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The hairpin probe using microwave resonance in plasma is applicable to high pressure 1.33×103–1.01×105 Pa)) as

developed recently. In this work, an analytic model of the hairpin resonator probe surrounded by a thin dielectric layer

and a sheath layer is proposed. The correction factor due to these surroundings is analytically found and confirmed

by electromagnetic field finite difference time domain simulation, thus enabling the accurate measurement of electron

density in a high-pressure non-equilibrium uniform discharge.
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1. Introduction

Since being introduced first by Stenzel in the

1970s, the hairpin or microwave resonator probe has

nowadays become a welcome diagnostic technique for

low-pressure plasmas.[1−5] This technique is extended

to higher pressure (> 1.33× 102 Pa)) plasma diagno-

sis with a collision and sheath correction by Sands.[6]

However, this corrected model is still not satisfactory

when pressure is higher than 1.33 × 103 Pa. Re-

cently, a diagnostic method, i.e. resistive resonant

method based on an electromagnetic field finite dif-

ference time domain (FDTD) simulation was prelim-

inarily developed.[7] It proposes a possible way for

the hairpin resonator probe to be applied to a high-

pressure non-equilibrium plasma.

The principle of the hairpin resonator probe is

based physically on the dependence of measured reflec-

tion spectrum in terms of the full width of half max-

imum (FWHM), resonant frequency fr and reflection

coefficient Γmin on propagation constant (γ) of probe

wires or transmission lines (γ = α + jβ, α and β are

the attenuation constant and the phase constant, re-

spectively). On the other hand, the propagation con-

stant (γ) is correlated to the distributed elements of

the probe wires, i.e. inductance (L), capacitance (C),

resistance (R) of line and leakage conductance (G).

Furthermore, the distributed elements are influenced

by plasma characteristic.

By inserting the probe into plasma, the metal sur-

face of the probe will be bombarded by energetic ions

and oxidised by chemical active species. The pho-

toelectrons will also be emitted from probe surface

by ultraviolet radiation. In practical applications, the

probe surface is normally protected by a thin dielec-

tric layer to reduce these effects of surface sputtering,

contamination and photo-electron emission.

In this work, an analytical model of hairpin res-

onator probe coated with a thin dielectric protection

layer and wrapped by a sheath layer is proposed. A

corrected diagnostic method is then developed and

studied for diagnosing high pressure non-equilibrium

plasma by electromagnetic field simulation.
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2. Analytic model of hairpin res-

onator probe protected by thin

dielectric film and sheath layer

2.1. Simulation method of hairpin res-

onator probe

The hairpin resonator probe (without protection

film) can also be used to diagnose the high pres-

sure non-equilibrium plasma in principle. The elec-

tron density can be obtained from the following rela-

tion between normalised width of reflection spectrum

(∆f/fr) and plasma characteristics (σp, εpr):
[7]

1

l

[
ln

(
π ×∆f

2fr
+ 1

)
− ln

(
π ×∆fvac

2fvac
+ 1

)]
=

120πσp√
εpr

, (1)

σp =
ε0ω

2
peνm

ω2 + ν2m
,

εpr = 1−
ω2
pe

ω2 + ν2m
, (2)

where ω = 2πf , εpr and σp are the real parts of

plasma permittivity and plasma conductivity, respec-

tively. fvac and ∆fvac are the resonant frequency and

the FWHM of the reflection spectra in vacuum or in

the absence of plasma.

The electromagnetic field FDTD simulation is a

convenient tool for studying the problems concerned

with electromagnetic phenomena in plasmas.[8] In the

present work, one of commercially available softwares,

CST MICROWAVE STUDIO,[9] is used to simulate

the microwave signal transmitted in and reflected from

the probe. The simulation is carried out by deter-

mining the characteristics of microwave power source

connected to probe, i.e. port type, impedance, loca-

tion and excitation signal in the software. The plasma

is considered to be a cold plasma medium, which is

described by gas pressure, plasma density and elec-

tron temperature through the Drude dispersion for-

mula εpr (ω) = 1 − ω2
p/ω(ω − jνm). The probe essen-

tially acts as a half-wavelength dipole antenna, and

the resonance occurs at a particular frequency of fr
by sweeping microwave source frequency f in an ap-

propriate range. The diagram of hairpin resonator

probe is shown in Fig. 1. In the case, a small mi-

crowave power fed at position z = −l is reflected from

the open end position z = 0, and the power reflection

spectrum is displayed as s-parameter s11 or reflection

coefficient Γ (f) through |Γ | = |(Zin−Z0s)/(Zin+Z0s)|
(Z0s = 50 Ω).[9,10]

Fig. 1. Model of hairpin resonator probe with a thin dielectric film (a), and radial cross section of a probe metal

wire covered with a film and a sheath separately (b).

2.2.Model of probe with protection film

and sheath layer

Hairpin resonator probe is well considered as

parallel-wire transmission lines terminated with an

open-circuited end.[7] When the surface of hairpin res-

onator probe is coated by a thin dielectric film with

relative permittivity of εdie and is assumed to be im-

mersed into a uniform (in region with the scale of

probe) argon plasma with electron density of ne and

temperature of Te (eV) at pressure of p (Pa), an ana-

lytical model of the probe with a protection film and a

sheath layer can be derived from a lumped equivalent

circuit for infinitesimal section of transmission line as

shown in Fig. 2. Here, the probe radius of metal wire

is a, the film thickness h(b = a + h), and the thick-

ness of sheath ds with outermost radius c = b + ds).

The sheath is regarded as a vacuum layer. Cd,s is the

capacitance in series with a sheath layer and a dielec-

tric film, which are given by Cs = 2πε0/ ln(c/b) and

Cd = 2πε0εdie/ ln(b/a), respectively.
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Fig. 2. Transmission line model of hairpin probe wires when wrapped by protection film and sheath layer, where

panel (a) shows lumped-element circuit model of probe with protection film and sheath layer, and panel (b)

displays effective Geff and Ceff .

Letting the voltage across the plasma be vp and

the voltage across the film and the sheath be vd,s in

Fig. 2(a), the current in the unit length of transmis-

sion line is written as[11]

i′ = ip + Cp
dvp
dt

= Cd,s
dvd,s
dt

,

v = vp + vd,s,

ip + Cp
dv

dt
= (Cd,s + Cp)

dvd,s
dt

=
Cd,s + Cp

Cd,s
i′,

i′ =
ip +

Cpv

∂t

1 +
Cp

Cd,s

=
Gpvp +

Cp∂v

∂t

1 +
Cp

Cd,s

, (3)

where Cd,s = CdCs/(Cd + Cs), and the conduction

current through plasma ip = Gpvp. The current of i′

is equivalent to −∂i(z, t)/∂z in transmission line equa-

tion of time domain.[10] If the driven voltage is time

harmonic, Eq. (3) is then written in phasor form as

Ĩ ′ =
GpṼp + jωCpṼ

1 +
Cp

Cd,s

. (4)

In the microwave frequency range, with thin dielec-

tric film and thin sheath layer, the approximation of

Ṽd,s = Ĩ ′/jωCd,s ∝ Ĩ ′(h/a + εdieds/a)/jω ≈ 0. can

be made. It suggests that the voltage mostly drops

across the plasma and Ĩp = GpṼp ≈ GpṼ . Then

Ĩ ′ ∼=
Gp + jωCp

1 +
Cp

Cd,s

Ṽ = (Geff + jωCeff)Ṽ . (5)

Thus the equivalent lumped-element circuit with ef-

fective capacitance (Ceff) and conductance (Geff) is

shown in Fig. 2(b), and correspondingly Ceff and Geff

are given respectively as

Ceff =
Cp

1 +
Cp

Cd,s

=
πε0εpr(eff)

ln

 d

2a
+

√(
d

2a

)2

− 1

 ,

Geff =
Gp

1 +
Cp

Cd,s

=
πσp(eff)

ln

 d

2a
+

√(
d

2a

)2

− 1

 , (6)

where the effective permittivity and the effective con-

ductivity of plasma, respectively, are

εpr(eff) =
εpr
Λ

,

σp(eff) =
σp

Λ
, (7)

where Λ is the correction factor induced by the film

and the sheath layer and derived from Eq. (6) to be

Λ =

ln

 d

2c
+

√(
d

2c

)2

− 1

+
εpr
εdie

[
ln

(
b

a

)
+ εdie ln

(c
b

)]

ln

 d

2a
+

√(
d

2a

)2

− 1

 . (8)

3. Corrected method of high-pressure plasma diagnostics

From the model of hairpin resonator probe described in Section 2, the attenuation constant of the probe

wires can be written as
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where R is the sum of radiation resistance and self-loss resistance of probe.[12] As the probe wires are assumed

to be made of metal with perfect conductivity, the loss of probe itself is neglected in formula (9). Rrad is

the averaged radiation resistance of probe wires in unit length, which has the same magnitudes in vacuum

and plasma. Following the same procedure as that in Ref. [7], the relationship between the normalised width

(∆f/fr) and plasma characteristics (σp, εpr) in Eq. (1) is rewritten as

1

l
Λ1/2
vac

[(
Λp

Λvac

)1/2

ln

(
π ×∆fp

2fr
+ 1

)
−√

εpr ln

(
π ×∆fvac

2fvac
+ 1

)]
=

120πσp√
εpr

, (10)

where Λp and Λvac are the corrected factors as shown by Eq. (8), in plasma and vacuum, respectively.

Equation (8) indicates that the value of Λ is influenced by both geometrics factors such as radius (a), axis

pitch of probe wires (d), dielectric film thickness (h), sheath layer thickness (ds), and electrical parameters such

as plasma permittivity (εpr), and dielectric film permittivity (εdie). In practical applications, the characteristics

of the protection film should be chosen such that the requirements of less sputtering, less surface contamination

and less electron emission in a plasma medium are satisfied.

In general, the protection film thickness (h) is on the order of several micrometers and sheath thickness

(ds) is about a few tens of micrometers, which are both much smaller than the radius of probe wire and the

wire width. Taking c/a = 1+ h/a+ ds/a, b/a = 1+ h/a, and c/b ≈ 1+ ds/a, the correction factor described by

Eq. (8) is then simplified into

Λ ≈ 1−mh/a− nds/a, (11)

where

m =
1

ln

 d

2a
+

√(
d

2a

)2

− 1)


(

d/2a√
(d/2a)2 − 1

− εpr
εdie

)
,

n =
1

ln

 d

2a
+

√(
d

2a

)2

− 1)


(

d/2a√
(d/2a)2 − 1

− εpr

)
.
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The influence of geometric dimension of probe

on sheath correction can be deduced from Eq. (11).

When the radius of probe wire is relatively large (on

the order of millimeters), the value of ds/a is very

small. Additionally a larger probe radius also leads to

the reduction in the value n especially in high-pressure

plasmas as the width of probe (d) should satisfy the

condition d ≥ 2(ds + b). In this case, as known from

Eq. (11), the sheath influence is further depressed.

However, the increase of the probe width is consequen-

tially at the expense of increasing the perturbation to

plasma, reducing the spatial resolution and the reso-

nant quality. These are in accordance with the results

discussed in Refs. [2] and [6]. A proposed solution for

these problems is to optimize the dimensions of probe

with a comprehensive consideration of width and ra-

dius, which reduces the magnitude of the term (nds/a)

to be as small as possible or even negligible.

At high pressures (ν2m ≫ ω2
pe, ω

2), plasma permit-

tivity εpr is close to unity and plasma conductivity σp

is ∼ ε0ω
2
pe/νm. Substituting these values into Eq. (10)

yields Eq. (12) at ∆f/fr < 1 as follows:(
∆f

fr

)
c

=

(
Λp

Λvac

)1/2(
∆f

fr

)
p

−
(
∆f

fr

)
vac

=
1

Λ
1/2
vac

240lε0ω
2
pe

νm
. (12)

So, the density of high-pressure plasma can be es-

timated by the corrected method of hairpin resonator

probe to be

ne = 1.48× 1017Λ1/2
vac

νm
l

(
∆f

fr

)
c

, (13)

where ne is in m−3, νm is in GHz, and l is in

mm. Electron-molecule elastic collision frequency

νm depends on electron temperature Te and pressure

through νm = K(Te)p/kBTm. The data base for the

collision rate constant is available in the literature for

typical gas such as He, Ar, O2, etc.

In the double hairpin probe technique proposed in

the previous study,[7] the same sheath layer surrounds

the probe wires immersed in the same plasmas. From

formulas (11) and (12), the sheath thickness(ds) and

the correction factor (Λp) can be determined by dou-

ble hairpin probe with different geometrics and / or

dielectric film, described by

ds =

(2−m1h1/a1)
1

l1

[(
∆f

fr

)
p,1

−
(
∆f

f

)
vac,1

]
− (2−m2h2/a2)

1

l2

[(
∆f

fr

)
p,2

−
(
∆f

f

)
vac,2

]
n1

l1a1

(
∆f

fr

)
p,1

− n2

l2a2

(
∆f

fr

)
p,2

. (14)

Here, the subscripts of 1, 2 denote the probe num-

bers. The quantities of m and n are the factors corre-

sponding to the probe geometrical scale and the per-

mittivity of thin dielectric film, as indicated in formula

(1).

4. FDTD simulation study of cor-

rected method

For hairpin probe with geometric parameters of

a, d and l being 1, 4 and 27 mm respectively and silicon

dioxide (SiO2) film selected as a probe protection film,

the curves for variations of Λ with film thickness in

given plasmas are shown in Fig. 3, those for the case of

no sheath correction are also displayed for comparison.

The influence of film thickness is almost linear when

pressure is larger than 4.80×104 Pa. This can be also

confirmed by Λ = Λp ≈ 1−0.676h/a−0.117ds/a as de-

rived from formula (11) when εpr/εdie < 1 and εpr ≈ 1.

However, if the pressure is lower than 4.80 × 104 Pa,

the variation turns nonlinear for lower electron tem-

peratures. This is caused mainly by the collision fre-

quency νm dependence of εpr as displayed in Fig. 4.

For the described probe size, the deviation of Λ

from 1, induced by the protection SiO2 film, is less

than 0.7% when its thickness is no more than 10 µm.

This can be confirmed by Λvac ≈ 1 − 0.676h/a from

formula (11) and Fig. 3. Furthermore, the deviation

from Λvac, caused by plasma sheath, is less than 2%

for the plasmas with electron densities ranging from

1–10× 1016 m−3 at Te < 1.0 eV. It suggests that the

estimated density from formula (12) or (13) would re-
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sult in only about 1% increase if the sheath correction

is neglected.

When the present probe is coated by a SiO2

layer of thickness 2.0 µm (corrected factor Λvac =

0.99865), and then inserted into a plasma with ne =

4×1016 m−3, Te = 1.0 eV at p = 2.13×104 Pa, the typ-

ical spatial distribution of current density around the

probe and corresponding reflection spectrum obtained

by FDTD are presented in Fig. 5. Table 1 presents the

characteristics of reflection spectra, i.e. dependences

of fr and FWHM on frequency, in some plasmas.

Fig. 3. Effects of plasma parameters and film thickness

on correction factor, where ds is taken to be π1/2λDe,
[13]

nel is in 1016 m−3.

Fig. 4. Dependences of plasma permittivity on pressure

at resonant frequency in plasmas with different densities

and temperatures.

Fig. 5. FDTD simulation results, where panel (a) shows current distribution around the probe and panel (b)

displays corresponding reflection spectrum (b).

Table 1. Characteristics of reflection spectra.

P/Pa 2.13× 104 1.01× 105

Te/eV 0.5 1.0 0.5

ne/1016m−3

2 ∗2.5030(0.2855) 2.4610(0.1260) 2.4580(0.0928)

4 2.5510(0.5476) 2.4670(0.2161) 2.4610(0.1529)

6 2.6020(0.8079) 2.4730(0.3122) 2.4640(0.2131)

8 2.6650(1.0744) 2.4790(0.4075) 2.4640(0.2674)

10 2.7190(1.2217) 2.4850(0.4894) 2.4670(0.3317)

∗ Resonant frequency (GHz) and FWHM (GHz) are bracketed separately.
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By taking the electron collision frequency in the

form of νm ≈ 5.64 × 106×133.3 pT 1.609
e (s−1),[13] the

electron density of plasmas estimated from formula

(13) is shown in Fig. 6. It shows the electron den-

sities determined by the corrected method are very

close at different pressures and temperatures. The

larger deviation in a high density plasma, especially

at 2.13× 104 Pa and Te = 0.5 eV, is caused mainly by

assuming εpr ∼ 1 in Eq. (11), which has been analysed

in Fig. 4.

Fig. 6. The estimated election density using the corrected

method.

5. Conclusion

An analytic model of the transmission line for

the hairpin resonator probe with a dielectric film

and a sheath layer is developed. The corrected

method of electron density measurement and the in-

fluence of probe geometrical and plasma parameters

are also studied by using electromagnetic field simula-

tion. Compared with the protection film, the sheath

layer has a significant effect on the correction factor

Λ. The double-probe method of electron density mea-

surement can be used to determine the sheath width.

However, by appropriately selecting the dimensions

of probe width and probe radius, the sheath influence

can be reduced or even neglected in high-pressure plas-

mas. For the hairpin probe with geometric parameters

of a and d being 1 and 4 mm respectively, it is indi-

cated that the value of Λ induced by the protection

film would be less than 0.7% if SiO2 film thickness

is no more than 10 µm, while the deviation caused

by the sheath is less than 2% for plasma density in a

range from 1–10×1016 m−3 at Te < 1.0 eV. The results

estimated from the electromagnetic field FDTD sim-

ulation suggest that the developed corrected method

can be applied to measuring the electron density at a

high-pressure.
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