupled QDs theoretically and experimentally.[27−31]

First Güclü et al.[32] studied the transport prop-

erties in a setup with a noninteracting QD and a side

Kondo-type QD. Then using a strongly correlated QD

attached to two leads with a side noninteracting QD,

Wu et al.[33] studied the transport properties and the

influences of the side single QD. It is demonstrated

that the linear conductance will depart from the uni-

tary limit due to the interdot coupling. Moreover,

Tanamoto and Nishi devised a similar setup with a

side-coupled double-QD structure to study the Fano–

Kondo effect.[34] Afterwards, Trocha and Barnaś in-

vestigated the Kondo–Dicke resonances in the electron

transport through a triple QD system with two sepa-

rate side QDs.[35] These studies may be viewed as the

starting point of the studies on the QD system with

side-coupled QD structures.

Motivated by these researches, in this paper, we

propose a new type of quadruple QD setup with two

different side-coupled structures: a single-QD atom

and a double-QD molecule, as shown in Fig. 1. It

should be emphasized that this extension of the side-

coupled QD structure is by no means a trivial proce-

dure. As discussed below, studies on this quadruple

QD can present much more information which is cru-

cial to help us completely understand the influences

on the transport properties caused by the competi-

tion between two different side structures. Using the
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non-equilibrium Green’s function we will study sys-

tematically the quantum transport properties in this

quadruple QD system. It is shown that the valleys and

peaks in the linear conductance curves always appear

in pair and one can obtain one-, two-, or three-valley

conductance patterns by tuning the energy levels in

three side QDs . Whether the valley and the peak can

appear is closely dependent on the specific values of

the interdot coupling and the energy level difference

between the two QDs in the molecule. In addition,

the relative position relation between the valley and

the peak in each pair is completely determined by the

melecular QD energy levels. Moreover, an extra novel

conductance peak can be caused by the coexistence of

the two different side QD structures.

Fig. 1. Schematic illustration of the QD system with two

different kinds of side-coupled objects, QD atom (QD2)

and molecule (QD3 and QD4), sandwiched between two

leads (L and R). The VkL/R,1 describes the coupling of

QD1 to leads L/R, whereas tij is the interdot coupling

between the ith and the jth QDs with ij = 12, 14, 43.

The rest of this article is organized as follows. In

Section 2 we give the Hamiltonian of the QD system

with the side-coupled three QDs and the derivation

details of the Green’s function and the conductance.

In Section 3 the numerical results and discussion are

presented. Finally, a conclusion is outlined in Section

4.

2. Model and formulation

We consider a complex system composed of four

single-level QDs, one small QD1 and three large QDs

2, 3, and 4, sandwiched between the left (L) and right

(R) leads (see Fig. 1). The entire system under con-

sideration can be modeled by the Anderson impurity

Hamiltonian H = Hdot +Hleads +Hcoup, in which the

first term describes the Hamiltonian of the four QD

system

Hdot =
∑
iσ

(
εid

†
iσdiσ + Uid

†
iσdiσd

†
iσ̄diσ̄/2

)
+

∑
⟨ij⟩,σ

(
tijd

†
iσdjσ + h.c.

)
. (1)

Here εi (i = 1, 2, 3, 4) denotes the ground-state en-

ergy of the ith QD and Ui the corresponding intradot

Coulomb repulsion interaction. The d†iσ (diσ) is the

creation (annihilation) operator of the electron in the

state εi and tij represents the interdot coupling be-

tween the ith and jth QDs with ⟨ij⟩ = 12, 14, 34. The

noninteracting electrons in the left and right leads are

modeled by

Hleads =
∑

kσα=L,R

εkαc
†
kσαckσα (2)

with εkσα being the energy of an electron with wave

vector k and spin σ in the αth lead, and c†kσα(ckσα) the

corresponding creation (annihilation) operator. The

coupling between the two leads and QD1 is denoted

by

Hcoup =
∑
kσα

Vkα,1c
†
kσαd1σ + h.c., (3)

where Vkα,1 represents the hopping term between the

αth lead and QD1.

In the regime here we consider that the Coulomb

interactions U2,3,4 in QDs 2,3,4 are kept to be 0, and

the Coulomb interaction U1 in QD1 is chosen to be ∞,

which forbids the double occupancy on QD1. Thus

we can make use of the infinite-U slave-boson mean-

field (SBMF) approach to discuss its Kondo transport

properties. Therefore, in the auxiliary slave-boson

representation the Anderson Hamiltonian H can be

reexpressed as[36]

H =
∑
kσα

εkσαc
†
kσαckσα +

∑
σ

ε̃1f
†
1σf1σ +

∑
pσ

εpd
†
pσdpσ

+
∑
σ

(t43d
†
4σd3σ + t12f

†
1σbd2σ + t14f

†
1σbd4σ + h.c.)

+
∑
kσα

(Vkα,1c
†
kσαb

†f1σ + h.c.) + λ(b†b− 1). (4)

To derive the above Hamiltonian the creation (anni-

hilation) operator d†1σ (d1σ) is decomposed into f†
1σb

(b†f1σ) and the constraint b†b+
∑

σ f
†
1σf1σ = 1 is also

taken into account by a Lagrange multiplier λ. Based

on the slave-boson mean field approximations the op-

erators b† and b are replaced by a constant c number

b, indicating that the charge fluctuations around the

average ⟨b(t)⟩ are ignored. The two undermined pa-

rameters b and λ can be determined by the following
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self-consistent equations

b2 − i
∑
σ

∫
dε

2π
G<

11σ(ε) = 1, (5)

λb2 = i
∑
σ

∫
dε

2π
(ε− ε̃1)G

<
11σ(ε). (6)

Here G<
11σ(ε) is the lesser Green’s function, which

can be found according to the Dyson equation Gr =

gr + GrΣ rgr and the Keldysh equation G< =

GrΣ<Ga.[37−39] Here we show all the required pa-

rameters used in the Dyson and Keldysh equations.

The retarded Green’s functions of the isolated QDs

can be expressed in the 4 × 4 matrix form with the

diagonal elements gr11 = (ε − ε̃1 + i 0+)−1 and grpp =

(ε− εp + i 0+)−1 for p = 2, 3, 4 while the non-diagonal

ones zero. The lesser self energy can be written as

Σ r(ε) =


− i Γ̃0, t̃12, 0, t̃14

t̃21, 0, 0, 0

0, 0, 0, t34

t̃41, 0, t43, 0

 . (7)

Here we define ε̃1 = ε1 + λ, t̃12 = t̃21 = t12b,

t̃14 = t̃41 = t14b, and Γ̃0 = (Γ̃L + Γ̃R)/2. The

Γ̃α = 2π
∑

k Ṽkα,1Ṽ
∗
kα,1δ(ε − εkα) is equal to b2Γα

where Ṽkα,1 = Ṽ ∗
kα,1 = bVkα,1. For the lesser self en-

ergy Σ< there is only one non-zero element Σ<
11(ε) =

i[Γ̃LfL(ε)+ Γ̃RfR(ε)]. Remarkably, all the parameters

in the Dyson or Keldysh equation are 4× 4 matrices.

The current flowing through the QD system can be

expressed by

IR =
e

h̄
Im

∑
σ

∫
dε

2π
Γ̃R[fR(G

r
11σ −Ga

11σ) +G<
11σ], (8)

and the linear conductance is

G = dIR/dV =
e

h̄
Im

∑
σ

∫
dεΓ̃R

dG<
11σ

dV
. (9)

Here the bias is defined as V = VL − VR with

VR = 0 being the energy zero point and fR the

Fermi distribution function of the right lead. Gener-

ally, the current flowing through a two-terminal struc-

ture can be expressed as the following typical form

I = (2e/h)
∫
dεT (ε)[fL(ε)− fR(ε)] with the transmis-

sion coefficient T (ε).[37] For the present model we can

obtain its transmission coefficient

T (ε) =
Γ̃LΓ̃R(A

r
11)

2

[(ε− ε̃1)Ar
11 +∆]2 + (Γ̃0Ar

11)
2
. (10)

Here we introduce two parameters Ar
11 ≡ (ε−ε2)[(ε−

ε3)(ε−ε4)−|t34|2]) and ∆ ≡ −(ε−ε3)[(ε−ε2)|t̃14|2+

(ε−ε4)|t̃12|2]+|t̃12|2|t34|2. Moreover, in the small-bias

limit, the linear conductance can be proved to equal

G(ε = 0) = 2G0T (0) with G0 ≡ e2/h being conduc-

tance unit. Also, we can calculate the local density of

states (LDOS) in QD1 according to the formula

ρ1(ε) = −ImGr
11/π

=
2Γ̃0(A

r
11)

2

π{[(ε− ε̃1)Ar
11 +∆]2 + (Γ̃0Ar

11)
2}

. (11)

By comparing Eqs. (10) and (11), we may find that the

linear conductance is closely dependent on the LDOS

ρ1(0). Actually, from our results one can easily deduce

the formulae for the system with the side-coupled sin-

gle QD,[32,33] double QDs,[34], or two separate QDs[35]

by selecting the suitable parameters, which further

manifests the validity of our research. Notably, the

model considered here can exhibit much more infor-

mation than the three systems in Refs. [32]–[35].

3. Results and discussion

Numerical results about the Kondo transport

through the quadruple QD system are provided so as

to explore the effects on the quantum transport in-

duced by the side-coupled QDs. For convenience we

assume the equal tunnel couplings ΓL = ΓR = 1 as the

energy unit, and the bare QD1 energy level ε1 = −3.5.

The low temperature condition with kBT = 10−5

is kept always throughout the calculation. We here

mainly concentrate on the linear conductance near the

zero-bias anomaly.

3.1. Effects of QDs’ energy levels

In this section we will investigate the influences

of the side-coupled QD energy levels on the Kondo

transport properties through QD1. To observe all the

effects clearly we will discuss the linear conductance

in three cases: (i) tuning the energy level ε2 of QD2

only; (ii) tuning the energy levels ε3 and ε4 of QDs 3

and 4 simultaneously; and (iii) tuning all three energy

levels ε2 = ε3 = ε4.

In Fig. 2 we first consider the influence of the QD2

energy level on the linear conductance G(0). Figure

2(a) shows the conductance curves when ε3=ε4=−0.2

is smaller than ε̃1 ≈ VL=VR=0. In the case of

t12=0.01, QD2 is weakly coupled to QD1 and inclined

to decouple from QD1 in the region of |ε2| >> 0,

where the conductance becomes a constant equal to

that of the system only with the QD molecule (QDs

077307-3



Chin. Phys. B Vol. 19, No. 7 (2010) 077307

3 and 4). However when |ε2| ≈ 0, close to ε̃1,

the interdot coupling t12 will play a crucial role in

renormalizing the LDOS ρ1(ε) in QD1, and thus se-

riously affects the conductance pattern. Especially

the LDOS at ε=ε2=0 is suppressed to be zero, in-

ducing the zero conductance at ε2=0. On the other

hand, the renormalization of ρ1(ε) will also induce a

resonant conductance peak on the right side of this

valley. This means that the side-coupled QD2 can

induce an anti-resonance and a resonance in the con-

ductance. As the interdot coupling t12 increases, the

valley becomes wide, which should be certainly the

case since a stronger t12 will make the energy level ε2
mixes strongly with ε̃1 in a wider region. However,

the bottom of the valley always stays at ε2=0 while

the peak position moves right with the peak becom-

ing wide. Then we study the G ∼ ε2 curves in the

other three cases of ε3=ε4=0, ε3=ε4 >> 0, and even

ε3=0.2 and ε4=0.1. We can see that there are no qual-

itative changes occurring in the conductance patterns

but some quantitative variations. The appearance of

the zero conductance at ε2 = 0 is due to that the

LDOS ρ1(ε) of QD1 goes to zero at ε = ε2, same as

the results obtained by Wu et al.[33] This property

of the zero LDOS is immune to the side-coupled QD

molecule, which can be seen clearly from Eq. (11).

Fig. 2. Conductance as a function of the energy level of

QD2 ε2 for different energy levels (a) ε3 = ε4 = −0.2; (b)

0.0; (c) 0.2; and (d) ε3 = ε4 + 0.1 = 0.2. The interdot

couplings are chosen to be t14 = t43 = 0.1.

Next we investigate the second case where the in-

fluences of the side-coupled double QDs 3 and 4 are

considered by tuning ε3 and ε4 while ε2 is kept invari-

antly equal to −0.2 or 0.2, respectively in Figs.3(a) or

3(b). For the dashed curve in Fig.3(a) with ε3 = ε4
two anti-resonance valleys can be observed at ε3 =

±0.1, and on the right hand side of each valley a res-

onance peak is always formed. When ε4 − ε3 = ∓0.1,

the conductances seem to move to right/left relative

to that of ε3= ε4 with the principal characteristics

untouched. Obviously, all these characteristics should

be attributed to the side double QDs 3 and 4, which

can be understood also from the relation ρ1(ε=0)=0.

It can be easily found that the two anti-resonance po-

sitions corresponding to ρ1(ε=0)=0 are localized at

(−δ ±
√

δ2 + 4|t34|2)/2 with δ = ε4 − ε3, which give

the positions of the conductance valleys. Also we can

find a resonance peak on the right side of each val-

ley. Then we examine the curves with ε2 = −0.2

in Fig. 3(b). We can find that the conductance pat-

terns are very similar to those in Fig. 3(a). It seems

that the valley of ε2 does not affect the conductance

pattern at all. In fact, this is not the case. In the

cases of ε2 = ±0.2 and the weak interdot couplings

(t12 = t14 = t43=0.1), QD2 is almost decoupled from

QD1 and thus little effect can be made on the con-

ductance. However, if we choose ε2 being very close

to zero, one can anticipate that serious variations of

the conductance patterns will appear. Especially in

the limit of ε2=0 (anti-resonance position), the con-

ductance will always be zero no matter how the energy

levels of QD3 and QD4 change. In the same manner,

when the side-coupled QDs 3 and 4 are tuned right at

the anti-resonance positions, the conductance is also

always zero, immune to the side-coupled single QD2.

Fig. 3. Conductance G vs the QD3 energy level ε3 with

ε2=0.2 (a) and −0.2 (b), where the solid, dashed, and dot-

ted curves corresponding to ε4 − ε3 = −0.1, 0.0, and 0.1

are lifted up by 0, 2, and 4, respectively. Here all the in-

terdot couplings are kept to be t12 = t14 = t43 = 0.1. For

the equal QD energy levels ε2 = ε3 = ε4, the conductances

are plotted in (c) for the different interdot couplings t43.

From bottom to up, the offsets of the curves are selected

to be 0, 2, 4, 6, and 8, respectively. Here t12 and t14 are

kept equal to 0.1.

Lastly we study the conductance patterns in

Fig. 3(c) when all the three QD levels are kept equal

and tuned in the same speed. For the weak interdot

coupling t34=0.01 we can see that two sharp peaks

077307-4



Chin. Phys. B Vol. 19, No. 7 (2010) 077307

and three narrow valleys are observed. With the in-

crease of t34, the middle valley is always pinned at

ε3 = 0, while the other two valleys at ±t34 move away

from each other. Actually the middle valley is deter-

mined by the side QD2 and it is reasonable that the

valley position is not influenced by the variation of

t34. However, the other two valleys induced by the

side-coupled double QDs are strongly modified by the

interdot coupling t34. This indicates that the interdot

coupling between QDs 3 and 4 can seriously change

the conductance valley positions. In addition, when

t34 increases, the sharp peaks between the adjacent

valleys in the case of weak t34 become broader and

eventually evolve into two flats. Also, it should be

emphasized that each valley always has an adjoint res-

onance peak on its right side, indicating that the side

QD structures can produce the conductance valley and

peak in pair.

3.2. Effects of interdot couplings

In this section, we will turn to study the influ-

ences of the interdot coupling t34 on the linear con-

ductance. For this purpose, we examine the transmis-

sion coefficient again. From the condition T (ε=0)=0

we can find that ε2=0 and ε3ε4 = |t34|2. Assuming

ε4 = ε3 + δ, the latter condition can be further ex-

pressed as t34 =
√
ε3(ε3 + δ), which gives the zero

conductance positions shown in Fig. 4. For a positive

(negative) δ, the zero conductance can be established

by adjusting t34 in the region of ε3 ≥ 0 or ε3 ≤ −δ

(ε3 ≤ 0 or ε3 ≥ −δ), called as region I. However, in

the region of −δ < ε3 < 0 or 0 < ε3 < δ, called as re-

gion II, one can not find such anti-resonance positions

any more.

Fig. 4. Variations of the zero conductance positions as a

function of ε3 for −|δ| (a) and +|δ| (b).

In the following we will first discuss in Fig. 5 the

influences of t34 on the transport properties when ε3

takes the values in region I. For the case of −|δ| the
conductances corresponding to ε2=0.1 and −0.1 are

shown in Figs. 5(a) and 5(b), respectively. When ε3
takes the value of −0.15 in the region ε3 < 0, and thus

ε4 is equal to −0.25, we can find an anti-resonance val-

ley at t34 = 0.194. On the other hand, when ε3 takes

the value of 0.15 (or 0.3) in the region ε3 > −δ=0.1,

a valley can also be found at 0.0866 (or 0.245). No-

tably, there exists a resonance peak localized on the

right side of the valley when ε3 < 0 while on the left

side when ε3 > −δ. This is also the case for ε2 = −0.1

shown in Fig. 5(b). Now we turn to examine the trans-

port properties with δ = 0.1 in Figs. 5(c) and 5(d).

Obviously in the region of ε3 < −δ = −0.1 there ex-

ists a conductance valley with a resonance peak on its

right side. However, a resonance peak will be found

on the left side of the valley for ε3 > 0. These re-

sults indicate that the interdot coupling t34 between

QDs 3 and 4 can induce an anti-resonance valley and

a resonance peak for a certain QDs energy level con-

figuration. To summarize, when ε3 is in the left part

of region I, the conductance peak is localized on the

right side of the valley while it is on the left side when

ε3 is in the right part of region I.

Finally, we explore the conductance when ε3
is localized in region II. For convenience we re-

express the transmission coefficient in Eq. (10) as

T (ε = 0) = Γ̃ 2
0 /([ε̃1 −∆(0)/Ar

11(0)]
2 + Γ̃ 2

0 ) with Γ̃L =

Γ̃R = Γ̃0. Generally ε̃1 is pinned at the Fermi en-

ergy (≈ 0) and hence the transmission coefficient is

mainly determined by the term −∆(0)/Ar
11(0) ≡ γ.

When |γ| is equal to 0 (∞), the transmission coef-

ficient approaches 1 (0). For simplicity, by choos-

ing t12 = t14 = t0 we obtain a concise formula

γ = −t̃20
[
1/ε2 + 1/(ε4 − t234/ε3)

]
. For the case in

Fig. 4(a), when ε3 takes the values from 0 to |δ|,
ε4 takes the values from −|δ| to 0. In the limit of

ε3 → 0+ and ε4 → −|δ| we obtain γ = −t̃20/ε2. The

conductance becomes independent of t34 as shown by

the solid curve in Fig. 5(a). When ε2 approaches

zero, the transmission coefficient approaches 0 because

|γ| → ∞, in agreement with the discussion in Subsec-

tion 3.2. In the other limit of ε3 → |δ| and ε4 → 0−,

we have γ = −t̃20(1/ε2−|δ|/t234). As t34 increases from

zero, γ will decrease from +∞ and thus the conduc-

tance increases from zero, see the dash-dotted curve

in Fig. 5(b). For a general ε2 ̸= 0, only when QD3

is decoupled from QD4 with |δ| → ∞ or t34 → 0, the

conductance approaches zero in the case of ε4 = 0.

This verifies that for the quadruple QD system con-
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sidered here the anti-resonance valley does not exist in

region II when ε2 ̸= 0. Furthermore we consider the

resonance conductance peaks. Note that for certain

value of 1/(ε4 − t234/ε3), T (0) = 1 can be relatively

easier to be established by adjusting the parameter

ε2 since ε2 is independent of ε3,4. It should be em-

phasized that this is a new type of resonance caused

by both side QD structures. Similar results can be

obtained by analysing the case shown in Fig. 4(b).

Fig. 5. Variation of the conductance as a function of t43 while the other two interdot couplings are kept to be

t12 = t14 = 0.1 for the different QD energy level configurations.

4. Conclusion

In conclusion, we investigate the transport properties through the quadruple QD system. We mainly

concentrate on the influences on the linear conductance induced by two different kinds of side structures. It is

found that by tuning the energy levels in three side QDs one can observe one-, two-, or three-valley conductance

patterns. Furthermore, the conductance valleys and peaks appear always in pairs and their appearance is closely

dependent on the specific values of the interdot coupling and the energy level difference between the two QDs

in the molecule. Also, an extra novel conductance peak can be produced by the coexistence of the two different

kinds of side QD structures.
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