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A two-dimensional solution of space-charge-limiting current for a high current vacuum diode with a spherical

cathode is presented. The relation between space-charge-limiting current and electric field enhancement factor at the

cathode surface for the diode with a curved surface cathode is also discussed. It is shown that compared with the current

given by the conventional Child—Langmuir law, which describes the one-dimensional space-charege-limiting current, the

two-dimensional space-charge-limiting current in such a diode is enhanced due to the electric-field enhancement along

the cathode surface. Among practical parameter ranges, enhancement factor rn, approximately satisfies n, ~ AB",

where [ is the electric field enhancement factor at the cathode surface, and n is a constant between 1 and 2, which is

confirmed to be universal for the diodes with curved surface cathodes.
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1. Introduction

Many vacuum diodes contain cathodes with

curved shapes, such as spherical, cylindrical, or
even pin-shape cathodes. These kinds of diodes are
widely used to generate high current electron beams
which serve as a part of the pulsed power systems.
The space-charge-limiting currents of curved surface-
cathode diode are necessary and important for the
design of this kind of diode.

formidable difficulties and it is almost impossible to

However, there are

obtain a completely analytic solution for this two-
dimensional problem. Recently, the space-charge-
limiting current emitted over a strip patch of width
W and a circular patch of radius R on a planar cath-
ode surface were studied by a particle-in-cell (PIC)
simulation and semi-analytic method, and some use-
ful results were obtained,!'~") showing that such a
cathode could produce a current density significantly
exceeding that predicted by classical one-dimensional
(ID) Child-Langmuir law. A simple theory for the
two-dimensional (2D) Child-Langmuir law was pre-
sented in Ref. [1], the result is explicative and read-
On the other hand, none of those stud-
ies have taken into account the influence of electric

ily usable.

field enhancement along the cathode surface on the
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space-charge-limiting current. In the present paper
we first develop the space-charge-limiting current for
a spherical cathode diode. Then we have a discus-
sion on the general relation in diodes with curved sur-
face cathodes between the space-charge-limiting cur-
rent and the field enhancement factor on the cathode
surface by an analytic approach. The results show
that the space-charge-limiting current in such diodes
is directly proportional to the product of the space-
charge-limiting current of an infinite plate diode (the
classical 1D Child-Langmuir value) and the nth power
of field enhancement factor on the cathode surface ap-

proximately.

2. Space-charge-limiting current

for spherical cathode diode

First, we try to deduce the space-charge-limiting
current for a spherical cathode diode. However, it is
formidably difficult and almost impossible to obtain
a complete analytic solution for this two-dimensional
problem. The method similar to that in Ref. [1] can
be taken to obtain the space-charge-limiting current
for this kind of diode. For the space-charge-limiting
current emission, the electric field vanishes at the sur-
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face of the emitting cathode due to the space charge
of the beam, so the space-charge-limiting current in a
vacuum diode is directly related to the electric field
strength at the cathode surface, and the stronger E-
field on the cathode surface leads to the emission of
more electrons and therefore a greater current can be
obtained. We assume that there are sufficient space
charges in the cathode plasma covering the whole
emission surface to drive the normal surface electric
field to zero, in other words, there is no limitation by
the cathode emission capability as the field-enhanced
explosive emission cathode. As shown in Fig. 1, the
electron beam emitted from the spherical cathode ex-
pands as long as they leave the cathode surface, dis-
tributing in a variable range of angle y. When a high
enough external magnetic field is applied, 6y ~ 0.
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Fig. 1. Schematic diagram of spherical cathode
diode.

We first discuss the spherical cathode diode im-
mersed in a magnetic field. For the convenience of
deduction, we assume beam electrons to be uniformly
distributed along r and 6 directions, i.e. p(z,7,0) =
po (z). Point charge Ap(z) at positon (z,r) will pro-
duce electric field AF in the centre of the cathode (0,
0), the z-component of the electric field is

Apz

AE. (0,0) =
dreg (12 + 22)

573" (1)

Then the total electric field at (0, 0) is obtained
by the integration over all space charges,

E. (0,0)
d R¢ 27

:// / 200 (2) Tprdodrdz. (2)
o Jo Jo  dmeq(r2+ 22)

Integrating Eq. (2) along r and 6 directions gives

E, (0,0)

d

1 1 1

Conservation of charge implies that the beam cur-
rent density J = p(z)v(z) = const., where v(z) is the
electron velocity. The total electric field due to the
space charge can be written as

E. (0,0)
 Godopn (2) /d 2dz [1 1
0

) (4)

2¢eq v(z) |z

¢ (R2+22)'?
where G is the multiplication factor to account for the

contribution due to the image charges. The 2D lim-
iting current density for the spherical cathode diode
is reached when this total self-electric field equals the
vacuum electric field in the centre of cathode. It gives

o Jon (2) /d zdz |1 1
0 e, o v(z) |z (Rg+22)1/2

on the assumption that field enhancement factor § is

|4
a

=pB—, (5)

equal to the ratio of the maximum field at the cath-
ode surface, Epayx, to V/d, in which V is the voltage
and d is the distance between the two electrodes, that
is, 8 = Emaxd/V. And the current enhancement fac-
tor, n, of space-charge-limiting current is defined as
ratio np, = Jspn(2)/Je1(1), where Jopn(2) is the space-
charge-limiting current of the curved surface cathode
diode and Jg (1) is the space-charge-limiting current
of an equivalent planar diode with the same gap be-
tween cathode and anode, which is given by classical
(1D) Child-Langmuir law. The 1D Child-Langmuir
law is obtained by setting R, to be infinity. Thus from
Eq. (5) we have

Ja(l) (" dz V
o Ao o

The value of 7, can be given by the ratio between

Egs. (5) and (6) as
4 dz
Jsph(2) _ /0 W (7)
Ja (1) /d 2dz [1 1 '
0 v(z) |z (R§+z2)1/2

From the well-known density profile, p(z)
272/3 in the 1D Child-Langmuir solution, then
v (2) o 22/3, thus we have

4z
5273

b =

n, =
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In practical cases, the cathode of the diode of this
kind usually is made up of a half sphere connected to
the end of a cylinder, serving as the cathode shank
(shown in Fig. 1). The electric field enhancement ef-
fect arising from the cylinder cannot be ignored. Nu-
merical simulations on this effect are carried out by
the code POISSON SUPERFISH,®! and for practical
data range 0.5 < d/R. <50, we obtain the field en-
hancement factor

8= 0.87 + 0.9 (d/Ro)* . (9)

Substituting Eq. (9) in Eq. (8), and integrating
numerically in data range of d/R. from 0.5 to 50, ny
can be approximately expressed as

ny = 1.05314. (10)

Then the space-charge-limiting current of the spheri-
cal cathode diode, Iypp, can be written as

Ipn(2) = mrR2Ja(1) = 1.058M 47 R2 Ja(1),  (11)

in which J(1) is given by the classical (1D) Child-

Langmuir law as follows:1+45:9]

. 4\/§ €0 (e/m0)1/2 V3/2
9 d2 ’

The assumption of uniform space-charge density
in the proceeding calculation holds true if the shield-
ing effect of electrons is small enough. However, this
condition is violated in many applications of intense
relativistic beam. Now we extend our model to the
case of nonuniform distribution. Since any distribu-
tion function can be expanded to linear superposition
of several power functions accurately, in the follow-
ing we will deduce the space charge limiting current
of spherical cathode diode immersed in magnetic field
with a power function density distribution profile.

Firstly, we assume the beam electrons to dis-
tribute in the form p(z,7,0) = po(2)(1 + ¢ - r/R.),
a similar deduction process gives the current enhance-
ment factor

where we introduce a dimensionless variable z = z/d,
then

1
Y RS P
0 v (Re/d)? + x2

1! 1
F2:§/ x1/3|:
0 1+ (d/R.)? 22
Rel [ B\ L
d x d x2

Integration by numerical method gives that the

— log ] dz. (15)

current enhancement factor i, can be expressed as
m =~ AT, (16)

where A is a constant related to space charge distri-
bution, so it is a function of ¢. For ¢ = 1, 2 and 10,
A =1.74, 2.42 and 7.53, respectively.

Secondly, we assume that the space charge dis-
tributes following p (z,7) = po (2) (1 + ¢r?/R2), space
charge current enhancement factor can be obtained by
a similar deduction process and expressed as

Ipn(2) _ B(1+¢/2)

- - 17
P T IN(1) T F -l (17)

1t d\’
= 5/0 x1/3<2x <Rc>
(Re/d)? + a2

e
|

(18)

Results calculated by numerical method illus-
trates that the current enhancement factor n, of
space-charge-limiting current can also be expressed as
the expression of Eq. (16) accurately, and for ¢ =1, 2
and 10, A = 1.38, 1.64 and 2.60, respectively.

Higher power function distributions give the same
results. Therefore generally space charges with any
distributions will follow the same laws, since any dis-
tribution function can be approximated to linear su-
perposition of several power functions. Only coeffi-
cient A varies with distribution.

The space-charge-limiting current of the spheri-
cal cathode diode immersed in a high enough exter-
nal magnetic field has been obtained. For the case
where no external magnetic field is applied, the elec-
trons emitted by the spherical cathode expand as long
as they leave the cathode surface, and distribute in a
variable range of angle 6y. Angle 6, varies with dis-
tance d between the two electrodes and radius R. of
spherical cathode. A similar method can be taken to
deduce the current enhancement factor with different

angles of divergence. It is given that
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[t

in which @ = tanfy. The numerical integration in a
practical data range of 0.5 < d/R. < 50 gives

m = A (20)

For 0y = 5°,10°,15°,20°,30°,45° and 60°, A = 1.08,
1.10, 1.13, 1.16, 1.22, 1.32, 1.49, respectively.

The above result obtained indicates that the
space-charge-limiting current in the spherical cathode
diode is enhanced by a factor of 7, which can be de-
termined by n, = AB"™, where f is the electric field en-
hancement factor at the cathode surface, and n = 1.4
for spherical cathode diode, A is a constant related to

space charge distribution.

3. Discussion on relation between
space-charge limiting current
for curved cathodes diode and
electric field enhancement fac-

tor at the cathode surface

In Section 2, we show that in a spherical cathode
diode, there exists a relation between space-charge-
limiting current and electric field enhancement factor
at the cathode surface. The similar relation also ex-
ists in other curved surface cathode diodes. Now we
discuss concentric cylindrical and spherical electrodes
as examples.

A concentric cylindrical diode or coaxial diode
consists of two cylindrical electrodes as shown in
Fig. 2, serving as the cathode and anode respectively.
The cathode radius is R., and the anode radius is R,,
R, > R, i.e. electrons are emitted outwards from the
inner cylinder surface.

From Refs. [10] and [11], we know that in the
non-relativistic case, the space-charge-limiting beam
current density of the coaxial diode is given by

4egr/2e/mV>/?
Lo = — o —. (21)
9R.R,B?

cathode

Fig. 2. Schematic diagram of coaxial diode.

Coefficient B satisfies

B(z) = = — 0.4z + 0.091672> — 0.014242*
+0.001682° + ... , (22)

where = In(R,/R.).
From Egs. (21) and (12), the current enhancement
factor 7.4, is obtained to be
d? (1 = R./R,) (Ra/R. — 1)

led = RR.BZ B2 o (23)

where d is the distance between the anode and the
cathode, i.e. d = R, — R..
The electric field enhancement of the cathode is
readily obtained to be
d/R. (Ra/R. — 1)

fea = In(Ra/Ro)  In(Ra/Ro) (24)

From Egs. (23) and (24), we know that current
enhancement factor 7.q and field enhancement factor
Bea are both functions of R,/R.. Combining Eqs. (23)
and (24) together, the analytic solution of 7.4 can be
obtained. In most practical cases, we usually have
1 < R./R. < 20, thus current enhancement factor 7cq

can be expressed as
Ned = ﬂ1'5~ (25)

For a diode composed of two concentric spheres
with cathode radius R, and anode radius R,(R, >
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R.), similarly, we have current enhancement factor

d? (Ra/Rc —1)*
Nesp = RgGQ = G2 ) (26)

where G is the parameter determined by R,/R.. In-
troducing « = In(R,/R.), the coefficient G is approx-
imately expressed as

G (z) = = — 0.32% 4+ 0.0752% — 0.01432*
40.002162° + ... . (27)

The electric field enhancement factor is readily
obtained, and we have

5csp = Ra/Rc~ (28)

From Egs. (26) and (28), the relationship between
space-charge-limiting current enhancement factor 1y

and electric field enhancement factor By is

2
csp

= 29

T = G ey 29

Similarly, taking 1 < R,/R. < 20, space-charge-

limiting current enhancement factor 7., can be ex-

pressed by a power function of electric field enhance-
ment factor Bcep, or

ncsp ~ 51.65. (30)

In summary, when curved cathode is introduced
in a diode, current emitted by the cathode increases,
owing to electric field enhancement. In practical cases
where 1 < R,/R. < 20, current enhancement factor
7 is a function of electric field enhancement factor 5,
and written as n, ~ AB", where n is a real number
between 1 and 2.

4. Conclusion

From Sections 2 and 3, we know that there ex-
ists a relation between the space-charge-limiting cur-
rent and electric field enhancement factor at the cath-
ode surface for a curved surface cathode diode. This
is not hard to understand, because it is well known
that the space-charge-limiting current in a vacuum
diode is directly related to the electric field strength
at the cathode surface. In general, a stronger FE-field
leads to the emission of more electrons and therefore
a greater current can be obtained on the assumption
that there are sufficient space charges in the cathode
plasma covering the whole emission surface to drive
the surface normal electric field to zero, i.e. without
limitation by the cathode emission. It is reasonable
that the space-charge-limiting current enhancement
factor 7y, is a function of field enhancement factor g
at the cathode surface. The result indicates that in
vacuum diode, when a curved cathode is used, the
space-charge-limiting current is enhanced by a factor
of my,, which is determined by 7, >~ AS™ in most prac-
tical cases, where n is a real number between 1 and 2,

A is a constant related to space charge distribution.
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