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Thermal transport property of Ge34 and d-Ge
investigated by molecular dynamics

and the Slack’s equation∗
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In this study, we evaluate the values of lattice thermal conductivity κL of type II Ge clathrate (Ge34) and

diamond phase Ge crystal (d-Ge) with the equilibrium molecular dynamics (EMD) method and the Slack’s equation.

The key parameters of the Slack’s equation are derived from the thermodynamic properties obtained from the lattice

dynamics (LD) calculations. The empirical Tersoff’s potential is used in both EMD and LD simulations. The thermal

conductivities of d-Ge calculated by both methods are in accordance with the experimental values. The predictions of

the Slack’s equation are consistent with the EMD results above 250 K for both Ge34 and d-Ge. In a temperature range

of 200–1000 K, the κL value of d-Ge is about several times larger than that of Ge34.
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1. Introduction

Clathrate frameworks formed by Si and Ge

elements have attracted considerable attention in

recent years due to their interesting high pres-

sure behaviours[1] and potential applications in

thermoelectrics[2−4] and superconductivity.[5,6] In Si

and Ge clathrates, the basic building blocks are co-

valently bonded Si20(Ge20), Si24(Ge24) or Si28(Ge28)

polyhedral cages. They are so arranged that they

share common pentagonal and hexagonal faces. Im-

purity atoms incorporated into the cages during syn-

thesis are believed to introduce ‘rattling’ vibrational

modes to reduce the lattice thermal conductivity κL

without significantly affecting the electrical conduc-

tivity of the materials. This idea, termed ‘phonon

glass and electron crystal’ (PGEC), is proposed as

a unique way to enhance the figure of merit ZT of

thermoelectrics.[7] In fact, the atomic ‘rattler’ may

be not the only factor that causes the low κL of the

clathrates. As suggested by Dong et al.,[8] the complex

structure of the guest-free clathrate itself could lead

to a thermal conductivity lower than that of diamond

phase (d-Ge).

Experimentally, the thermal conductivity of

guest-free Si34 (type-II clathrate) was found to be

close to that of amorphous SiO2.
[9] Though the value

was obtained on a polycrystalline Si34 sample, it

should be correlated to the intrinsic low thermal trans-

port ability of single crystal Si34.

Actually, it is of fundamental research interest to

obtain the thermal conductivities of the single crys-

tal clathrates experimentally or theoretically. Lack

of experimental thermal conductivity data on single

crystals may be attributed to the difficulties in prepar-

ing samples. Under such a circumstance, theoretical

methods like molecular dynamics (MD) method be-

come valuable tools to estimate the intrinsic lattice

thermal conductivity. To apply the MD method, one

does not need know in advance the detailed phonon

scattering mechanisms involved in the system. A reli-

able empirical potential is the most important prereq-

uisite to perform the simulation.[8,10−19]

Besides the MD approach, the κL of the solids can

also be evaluated based on analytical methods such as

Callaway model[20] and Holland model.[21] They pro-

vide deep insight into the detailed phonon scattering

processes on the basis of many approximations and

assumptions. In contrast to these complicated mod-

els, the Slack’s equation[22] offers a relatively simple

way to estimate the κL of a perfect bulk crystal in a
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temperature range where the Umklapp process domi-

nates. The equation can be written as

κL = AMθ3aδn
1/3/(γ2T ), T > θa, (1)

where M (amu) is the average atomic mass, θa (K) the

acoustic Debye temperature, δ3 (Å3) (1 Å=0.1 nm)

the average volume per atom, n the number of

atoms in each primitive cell, γ the high tempera-

ture Grüneisen parameter, and A = 2.43× 10−6/(1−
0.514/γ + 0.228/γ2) for κL in W/m/K. In the Slack’s

equation, θa and γ are two important parameters that

significantly affect the magnitude of κL. In principle,

they can be derived not only from the experimental

data, but also from the theoretical calculations.

The previous MD studies on the thermal trans-

ports of silicon and germanium clathrates are rela-

tively rare. Dong et al. calculated the thermal con-

ductivities of the Ge46(type-I clathrate) and its guest-

containing counterpart Sr6Ge46 at room temperature

by using the equilibrium molecular dynamics (EMD)

in conjunction with the Tersoff’s potential.[8] For pris-

tine Ge46, they found that the reduction of κL with re-

spect to that of d-Ge could be explained by the scaling

of κL with the number of atoms in the primitive cell.

More recently, the thermal transport properties of Si34

and Si46 nanowires were investigated by Ponomareva

et al. through using the non-equilibrium molecular

dynamics (NEMD).[17]

In the present study, we estimate the lattice ther-

mal conductivity κL of two types of Ge structures,

namely Ge34 (type-II clathrate) and d-Ge, with the

EMD method as well as the Slack’s equation. Both

crystals belong to cubic space group Fd3m (No. 227),

while Ge34 has 34 atoms per primitive unit cell, and

d-Ge has only 2 atoms per primitive cell. In the EMD

simulation, the heat flux fluctuations are recorded

to compute the thermal conductivity based on the

Green–Kubo fluctuation–dissipation theorem. The

value of κL is calculated as a function of temperature

up to 1000 K.

To apply the Slack’s equation, the phonon prop-

erties of Ge34 and d-Ge are first obtained based on

the lattice dynamics (LD) calculations.[23−26] (Note

that the empirical Tersoff’s potential is employed in

both LD and MD calculations.) We then evaluate

temperature dependent thermodynamic properties in-

cluding Helmholtz free energy, bulk modulus, thermal

expansion coefficient, Debye temperature and overall

Grüneisen parameter. The parameters θa and γ of the

Slack’s equation can be derived from the above calcu-

lations. We compare the κL values obtained from the

MD calculations with those from the Slack’s equation

for Ge34 and d-Ge. In addition, the calculated ther-

mal conductivity of d-Ge is also compared with the

experimental result.

2. Computational methods

In this study, the parameters of the empirical Ter-

soff’s potential for Ge are cited from Ref. [27].

The LD calculations are carried out to evaluate

structural and vibrational properties of Ge34 and d-Ge

by using the General Utility Lattice Program (GULP)

code.[28] We use a 2× 2× 2 supercell containing 1088

atoms as a simulation box for Ge34, and a 4×4×4

supercell containing 512 atoms for d-Ge. The struc-

tures of the two crystals are first optimized to acquire

their equilibrium lattice constants at 0 K under a con-

stant pressure of 0 GPa. The phonon dispersion curves

and the phonon densities of states (PDOSs) are then

calculated based on these equilibrium structures. To

obtain PDOSs, a 10×10×10 k-grid mesh is used in

Brillouin zone integration for Ge34, and a 20×20×20

k-grid mesh for d-Ge.

In order to compute temperature dependent ther-

modynamic properties, static energy and phonon den-

sity of states are calculated at several cell volumes for

both d-Ge and Ge34. In the quasi-harmonic approx-

imation, the temperature dependent Helmholtz free

energy F (V, T ) in simulation cell volume V can be

written as[23]

F (V, T ) = Es(V ) +

ωMAX∫
0

(
h̄ω/2 + kBT

× ln [1− exp(−h̄ω/kBT )]

)
×D (V, ω) dω, (2)

where Es is the static energy at 0 K, D(ω, V ) is the

phonon density of states (PDOS) obtained from the

LD calculations, V denotes the volume of the simu-

lation cell, ω is the frequency, h̄ is the Planck’s con-

stant, kB represents the Boltzmann’s constant. The

second term in Eq. (2) represents the contributions to

the Helmholtz free energy from the zero-point motion

and thermal excitation of the phonons.

At a fixed temperature T , the values of F (V, T )

obtained in different volumes can be fitted to a third-

order Birch–Murnaghan equation of state (EOS):[26]
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F (V, T ) = F0(T ) +
9

8
B(T )V0(T )

[(
V0(T )

V (T )

)2/3

− 1

]2{
1 +

(
4−B(T )′

2

)[
1−

(
V0(T )

V (T )

)2/3
]}

, (3)

where B is the bulk modulus, and B′ the pressure

derivative of bulk modulus. We can obtain equilib-

rium Helmholtz free energy F0.(T ), equilibrium vol-

ume V0(T ) and bulk modulus B(T ) from the fitting

procedure.

The MD program used in this study is modi-

fied from a Fortran code originally developed by Li et

al.[10,29] All simulations are performed in cubic simula-

tion cells with periodic boundary condition (PBC) ap-

plied. The simulations are carried out with a time step

of 0.764 fs for a total of 8.6×106 steps in the case of

Ge34, and 1.7×107 steps in the case of d-Ge. The sys-

tems are allowed to relax to reach the equilibrium at

the indicated temperature and zero external pressure

for 1.4×105 time steps under the isobaric and isother-

mal ensemble (NPT) using a thermal bath and a con-

stant pressure algorithm of Parrinello and Rahman.[30]

The system is evolved by solving the Newtonian equa-

tions with the Gear-predictor–corrector algorithm.[31]

The initial velocities of the atoms are assigned accord-

ing to the Maxwellian distribution. After the equilib-

rium phase, the simulation proceeds in a microcanon-

ical ensemble (NVE) in which the instantaneous heat

current
−−→
J(t)[10] is expressed as

−−→
J(t) =

∑
i

(Ei − h)−→vi +
∑
j ̸=i

−→rij

(
∂Ei

∂−→rj
−→v j

), (4)

where Ei is the internal energy of atom i, −→vi the

atomic velocity, and h the average enthalpy per atom.

At the end of the MD run, heat current autocorrela-

tion function (HCACF) ⟨
−−→
J(t) ·

−−→
J(0)⟩ is computed from

−−→
J(t) by applying the fast Fourier-transform algorithm

and the spectral techniques.[10,32]

The MD thermal conductivity κMD is derived

from HCACF based on the Green–Kubo formula[10]

to be

κMD =
1

3kBT 2
MDV

∫ ∞

0

∑
α=x,y,z

⟨Jα(t) · Jα(0)⟩dt, (5)

where α denotes the three Cartesian coordinates,

and V the volume. By defining G(t) =( ∑
α=x,y,z

⟨Jα(t) · Jα(0)⟩
)
/3kBT

2
MDV , Eq. (5) is rewrit-

ten as

κMD =

∫ ∞

0

G(t)dt. (6)

When the classic MD calculation is performed below

the Debye temperature, a correction may be needed

by taking into account the quantum effects such as

zero-point vibration. The Debye temperature is esti-

mated to be 372 K for d-Ge, and 324 K for Ge34.
[33]

Since our calculation is to be extended to the case

where temperature is as low as 200 K, it is appropri-

ate to include a ‘quantum effect’ correction. To do

this, a method proposed by Wang et al.[34] is adopted

in which the temperature of the ‘real’ quantum sys-

tem, TReal, is scaled to the temperature TMD of the

classical MD system by equating the mean kinetic en-

ergies of both systems. Temperature TMD is expressed

as

TMD =
1

kB

ωMAX∫
0

h̄ω

(
1

2
+

1

exp(h̄ω/kBTReal)− 1

)
D (ω) dω. (7)

Finally, κMD is multiplied by a temperature gradient factor dTMD/dTReal
[10] to obtain the thermal conduc-

tivity κ of the real system as follows:

κ = κMD
dTMD

dTReal
. (8)

To minimize the statistical errors, the final results of κ are averaged from the outputs of several independent

MD runs with different initial configurations.
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3. Results and discussion

3.1.Phonon properties

Table 1 lists the equilibrium structural, energetic and elastic properties of d-Ge and Ge34 which are calcu-

lated using the GULP code. They show good agreement with the values given in the relevant literature.[33,35,36]

Table 1. Static structural, energetic and elastic properties of Ge34 and d-Ge.

Ge34 d-Ge

GULP literatures GULP Literatures

Lattice constant/Å 15.231 15.13a 5.65 5.64a

atomic volume/(Å3/atom) 25.979 24.454b 22.587 21.361b

cohesive energy/(eV/atom ) 3.816 3.81b 3.861 3.85b

bulk modulus/GPa 64.9 67b 76.1 79.0b

75.0c

shear modulus/GPa 39.0 − 54.5 55.0c

aRef. [35], ab initio method. bRef. [36], ab initio method. cRef. [33], computed from experimental elastic constants.

The phonon dispersion curves of Ge34 and d-Ge are plotted along several high-symmetry lines in the first

Brillouin zone (FBZ) (Fig. 1). The PDOS spectra are displayed along side of the dispersion curves. The overall

shapes of the phonon dispersion curves and the PDOS spectra of Ge34 or d-Ge are in accordance with the

previous theoretical studies based on the first-principles calculations.[35,37] It has been shown that the Tersoff’s

potential is stiff for angular distortions, which leads to the overestimation of the frequencies of transverse

acoustic (TA) modes at the zone boundary of d-Si.[38,39] The observation also holds true for d-Ge when it is

treated with the Tersoff’s potential. The calculated TA frequencies at L and X points in FBZ of d-Ge are

123.8 cm−1 and 177.3 cm−1, respectively, which are about 100% larger than the experimental values (63 cm−1

and 80 cm−1, respectively).[37]

Fig. 1. Phonon dispersion curves along several high-symmetry lines in the first Brillouin zone of the primitive

cell for d-Ge (a) and Ge34 (b). The spectra for phonon density of states are also plotted together for comparison.

In the case of Ge34, the phonon modes below 60 cm−1 can be roughly assigned to the acoustic-like bands,

while the optical-like bands are located approximately in a range from 60 to 327 cm−1. The dispersion curves

are relatively flat in the optical-like band region, which leads to sharp peaks in the PDOS spectra. (Fig. 1)

Phonon gaps in PDOS can be found around 273–282 cm−1 for Ge34. The gap is attributed to the fact that the

clathrate framework has more than one type of bond length, which is equivalent to having more than one type

of force constant in the network.[40] The overestimation of the TA frequencies at zone boundary can be also

found in Ge34. By digitizing Fig. 5(b) in Ref. [35], the TA frequencies calculated from the ab initio calculations

are found to be around 30 cm−1 at L point, and 33 cm−1 at X point. They are roughly 60% of the calculated

values in this work (48 cm−1 at L point and 57 cm−1 at X point).
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3.2. Equation of state

Figure 2 shows the Helmholtz free energies of Ge34

and d-Ge versus average atomic volume at five dif-

ferent temperatures. At a given temperature T , the

F (V, T ) values obtained at different volumes are fit-

ted to the Birch-Murnaghan equation of state. The

fitting results are plotted in the figure as dash lines.

The minimum of each curve is corresponding to F0(T ),

the equilibrium Helmholtz free energy at a given tem-

perature T .

Fig. 2. Helmholtz free energies of Ge34(a) and d-Ge

(b) versus average atomic volume at several temperatures.

The empty circles denote the data evaluated from Eq. (2);

the dash lines represent the fit to the Birch–Murnaghan

equation of state.

The curves for F0(T ) versus temperature for Ge34

and d-Ge are presented in Fig. 3. It can be seen that

F0(T ) of d-Ge is more negative than that of Ge34 in

the whole temperature range.

The values of equilibrium lattice constant a0(T )

of two crystals are displayed in Fig. 4(a) and Fig. 4(b),

respectively. At 0 K, the lattice constant is 15.25 Å

for Ge34, and 5.66 Å for d-Ge. The results are consis-

tent with those obtained directly from the optimiza-

tion procedure through using the GULP code (see Ta-

ble 1).

Fig. 3. Equilibrium Helmholtz free energies of Ge34 (solid

line) and d-Ge (dashed line) versus temperature.

Fig. 4. Lattice constants of Ge34 (a), d-Ge (b) and their

linear thermal expansion coefficients (c) versus tempera-

ture. Experimental thermal expansion coefficients of d-Ge

are also presented for comparison.

076501-5



Chin. Phys. B Vol. 19, No. 7 (2010) 076501

The linear thermal expansion coefficient αL is

given as

αL(T ) =
1

a(T )

da(T )

dT
. (9)

Figure 4(c) illustrates the variations of the calcu-

lated values of αL of Ge34 and d-Ge with temperature.

Between 0 K and 1000 K, the calculated thermal ex-

pansion coefficient of Ge34 is very close to that of d-

Ge. On the other hand, the experimental values[41] of

d-Ge, which are plotted in the same figure, are signif-

icantly smaller than the calculated results. Porter et

al. showed that the Tersoff’s potential behaved poorly

on calculating αL of d-Si due to the unrealistic volume

dependence of TA modes.[38] Therefore, the same rea-

son should be responsible for the less satisfactory cal-

culations on αL of d-Ge in this work.

Fig. 5. Bulk moduli of Ge34 and d-Ge versus tempera-

ture.

The bulk moduli of both crystals are found to

decrease with temperature increasing (Fig. 5). At

0 K, B is 75.0 GPa for d-Ge, and 64.6 GPa for Ge34,

which confirms the results calculated directly from the

GULP code. (see Table 1)

3.3. Specific heat and Debye tempera-

ture

From the phonon density of states of the opti-

mized structure, the values of specific heat at constant

volume CV can be computed for Ge34 and d-Ge in the

harmonic approximation from

CV(T ) = 3kB

ωMAX∫
0

(
h̄ω

kBT

)2

× exp(h̄ω/kBT )

[exp(h̄ω/kBT )− 1]
2D (ω) dω. (10)

As shown in Fig. 6(a), the CV curves of two crystals

almost overlap with each other, and they approach

to the classical Dulong–Petit limit (CV = 3kB/atom)

at higher temperatures. The experimental specific

heat[42] of d-Ge is slightly larger than the calculated

value below 300 K.

In the classic Debye model, the heat capacity at

constant volume CD
V is written as[43]

CD
V (T ) = 9kB

(
T

ΘD(T )

)3 ∫ ΘD
T

0

x4ex

(ex − 1)2
dx, (11)

where ΘD(T ) is the Debye temperature.

The ΘD(T ) can be solved numerically by equat-

ing CV(T ) of Eq. (10) and CD
V (T ) of Eq. (11). At

a given temperature T , ΘD(T ) is continuously var-

ied as a parameter to calculate CD
V (T ) until CD

V (T )

equals CV(T ). The final value of ΘD(T ) is the De-

bye temperature at temperature T . Figure 6(b) in-

dicates that the Ge34 has a lower Debye temperature

than the d-Ge in a temperature range of 0–1000 K.

The Debye temperatures of Ge34 and d-Ge were pre-

viously calculated to be 324 K and 372 K, respectively,

from the elastic constants that were obtained from the

lattice dynamics calculations by using the Tersoff’s

potential.[33] They are actually corresponding to the

calculated Debye temperatures at 0 K in the present

work respectively (see Fig. 6(b)).

Fig. 6. Curves for constant volume specific heat (a) and

Debye temperature (b) of Ge34 and d-Ge versus temper-

ature. Experimental specific heat and Debye temperature

of d-Ge are also displayed for comparison.
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Above 0 K, the calculated Debye temperature

of d-Ge is larger than the experimental value.[42] It

should be noted that all ΘD(T ) curves each show a

curve minimum in the low temperature region. It will

be used to determine the acoustic Debye temperature

of the Slack’s equation in Subsection 3.6.

3.4.Overall Grüneisen parameter

The Grüneisen parameter γ is used to account

for the anharmonicity of the lattice vibration of the

crystal. The overall Grüneisen parameter is deter-

mined from linear thermal expansion coefficient αl,

bulk modulus B, specific heat CV and molar volume

Vm(T ) to be

γ(T ) = 3αL(T )B(T )Vm(T )/CV(T ). (12)

In Fig. 7, the calculated values of γ for Ge34 and

d-Ge are displayed as solid line and dash line, respec-

tively. Below 200 K, γ values of both crystals increase

quickly with temperature. As temperature increases

further, γ value stays almost constant. The γ value of

d-Ge is slightly larger than that of Ge34 in the plateau

region. Compared with the experiment result[41,44]

and ab initio calculation,[45] the present result over-

estimates the Grüneisen parameter of d-Ge. As men-

tioned above, this should be attributed to the inade-

quacy of the Tersoff’s potential for treating the volume

dependence of TA modes.[38,39]

Fig. 7. Overall Grüneisen parameters of Ge34 and d-Ge

against temperature. For d-Ge, experimental and ab initio

values are displayed for comparison.

3.5.Molecular dynamics

3.5.1. Temperature scaling curve

In the MD simulations of this study, the quantum

corrections of temperature have been applied to Ge34

and d-Ge. The temperature scaling relations between

TMD and real temperature TReal are depicted in Fig.8.

The temperature gradient factor dTMD/dTReal is also

plotted in the same figure.

Fig. 8. Curves for TMD and dTMD/dTReal versus TReal

of Ge34 (solid line) and d-Ge (dashd line).

3.5.2. Normalized correlation function g(t)

Following the notation in Ref. [8], a normalized

correlation function g(t) can be defined as g(t) =

G(t)/G(0). By inserting g(t) into Eq. (6), κMD is

rewritten as

κMD = G(0)

∫ ∞

0

g(t)dt. (13)

Figure 9 shows the normalized correlation func-

tion g(t) curves obtained at 400 K for d-Ge and Ge34.

The MD thermal conductivity is calculated by inte-

grating g(t) in Eq. (13). In order to perform integra-

tion, the g(t) curve is first fitted with a double expo-

nential decay function[12] within a time range [0, tF]

ps and given as

g (t) = A1 exp(−t/τ1) +A2 exp(−t/τ2), (14)

where A and τ are the constants that need to be de-

termined from the fitting procedure. In principle, the

values of tF are chosen based on the simulation tem-

perature. At lower temperatures, a larger tF should

be used.

By inserting Eq. (14) into Eq. (13), we have

κMD = G(0)(A1τ1 +A2τ2). (15)

With Eq. (8) and Eq. (15), the thermal conduc-

tivity κ at TReal can be finally obtained.
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Fig. 9. Curves for normalized correlation function g(t) (solid line) of d-Ge (a) and Ge34 (b) at TReal = 400 K

and they are fitted by the double exponential decay curves (dash lines).

3.5.3. Finite size effect

It has been known that the finite size of the sim-

ulation box affects the value of the calculated thermal

conductivity.[14,16] To evaluate the finite-size effect, we

calculate the thermal conductivities of Ge34 and d-Ge

with different simulation cell sizes at 300 K (Table

2). The convergences of the thermal conductivities

are found to be reached at a cell size of 512 atoms

for d-Ge, and 3672 atoms for Ge34 separately. In the

following calculations, we use a simulation box con-

taining 1728 atoms for d-Ge, and another containing

3672 atoms for Ge34.

Table 2. Finite size effect of the simulation cell on

thermal conductivities of d-Ge and Ge34 at 300 K.

crystal number of atoms κ/(W/K/m)

d-Ge 512 60.01 ± 4.52

1000 62.20 ± 0.94

1728 59.80 ± 7.94

Ge34 1088 7.93 ±0.43

3672 10.99±1.77

8704 10.01 ±0.62

The previous studies have shown that the thermal

conductivity can reach convergence even the size of the

simulation box, L, is much smaller than the phonon

mean free path λ. The value of λ can be estimated

through the following expression:[46]

κ = Cvλ/3, (16)

where C is the specific heat capacity per unit volume,

and v is the average phonon velocity given by[47]

v =

[
1

3

(
3ρ

3B + 4G

)3/2

+
2

3

( ρ

G

)3/2]−1/3

, (17)

where B is the bulk modulus, G the shear modulus,

and ρ the density. If the calculated thermal conductiv-

ities in Table 2 are used (60 W/m/K obtained from

a 6×6×6 cell for d-Ge, 11 W/m/K from a 3×3×3

cell for Ge34), the values of phonon mean free path

at room temperature are found to be 307 Å for d-Ge

which is more than 8 times larger than Ld−Ge, and

71 Å for Ge34 which is more than 0.5 times lager than

LGe34 . The convergence with smaller cell size may be

attributed to the facts that the periodic boundary con-

dition is utilized and the phonon energy at this tem-

perature is mainly carried by the shorter wavelength

phonon modes.

3.5.4. Temperature dependent thermal conduc-

tivity

Figure 10 demonstrates the calculated thermal

conductivities of Ge34 and d-Ge calculated by the MD

method in a temperature range of 200–1000 K. The

κL of Ge34 is significantly reduced with respect to that

Fig. 10. Thermal conductivities of Ge34 and d-Ge evalu-

ated with the MD method and the Slack’s equation. The

calculated thermal conductivities of d-Ge are also com-

pared with the experimental ones.
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of d-Ge in the whole temperature range. For exam-

ple, κGe34/κd-Ge is about 0.19 at 300 K, and 0.22 at

1000 K. For comparison, κGe46/κd-Ge is found to be

0.11 at room temperature from Ref. [8].

It should be mentioned that the calculated ther-

mal conductivities of d-Ge are in good agreement with

the experimental values [48] plotted in the same figure.

This is different from the previous report by Dong et

al. By employing the EMD method and the Tersoff’s

potential, they found the thermal conductivity of d-Ge

to be 114 W/(K·m) at 300 K, which is almost 100%

larger than the experimental value or our result. The

discrepancy may be partially attributed to the absence

of the quantum correction in their work. We can ap-

ply the quantum correction to the result of Dong et

al. to make a rough estimation of the ‘real’ thermal

conductivity at room temperature (κ(TReal = 300 K)).

According to Eq. (8), κ(TReal) is determined from the

multiplication of κMD(TMD) by dTMD/dTReal. From

Fig. 8, one can see that TReal = 300 K is corresponding

to TMD = 331 K and dTMD/dTReal is equal to 0.91 at

TReal = 300 K. Due to Umklapp process, κMD(TMD =

331 K) is smaller than κMD(TMD = 300 K) which

is available in Dong et al.’s work. If we adopt the

value of κMD(TMD = 300 K) for κMD(TMD = 331 K)

and take into account dTMD/dTReal, the upper limit of

κ(TReal = 300 K) is found to be 104 W/K/m. Since

the value is still more than 70% larger than our re-

sult, the disparity needs clarifying by making further

efforts. However, we will demonstrate in the following

section that our MD results are also consistent with

the prediction of the Slack’s equation.

3.6.Value of κL calculated by the Slack’s

equation

To apply the Slack’s equation, the acoustic De-

bye temperature θa and Grüneisen parameter γ should

be determined first. Bruls et al. proposed a simple

method to estimate θa from the minimum value of

the curve for Debye temperature–temperature (Θ −
T ).[49,50] At very low temperatures, the Debye tem-

perature is dominated by the acoustic phonon modes

and it decreases with temperature increasing initially

as shown in Fig. 6(b). As temperature increases, the

reduction of the acoustic phonon contribution and the

excitation of the optical phonon modes lead to an in-

crease in Debye temperature. Therefore the minimum

value Θmin represents a good approximation for the

high temperature limit of the Debye temperature as-

sociated with the acoustic phonons.[50]

The Θmin, which is deduced from the specific heat

data, is related to the acoustic Debye temperature in

Eq. (1) by[22]

θa,min = Θmin · n−1/3. (18)

The Slack’s equation is therefore rewritten as

κL = AMΘ3
D,min

δ/(n2/3γ2T ). (19)

In principle, γ in Eq. (19) should be contributed

from all the acoustic phonon modes in the first Bril-

louin zone at a temperature close to the acoustic De-

bye temperature.[22] In the present study, γ is deter-

mined at temperature θa,min from the γ − T curve in

Fig. 7. Table 3 shows all input parameters for the

Slack’s equation. For d-Ge, two sets of θa,min and

γ are used. One parameter set is deduced from the

thermodynamic calculations in this work on the basis

of Tersoff’s potential. In another set, θa,min is ob-

tained from the experimental curve in Ref. [42] (see

Fig. 6(b)), and γ from ab initio calculation in Ref. [45]

(see Fig. 7). For Ge34, we use only the parameters ob-

tained from the present work. Note that the acoustic

Debye temperature of Ge34 is much smaller than that

of d-Ge. This is understandable if we examine the

phonon dispersion curves of Ge34 and d-Ge in Fig. 1.

For Ge34, the acoustic bands are ‘compressed’ into a

low frequency region compared with those of d-Ge.

This leads to a lower cutoff frequency of the acous-

tic phonon band which is corresponding to the lower

acoustic Debye temperature of Ge34.

Table 3. The parameters of the Slack’s equation for

Ge34 and d-Ge.

M/amu δ/Å n θa,min/K γ/θa,min

Ge34 72.61 2.96 34 96.2 0.74

d-Ge 72.61 2.83 2 273.1 1.00

203.6 a 0.70 b

aDerived from Ref. [42]. bDerived from Ref. [45].

The thermal conductivity curves calculated by the

Slack’s equation are plotted in Fig. 10 in comparison

with the MD results and experimental data.[48] Based

on the parameters deduced from Tersoff’s potential,

the κL values calculated from the Slack’s equation ac-

cord pretty well with the MD results for both Ge34
and d-Ge above 250 K. By examining Eq. (1) and Ta-

ble 3, it can be seen that reduction of κL in pristine

Ge34 is mainly attributed to the lower acoustic Debye

temperature which is caused by the complex structure.

The κL values of d-Ge predicted by the Slack’s

equation based on the Tersoff’s potential exhibit bet-

ter agreement with the experimental results than the
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values calculated with the parameters reported in

the literature (dash line in Fig. 10) which systemati-

cally underestimates the thermal conductivities below

500 K. In fact, Table 3 shows that the calculated val-

ues of θa,min and γ for d-Ge are overestimated by the

Tersoff’s potential. The errors caused by the overesti-

mations are fortunately cancelled out in Eq. (1) since

θa,min appears in the numerator, γ in the denominator.

Nevertheless, the present work demonstrates that the

combination of the Slack’s equation and the empirical

potential, in addition to the MD approach, provides

another useful guidance for estimating the values of

κL for d-Ge and Ge clathrates.

4. Conclusions

In the present study, we evaluate the lattice ther-

mal conductivities of Ge34 and d-Ge with the EMD

method and the Slack’s equation.

The phonon propertiesare first evaluated with the

lattice dynamics calculations through using the Ter-

soff’s potential. Several thermodynamic properties

including Helmholtz free energy, bulk modulus, spe-

cific heat, thermal expansion coefficient and overall

Grüneisen parameter are subsequently calculated each

as a function of temperature in the quasi-harmonic ap-

proximation. The parameters θa and γ needed by the

Slack’s equation are derived from the above calcula-

tions. In the MD simulations, the thermal conductiv-

ity is calculated based on the Green–Kubo formalism

in conjunction with the Tersoff’s potential. Tempera-

ture scaling is included in the simulations to take into

account the quantum effect.

From the simulations, three major conclusions

can be drawn.

(i) The lattice thermal conductivity of d-Ge is

about several times larger than that of Ge34 in a tem-

perature range of 200–1000 K. The lower acoustic De-

bye temperature associated with the complex struc-

ture is responsible for the low lattice thermal conduc-

tivity of Ge34.

(ii) The predictions of the Slack’s equation which

makes use of the parameters derived from the thermo-

dynamic properties are consistent with the MD results

for both Ge34 and d-Ge above 250 K.

(iii) The thermal conductivities of d-Ge, calcu-

lated by both methods, are comparable to the exper-

imental results.
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