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Using an equation of motion technique, we report on a theoretical analysis of transport characteristics of a spin-

valve system formed by a quantum dot coupled to ferromagnetic leads, whose magnetic moments are oriented at an

angle θ with respect to each other, and a mesoscopic ring by the Anderson Hamiltonian. We analyse the density of

states of this system, and our results reveal that the density of states show some noticeable characteristics depending

on the relative angle θ of magnetic moment M , and the spin-polarised strength P in ferromagnetic leads, and also the

magnetic flux Φ and the number of lattice sites NR in the mesoscopic ring. These effects might have some potential

applications in spintronics.

Keywords: Kondo effect, spin-polarised transport, density of states

PACC: 7335, 7335C, 7225

1. Introduction

Since the giant magnetoresistance (GMR) effect

was discovered,[1] there has been aroused a lot of inter-

est in the spin-dependent electron transport through

systems consisting of two ferromagnetic (FM) layers

coupled to a nonmagnetic structure of different types,

including insulator,[2] semiconductor quantum well,[3]

carbon nanotube,[4] and composite structure.[5,6] Re-

cently, FM/QD/FM system has attracted much ex-

tensive theoretical and experimental attention. Dif-

ferent from the previously studied nonmagnetic struc-

ture, a quantum dot (QD) features the characteris-

tics induced by the strong electronic correlation which

are sensitive to the relative orientation of magnetisa-

tion between the two electrodes in it, for example, not

only the Coulomb blockade can dominate its electronic

transport, but also, particularly, a significant Kondo

effect may arise when it connects to normal leads, ex-

hibiting zero-bias maximum in the differential conduc-

tance in the case where odd number of electrons oc-

curs. So it is interesting to see what happens when

the normal metal leads are replaced by ferromagnetic

leads.

2. Model and solution

In this paper, we use the equation of motion

(EOM) technique to study the spin-polarised trans-

port through a QD coupled to ferromagnetic leads and

a mesoscopic ring as shown in Fig. 1. The magnetic

moment M of the left FM leads is pointing to the

z direction, the electric current flows in the x direc-

tion, while the moment of the right FM leads is at an

angle θ to the z axis in the y-z plane. Our results

show that the Kondo resonance at the Fermi level of

the dot is modulated, not only by the relative angle

θ and the spin polarised strength P of the two mag-

netic moments, but also by the magnetic flux Φ and

the number of lattice sites NR in the mesoscopic ring.

Fig. 1. Schematic of QD system considered in our work

where QD is coupled by a mesoscopic ring and two mag-

netic leads through the tunneling barriers. The magnetic

moments of the leads are oriented at an angle θ with re-

spect to each other, and the QD-leads couplings are de-

noted as ΓL and ΓR.
∗Project supported by the Youth Research Fund of Southwest Petroleum University.
†Corresponding author. E-mail: huangruicd@163.com

c⃝ 2010 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

077302-1



Chin. Phys. B Vol. 19, No. 7 (2010) 077302

Here the Hamiltonian of our coupled system is

decomposed into the three parts, i.e.

H = H0 +
∑

α=L,R

Hα +HT, (1)

where H0 is the Hamiltonian term for the dot-ring

system, Hα describes the left (L) and the right (R)

leads respectively, and HT accounts for the tunneling

between the QD and the two leads. H0 is decomposed

into

H0 = HQD +Hring +Ht′ (2)

where HQD, Hring, and Ht′ represent Hamiltonians of

the QD, the mesoscopic ring, and the tunneling inter-

action between the ring and the dot, respectively. The

ring is described by an ideal one-dimensional tight-

binding model with NR lattice sites. Those Hamilto-

nians are expressed as

HQD =
∑
σ

εdσd
+
σ dσ + Und,σnd,σ−, (3a)

Hring = −t

NR−1∑
j=0

∑
σ

( e i2πϕ/NRc+j+1,σcj,σ +H.c),

(3b)

Ht′ = −t′
∑
σ

(d+σ c0σ + c+0σdσ), (3c)

where t denotes the hopping integral between the

neighbouring sites; QD, which has a much small

size compared with the ring, can be described by

a spin-degenerate single level with a strong on-site

Coulomb repulsion U ; εdσ is the single-particle en-

ergy; Hring can be diagonalised with the eigenvalues

εm = −2t cos[(1/NR)(2πm+ φ)], with m being an in-

teger within the interval [0, NR−1]] and φ = 2πΦ/Φ0,

and Φ and Φ0(= hc/e) being the magnetic flux and the

flux quantum, respectively. At the site ‘0’ of the ring,

electrons are allowed to hop to the dot or vice versa.

These processes are characterised by a tunnel-matrix

element t′. The two leads are described by the corre-

sponding reservoirs, consisting of noninteracting elec-

trons with the single particle energies εkα(α = L,R),∑
α=L,R

Hα =
∑
kσα

εkσαa
+
kσαakσα, (4)

and the difference between the chemical potentials is

proportional to the applied voltage V , i.e. µL − µR

= eV. Finally, the tunneling between the QD and the

reservoirs is written as

HT =
∑
kσ

[
VLkσa

+
Lkσdσ + VRkσ

(
cos

θ

2
a+Rkσ

− σ · sin
(
θ

2
a+Rkσ−

))
dσ +H.c.

]
, (5)

where the tunneling matrix elements VL(R)kσ transfer

electrons out of the dot through an insulating barrier.

The total Hamiltonian is transformed to the following

form by using the diagonalized basis of Hring as

H =
∑
σ

εdσd
+
σ dσ + Und,σnd,σ− +

∑
mσ

εmc+mσcmσ

+
∑
mσ

(tmd+σ cmσ +H.c.) +
∑
kσα

εkσαa
+
kσαakσα

+
∑
kσ

[
VLkσa

+
Lkσdσ + VRkσ

(
cos

(
θ

2
a+Rkσ

)
− σ · sin

(
θ

2
a+Rkσ−

))
dσ +H.c.

]
, (6)

where tm = −t′/
√
NR. In the model above, the op-

erator a+kσα(akσα) creates (annihilates) a conduction

electron with spin index σ inside the α electrode.

Similarly, d+σ (dσ) is the creation (annihilation) op-

erator of electrons with spin σ for the QD region.

In our notations, for simplicity in the following we

will consider that the values of molecular field M are

the same for the two electrodes and the spin-valve

effect can be obtained[7−9] by varying the angle θ.

In reality, M refers to the difference in density of

states (DOS) between spin-up (σ = 1) and spin-down

(σ− = −σ = −1) electrons in the electrodes, and their

DOSs are therefore different for different FM materi-

als. Within the Keldysh formalism, the transport cur-

rent I =
∑
σ
Iσ through a QD for ΓRσ(ω) = λσΓLσ(ω)

is[10]

Iσ =
e

~

∫
dω

ΓLσ(ω)ΓRσ(ω)

ΓLσ(ω) + ΓRσ(ω)

× [fL(ω)− fR(ω)]ρσ(ω), (7)

where Γασ(ω) = 2π
∑

k |Vαkσ

∣∣2 δ(ω−εkσα) is the cou-

pling strength between the QD level and the lead α;

fα(ω) = 1/( eβ(ω−µα) + 1) is the Fermi function of

lead α; µα the chemical potential of the αth lead,

which is assumed to be in an equilibrium state at tem-

perature 1/β; ρσ(ω) = −(1/π) ImGret
σ (ω) is the spec-

tral DOS in the QD. The calculation of the current in

Eq. (7) needs only the DOS in the QD, which can be

obtained by using the EOM approach. We obtain the

retarded dot Green function in the infinite-U limit as
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Gr(ω) =
1− < ndσ− >

ω − εd − Σr
0L − Σr

0R − Σr
1L − Σr

1R − ηr0 − ηr1 + i0+
. (8)

Here

Σr
0L(ω) =

∑
k

|VLkσ

∣∣2
ω − εkLσ + i0+

, (9)

Σr
0R(ω) =

∑
k

 cos2
θ

2
ω − εkRσ + i0+

+
sin2

θ

2
ω − εkRσ− + i0+

 |VRkσ|2, (10)

Σr
1L(ω) =

∑
k

∣∣VLkσ−
∣∣2 fL(εkLσ−)

ω − εdσ + εdσ− − εkLσ− + i/2τσ−
, (11)

Σr
1R(ω) =

∑
k

 fR(εkRσ−) cos
2 θ

2
ω − εdσ + εdσ− − εkRσ− + i/2τσ−

+
fR(εkRσ) sin

2 θ

2
ω − εdσ + εdσ− − εkRσ + i/2τσ−

 |VRkσ−|2, (12)

ηr0σ(ω) =
1

NR

∑
m

t′2

ω − εm + i0+
, (13)

ηr1σ(ω) =
1

NR

∑
m

t′2f(εm)

ω − εdσ + εdσ− − εm + i0+
, (14)

where the occupation number is subject to the self-

consistency condition ⟨ndσ⟩ = −i
∫
(G<

σ (ω)/(2π))dω.

And the finite life-time in Eq. (11) for finite bias volt-

age and magnetic field can be obtained by using the

second-order perturbation theory.[11]

3. Results and discussion

In the following we focus on a small energy range

around the Kondo peak. For our QD system, we calcu-

late the DOSs at different polarisation angles θ (units

set by ~ = e = 2m = 1). As usual the spin dependence

of the coherent transport can be conveniently consid-

ered by introducing magnetic polarisation factors PL

and PR for the left and the right leads, respectively.

ΓL
↑(↓) = Γ0(1 ± PL), and ΓR

↑(↓) = αΓ0(1 ± PR). Γ0

describes the coupling between the QD and the left

electrode without internal magnetisation and α de-

notes the tunnel asymmetry between the left and the

right leads. In this work we assume the leads to be

symmetric, i.e. α = 1, PL = PR = P .[12,13]

Figures 2(a)–2(e) show the spin-dependent DOSs

for spin-up (solid line) and spin-down(dot line) for

equilibrium case, calculated for different values of

orientation angle θ versus energy ω. We can see

that the Kondo resonance for each spin is clearly ob-

served by a sharp peak around Fermi energy which is

caused by the Kondo effect in DOS. From Fig. 2(a),

when θ = 0, namely, the magnetic moments of the

two FM leads are parallel, the Kondo resonance for

down-spin is enhanced, while the up-spin resonance

is suppressed. Secondly, the broad single-particle res-

onances shift away from the Fermi level, but in the

opposite directions for different spins. The down-spin

shifts towards higher energy, while the up-spin shifts

to lower energy, which is due to the splitting of the dot

levels renormalized by the spin-dependent interact-

ing self-energy ε̃dσ satisfying the self-consistent equa-

tion ε̃dσ = εd +Re[Σr
1L(ε̃dσ, ε̃dσ−) + Σr

1R(ε̃dσ, ε̃dσ−) +

ηr1σ(ε̃dσ, ε̃dσ−)].
[14] And the inset in Fig. 2(a) shows

the spin-dependent DOSs in the nonequilibrium case

for spin up (solid line) and spin down(dot line). We

set the chemical potentials µL = 0, µR = 0.3Γ . So a

finite bias voltage, µR −µL = eV > 0 again leads to a

splitting for each spin, and the peak heights are sup-

pressed since the electrons dissipatively jump from the

lead with high chemical potential to that with low po-

tential through the QD. However, with the increase

of θ, we find that the splittings of up- and down-

spins moves towards the Fermi level respectively, i.e.

the splitting of up-spin moves towards the right side,

while that of down-spin electrons moves towards the

left side. Furthermore, the amplitude of the DOS for

up-spin electrons is enhanced as θ increases. In con-

trast, with the increase of θ, the peak of the DOS
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for down-spin electrons are suppressed. When θ in-

creases to π for which the moments are antiparallel

(AP) (Fig. 2(e)), the behaviours of the DOS for up-

and down-spins in leads are similar, which also has one

sharp peak at the Fermi energy. In this situation, the

DOSs for up-and down-spins in leads are the same,

ρL ↑ +ρR ↑= ρL ↓ +ρR ↓, and the spin current of

electrons cannot be polarised. In other word, under

the condition of AP configuration, electrode effects on

electrons in QD are fully counteracted. In Fig. 2(f),

we plot the total DOSs at different polarisation angles

θ as a function of ω. With the increase of θ from 0 to

π, we can see that the Kondo resonance is degenerated

from two peaks to only one peak since the splitting for

each spin.

Fig. 2. (a)–(e): Spin-dependent DOS for spin-up(solid line) and spin-down(dot line) for equilibrium case (µL =

µR = 0), calculated for orientation angles θ. (a) inset: DOS for nonequilibrium case (µL = 0, µR = 0.3),

θ = 0. (f) Total DOS for equilibrium case (µL = µR = 0) for different values of orientation angle θ. The other

parameters are P = 0.3, T/Γ = 0.005, ε/Γ = −4, NR = 52, and φ = 0.

Figure 3 shows the total DOSs as a function of

ω at different polarisations P = 0, 0.3, 0.5, 0.7 and

0.9 on two leads in parallel (θ = 0) and in antiparal-

lel (θ = π) configurations. From Fig. 3(a) for par-

allel configuration, when P = 0 there is only one

Kondo peak around the Fermi energy, and it splits

into two Kondo resonances, which are away from the

Fermi level respectively, as P increases. This result

suggests that when P ̸= 0 the up and down spin

splittings of the dot levels in the interacting regime

due to the magnetic properties of the electrodes lead

to essential changes in transport property. In addi-

tion, as P increases, the spectral weight of ρ↓ goes up,

while the spectral weight of ρ↑ comes down, namely,

there is an overall asymmetry for up- and down-spins.

Thus a net magnetic moment is induced by the mag-

netic coupling. So when P ̸= 0 there are two peaks

for total DOS. Compared with the behaviours shown

in Fig. 3(a), in the case of antiparallel configuration

(θ = π) (Fig. 3(b)), the behaviours of the total DOS in

leads are similar, in which also one sharp peak appears

at the Fermi energy for each value of P . Because of

the symmetry of two leads, in addition to the influence

of the spin-polarisation strength, the rates of up-spin

and down-spin in the QD are the same, resulting in

zero net magnetic moment of the QD. This moment

(i.e. the Kondo resonance) forms, which is the same

as those for non-magnetic electrodes, and up-spin elec-

trons make the same contributions to the transmission

probability as down-spin electrons behave.
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Fig. 3. Total DOSs versus ω for different values of spin polarisation P of the leads for equilibrium case (µL =

µR = 0) and θ = 0 (a), π (b). The other parameters are same as those used in Fig. 2.

In Fig. 4, we plot spin-dependent DOSs of the QD for up- and down- spins in the parallel configuration

(θ = 0), calculated for different values of phase φ and the number of lattice sites NR in the mesoscopic ring.

From Fig. 4, the Kondo resonance at the Fermi level is strongly dependent on magnetic flux and this resonance

depends on NR (for small sized rings NR < 1000) as well. Namely, the ρσ(ω) for a given NR and φ satisfies

the relation ρNR↑(↓)(ω, φ) ≈ ρNR+2↑(↓)(ω, φ + π). This result follows from the expression of the single particle

energies of the ring: εm = −2t cos[(1/N)(2πm+φ)], because for large NR(≫ 1), the configuration of the energy

levels and its occupation near the Fermi level are invariant under the transformation NR → NR+2 along with

φ → φ + π. Besides, It is worth mentioning that ρσ(ω) depends on NR4 ≡ NR modulo 4 for small sized rings

(NR < 1000). The N4 dependence of ρσ(ω) can be regarded as a generic feature of the system containing a

mesoscopic ring with spin degree of freedom, as in the case of the persistent current.[15]

Fig. 4. Spin-dependent DOSs of QD for spin-up((a) and (b)) and spin-down((c) and (d)) in the parallel con-

figuration (θ = 0), calculated for different values of phase φ and number of lattice sites NR in the mesoscopic

ring. The other parameters are the same as those used in Fig. 2.
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Figure 5 shows the NR dependence of the DOS

for the QD level in the absence of the AB flux. We

can see that by reducing NR, the Kondo resonance is

suppressed or split into two peaks with a pseudo-gap,

depending on the value of N4. Such effects are signa-

tures of the destruction of the Kondo cloud, caused

by the finite size of the ring.[15] And for large NR,

the DOS is shown to be independent of NR and φ

as shown in the inset of Fig. 5(d), which implies that

all the mesoscopic effects in transport disappear for

large size rings. A similar feature was found in the

study of a ‘Kondo box’,[16] which also shows a parity-

dependent Kondo resonance.

Fig. 5. Total DOSs of the QD level for φ = 0, θ = 0 and the different values of NR (modulo 4). The other

parameters are the same as those used in Fig. 2.

4. Conclusion

Using the EOM technique we present a qualitative

study of the spin-polarised transport in a QD coupled

to ferromagnetic leads and a mesoscopic ring. Our re-

sults suggest that the Kondo peaks in the DOS can

be modulated not only by the relative angle θ of mag-

netic moment M , the spin-polarised strength P in fer-

romagnetic leads, but also by the magnetic flux Φ and

the number of lattice sites NR in the mesoscopic ring.

In a parallel configuration (θ = 0), the Kondo peaks

for up- and down-spins are observed at the different

levels. But by increasing the value of θ, the peaks turn

close to each other. And when the value of θ increases

to π, i.e. in an antiparallel configuration, the peaks

are superposed completely. Secondly, the total DOSs

at different values of polarisation P on two leads in

parallel (θ = 0) and in antiparallel (θ = π) configura-

tions also have the dissimilar behaviours. Finally, our

results show that the Kondo resonance at the Fermi

level of the dot presents a periodic change along with

the aggrandizement of the magnetic flux and the num-

ber of lattice sites NR in the mesoscopic ring for small

sized rings, which clearly demonstrates the mesoscopic

nature of the Kondo scattering. But it implies that all

the mesoscopic effects in transport disappear for large

size rings. Based on the results above we believe that

the system in our study is a good system for the exper-

imental investigation of Kondo effect since it carries

low spin-polarised current which can be controlled by

polarisation, magnetic moment of the ferromagnetic

leads, magnetic flux Φ and number of lattice sites NR

in the mesoscopic ring as well. It is expected that

these effects might have some potential applications

in spintronics.
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