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This paper proposes a method of simultaneous determination of the four layer parameters (mass density, longitudi-

nal velocity, the thickness and attenuation) of an immersed linear-viscoelastic thin layer by using the normally-incident

reflected and transmitted ultrasonic waves. The analytical formula of the layer thickness related to the measured trans-

mitted transfer functions is derived. The two determination steps of the four layer parameters are developed, in which

acoustic impedance, time-of-flight and attenuation are first determined by the reflected transfer functions. Using the

derived formula, it successively calculates and determines the layer thickness, longitudinal velocity and mass density by

the measured transmitted transfer functions. According to the two determination steps, a more feasible and simplified

measurement setups is described. It is found that only three signals (the reference waves, the reflected and transmitted

waves) need to be recorded in the whole measurement for the determination of the four layer parameters. A study

of the stability of the determination method against the experimental noises and the error analysis of the four layer

parameters are made. This study lays the theoretical foundation of the practical measurement of a linear-viscoelastic

thin layer.
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1. Introduction

There is a great technological need for the ultra-

sonic measurement of a thin layer in manufacturing,

interfacial adhesives in structural materials, composite

materials, protective surface coatings on automobile

bodies and aerospace structure, and so forth. Here

‘a thin layer’ means a situation where two successive

echoes from the layer cannot be separated in the time

domain, i.e. the ultrasonic pulse duration exceeds the

round trip time. Various ultrasonic technologies in-

cluding acoustic microscopy, ultrasonic spectroscopy

and Lame waves technique and laser-ultrasonic tech-

nique have been developed for the measurement of the

thin layer.[1−18]

In practice, the measurement of the independent

layer parameters of a thin layer has received a great

deal of attention and study. At normal incidence,

it is desirable to simultaneously determine mass den-

sity, longitudinal velocity, the thickness and attenua-

tion, while the reflected or transmitted transfer func-

tions depend on two compound parameters (acous-

tical impedance and time-of-flight) and attenuation,

other three layer parameters cannot be decoupled with

sufficient accuracy. In the traditional broadband re-

flection/transmission methods,[6−9] through the elab-

orate designs of the measurement setups of the pulse

echo and through transmission, the coupling problem

could be solved and the simultaneous determination

of the layer parameters was performed. However, the

methods were all required to involve the use of the non

over lapping reflected and transmitted pulses from the

front and back interfaces, and broke down for measur-

ing a thin layer. A variety of the inversion methods

in the time or frequency domain had also been devel-

oped to determine the layer parameters of the thin

layer.[10−17] Although the over lapping problem of the

pulses does not need to be considered in these meth-

ods, solving the multi-parameter inversion problems

became complicated and difficult and was unable to
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derive the intrinsic relations of the related parame-

ters. Recently, in order to reduce the number of the

layer parameters to be determined, a two-step deter-

mination method had been developed as the ultrasonic

measurements of an embedded layer and an isotropic

thin layer on a stiff plate were performed.[14−16] Al-

though the complete set of layer parameters was si-

multaneously calculated from the determined non-

dimensional parameters, the two-step method essen-

tially belonged to the multi-parameter inversion prob-

lem as the non-dimensional parameters were solved

from the nonlinear inversion equations in the first step.

Yao had derived the analytical formulas of acoustic

impedance, time-of-flight and attenuation of a linear-

viscoelastic thin layer related to the transfer functions

of the normally-incident reflected ultrasonic waves.[18]

By using the analytical formulas, three parameters

could be directly calculated and determined, however

the coupling problem was not yet solved and the four

layer parameters could not be simultaneously deter-

mined.

The simultaneous determination of the layer pa-

rameters is not a new subject in ultrasonic measure-

ment. Although a variety of the measurement setups

or determination methods have been developed un-

til now, there still remain the interesting basic prob-

lems are not solved or solved well, such as how to

design the more feasible and simplified measurement

setups and determination methods and what is the

corresponding theoretical basis, and so forth. There-

fore from the viewpoint of the theory and the exper-

imental measurement, it is significant and necessary

to study these basic problems related to the ultra-

sonic measurement of the layer parameters. In this pa-

per we propose a simultaneous determination method

of the four layer parameters of an immersed linear-

viscoelastic thin layer as the transfer functions of the

normally-incident reflected and transmitted ultrasonic

waves are given. The analytical formula of the layer

thickness related to the transmitted transfer functions

is derived. According to the four analytical formulas of

the related parameters, the two determination steps of

the four layer parameters, and the corresponding more

simplified measurement setups are described and anal-

ysed, respectively. The stability of the determination

method against the experimental noises and the error

analysis of the four layer parameters are numerically

investigated.

2. The determination of the four

layer parameters using the re-

flected and transmitted trans-

fer functions

Here considering a steady-state, time-harmonic

plane longitudinal waves as the normally-incident

waves, imposing the continuity of the displacements

and the stresses at the front and back interfaces of a

homogeneous isotropic linear-viscoelastic thin layer in

the immersed water, through the theoretical deriva-

tion, we obtain the reflected and transmitted transfer

functions without dispersion at normal incidence as[10]

Hr(ωi) =

R21

[
1− exp

(
−β2
2π

2ωiψ2

)
exp(−j2ωiψ2)

]
1−R2

21 exp

(
−β2
2π

2ωiψ2

)
exp (−j2ωiψ2)

, (1)

Ht(ωi) =

(1−R2
21) exp

(
−β2
2π
ωiψ2

)
exp[−jωi(ψ2 − ψ1)]

1−R2
21 exp

(
−β2
2π

2ωiψ2

)
exp(−j2ωiψ2)

, (2)

where ωi is the discrete angular frequency in the useful ultrasonic bandwidth; R21 = (z2 − z1)/(z1 + z2),

ψ1 = h2/c1, and ψ2 = h2/c2; zi = ρici (i = 1, 2) are the acoustic impedances of the immersed water and the

thin layer with ρi and ci being mass density and the longitudinal velocity; h2 is the layer thickness. Following

Kinra and Lyer,[10] a dimensionless measure of attenuation, namely, β2 is a material constant related to the

quality factor Q by Q ∼= π/β2 as β2 is small.

From the simultaneous equation of the theoretical and the measured transmitted transfer functions Ht(ωi)

and H∗
t (ωi) (for discrimination, the superscript (∗) refers to the measured quantity), after the condition that the

phase-shift difference ∆ωψ1 = (ωi+1−ωi)ψ1 being not greater than 2π is introduced to eliminate the ambiguity
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of phase-shift ωiψ1,
[18] by the derivation, the following expression is obtained:

j∆ωψ1 = ln[f(ωi+1, ωi, z2, ψ2, β2)] + j∆ωψ2

[
1− j

β2
2π

]
, (3)

where

f(ωi+1, ωi, z2, ψ2, β2) =

H∗
t (ωi+1)

[
1−R2

21 exp

(
−β2
2π

2ωi+1ψ2

)
exp(−2jωi+1ψ2)

]
H∗

t (ωi)

[
1−R2

21 exp

(
−β2
2π

2ωiψ2

)
exp(−2jωiψ2)

] , (4)

f(ωi+1, ωi, z2, ψ2, β2) is regarded as a known function of the measured transmitted transfer functions H∗
t (ωi)

and the three parameters z2, ψ2 and β2. Then

h2 = Re

{
c1
j∆ω

ln[f(ωi+1, ωi, z2, ψ2, β2)] + ψ2c1

(
1− j

β2
2π

)}
. (5)

Equation (5) is the analytical formula of the thickness of an immersed linear-viscoelastic thin layer that is

related to H∗
t (ωi) and the three parameters z2, ψ2 and β2. Equation (5) is suitable for the calculation of the

thickness of a solid or fluid thin layer at the normal incidence.

It is shown by Eq. (5) that the layer thickness h2 can be decoupled from the compound parameters z2 and

ψ2 using the transmitted transfer functions. If z2, ψ2 and β2 are given, then by using Eq. (5), the thickness h2
can be calculated and determined, the other two layer parameters c2 and ρ2 are also simultaneously determined.

Fortunately, it was proved that the three parameters z2, ψ2 and β2 can be completely determined only by using

the reflected transfer functions H∗
r (ωi).

From Eq. (1), the three analytical formulas related the three determined parameters z2, ψ2 and β2 to the

input acoustic impedance zI2e(ωi) at the front interface of the thin layer are expressed as[18]

z2 =

√
2zI2e(ωi+1)zI2e(ωi)z

I
2e(ωi−1)− [zI2e(ωi)]

2zI2e(ωi+1)− [zI2e(ωi)]
2zI2e(ωi−1)

zI2e(ωi+1)− 2zI2e(ωi) + zI2e(ωi−1)
, (6)

ψ2 =
−1

2∆ω
Im

{
ln

[zI2e(ωi+1)− z2][z
I
2e(ωi) + z2]

[zI2e(ωi+1) + z2][zI2e(ωi)− z2]

}
, (7)

β2
2π

=
−1

2∆ωψ2
Re

{
ln

[zI2e(ωi+1)− z2][z
I
2e(ωi) + z2]

[zI2e(ωi+1) + z2][zI2e(ωi)− z2]

}
. (8)

Where ∆ω = ωi+1 − ωi is the angular frequency in-

terval. The zI2e(ωi) can be calculated by the acoustic

impedance algorithm at normal incidence.[19]

zI2e(ωi) = − [H∗
r (ωi) + 1]

H∗
r (ωi)− 1

z1. (9)

The zI2e(ωi) is regarded as the known measured data.

By using Eqs. (6)–(8), three parameters z2, ψ2 and β2
can be calculated and determined successively by the

reflected transfer functions.

According to Eqs. (5)–(9), the proposed simulta-

neous determination method of the four layer param-

eters using the normally-incident reflected and trans-

mitted waves consists of the following two steps: first,

by using Eqs. (6)–(8), the three parameters z2, ψ2

and β2 are calculated and determined by the reflected

transfer functions H∗
r (ωi); next, by using Eq. (5), the

layer thickness h2 is calculated and determined by the

transmitted transfer functions H∗
t (ωi) and the deter-

mined parameters z2, ψ2 and β2 in the first step, and

the other two layer parameters c2 and ρ2 are also

determined. The determination steps are consistent

with those in the determination of the complete set of

acoustical and geometrical parameters of a thin layer

using the normal and oblique incidence proposed in

Refs. [14]–[16], while the analytical formulas of the

layer parameters related to the measured data and

the corresponding intrinsic relations have not been de-

rived.

In the proposed determination method, by using

the four analytical formulas and the measured data,

all the related parameters must be calculated or deter-
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mined in a certain orderly way, which is an interesting

fact that was not noticed before. In addition, here it

is unnecessary to solve the nonlinear inversion equa-

tions and study the problems of the initial guesses and

the convergence zones of the unknown parameters that

are the required steps in the multi-parameter inversion

methods.

3. The design of the measure-

ment setups

To simultaneously determine the four layer pa-

rameters, the measured reflected and transmitted

transfer functionsH∗
r (ωi)andH

∗
t (ωi) need to be given.

The schematic diagram of the measurement setups is

shown in Fig. 1. The two independent measurement

steps are performed to obtain H∗
r (ωi) and H∗

t (ωi).

First, the short-duration pulse f(t) (the reference

waves) produced by the ultrasonic transducer 1 is

recorded by the same transducer 2 as the thin layer is

removed from the setups. Next, with the thin layer in

place, the normally-incident reflected and transmitted

waves gr(t) and gt(t) are recorded by the transducers

1 and 2, respectively, after the short-duration pulse is

emitted by the transducer 1.

Fig. 1. A schematic diagram of the measurement setups

of a linear-viscoelastic thin layer.

Here suppose the dispersion and attenuation of

the immersed water are negligible. Since the time de-

cays of f(t) and gr(t) are all in the water. To avoid

carrying the extra phase-shift to the reflected trans-

fer functions H∗
r (ωi)in the calculation, the waves f(t)

and gr(t) should be shifted to the same origin of time

(t = 0), we let F ′(ωi) andG
′
r(ωi) represent the discrete

Fourier transforms (DFTs) of the two shifted pulses.

ThenH∗
r (ωi) is equal toG

′
r(ωi)/F

′(ωi). Let F (ωi) and

Gt(ωi) represent the DFTs of f(t) and gt(t). Then

H∗
t (ωi) is equal to Gt(ωi)/F (ωi). H

∗
r (ωi) and H

∗
t (ωi)

are regarded as the measured quantities obtained from

the ultrasonic experiment and used to determine the

four layer parameters.

It is theoretically found that only three signals

(the reflected and transmitted waves and the refer-

enced waves) need to be recorded in the whole mea-

surement setups and procedure as shown in Fig. 1.

Compared with the traditional broadband reflec-

tion/transmission setups, it has the advantages of the

least number of the recorded signals and the absence of

the requirement of the non over lapping pulses from

the front and back layer interfaces, which simplifies

and optimizes the measurement setups and procedure.

4. Error analysis of the layer

properties

Since the determination method of three parame-

ters z2, ψ2 and β2 with the reflected transfer functions

in the first step was studied in Ref. [18]. Here we anal-

yse the effect of the changes of the three determined

parameters z2, ψ2 and β2 on the determination of the

four layer parameters. Suppose the relative errors of

the estimated values ẑ2, ψ̂2, β̂2 and ĥ2 are Eẑ2 , Eψ̂2
,

Eβ̂2
and Eĥ2

, respectively. The relative error Eĥ2
is

controlled by Eẑ2 , Eψ̂2
and Eβ̂2

. The relative errors of

the estimated values ĉ2 and ρ̂2 are derived and given

as

Eĉ2 =
(1 + Eĥ2

)

(1 + Eψ̂2
)
− 1,

Eρ̂2 =
(1 + Eẑ2)(1 + Eψ̂2

)

(1 + Eĥ2
)

− 1. (10)

For the small Eẑ2 , Eψ̂2
and Eĥ2

, then

Eĉ2
∼= Eĥ2

− Eψ̂2
, Eρ̂2

∼= Eẑ2 + Eψ̂2
− Eĥ2

. (11)

It is shown by Eq. (10) that the errors Eĉ2 and Eρ̂2
depend on Eĥ2

and Eẑ2 , Eψ̂2
and Eβ̂2

. Here the two

special cases are discussed: (1) if Eẑ2 ̸= 0, Eψ̂2
= 0,

then Eĉ2 = Eĥ2
; (2) if Eẑ2 = 0, Eψ̂2

̸= 0, then

Eĉ2 = −Eρ̂2 = Eĥ2
− Eψ̂2

.

5. Numerical simulation of the

determination method

The advantage and convenience of the derived

analytical formulas are that they make possible to

numerically simulate and analyse the determination
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method of the four layer parameters of the thin layer

before the ultrasonic experiment. We first simulate

the stability of the determination method of the layer

thickness against the experimental noises. Acoustic

and geometrical parameters of the constituent lay-

ers are listed in Table 1. An investigation proce-

dure used in Ref. [14] has been applied here. Figure

2 show the typical ‘noisy’ synthetic reference waves

f(t), transmitted waves gt(t) with the random noises

level of 5% of the signal amplitude and the corre-

sponding amplitude spectra |F (ωi)| and |Gt(ωi)| and
the calculated transfer functions H∗

t (ωi), where the

waves gt(t) are numerically generated by using a set

of the layer parameters in Table 1. The transmit-

ted transfer functions are calculated by the formula

H∗
t (ωi) = Gt(ωi)/F (ωi). Since the waves gt(t) and

f(t) contain the 5% added random noises which is

above the noise level in the typical experimental data.

The calculated transmitted transfer functions H∗
t (ωi)

are not equal to the original values and can be re-

garded as the measured quantities obtained from the

ultrasonic experiment and used to investigate the sta-

bility of the method against the noises. To determine

the layer thickness more accurately, the selected use-

ful bandwidth is required to be symmetrical about

the centre frequency, the absolute value of H∗
t (ωi) is

less than 1.0 as far as possible. In Fig. 2 the cen-

tre frequency of the ultrasonic transducer is 5.0 MHz

with the frequency interval of the two adjacent data

points ∆f = 50 kHz. The useful bandwidth is selected

as 3.0–7.0 MHz. The calculated transmitted transfer

functions H∗
t (ωi) with the two different layer thick-

nesses of 480 µm and 90 µm are plotted in Figs. 3(a)

and 3(b). In Fig. 3, the discrepancies between the real

and imaginary parts of H∗
t (ωi) and the corresponding

original values are large even in the selected useful

bandwidth, and become more worse in the two sides.

Table 1. Acoustic and geometrical parameters of the constituent materials.

materials ρ/g · cm−3 c/mm ·µs−1 h/µm β

immersed water 0.997 1.49

thin layer 1.175 2.630 (1) 480 0.126

(plexiglas) (2) 90

Fig. 2. Typical ‘noisy’ synthetic reference waves (a), transmitted waves (b) at normal incidence with the 5% random

noises, the corresponding amplitude spectra (c) and the calculated transmitted transfer functions (d).
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Fig. 3. The calculated transmitted transfer functions in the useful bandwidth. The layer thicknesses are 480 µm in

Fig. 3(a) and 90 µm in Fig. 3(b). The dotted lines correspond to the transfer functions without noises.

From Eq. (5), we can see, one calculated value of

the layer thickness needs two data points, while the

selectable frequency intervals between the two used

data points can change from ∆f to (n− 1)∆f , where

n is the number of the data points in the useful band-

width. For a given frequency interval of m∆f , we can

successively change the subscript i in Eq. (5) and ob-

tain (n − m) calculated values. Figure 4 shows the

calculated results of the two layer thicknesses with

two frequency intervals of 20∆f = 1.0 MHz and

40∆f = 2.0 MHz. As shown in Fig. 4, for two differ-

ent layer thicknesses 480 µm and 90 µm, the variation

magnitude and the number of the calculated results

all decrease as the frequency interval increases. The

numbers of the calculated results are 61 and 41 for the

two frequency intervals with n = 81. It is numerically

shown that the effect of the noises on the calculated

results is weakened with the large frequency intervals.

However, using too large frequency intervals may lead

to the more worse calculated results, because the used

two data points are only located at the two sides of the

useful bandwidth where the large discrepancies of the

two used data from the corresponding original values

may occur and the effect of the two bad data points

counteracts that of using the large frequency intervals

on the calculated results. Therefore the selection of

the suitable frequency bandwidth and intervals is of

great importance to obtain the abundant high-qualify

calculated data.

Fig. 4. The calculated results of the two layer thick-

nesses with two different frequency intervals of 1.0 MHz

and 2.0 MHz. The thin solid lines correspond to the true

values.

To show the statistical characteristic of the calcu-

lated results, choosing 41 frequency intervals increas-

ing from 15∆f to 55∆f , 1886 calculated results are

obtained in total for two layer thicknesses and plot-

ted in Fig. 5. The magnitude of the calculated re-

sults is large with the small frequency intervals and

is very much reduced as the frequency intervals in-

crease. Besides a few large-deviation calculated results

in the small frequency intervals all symmetrically scat-

ter around, and most are very close to the respective

true values. Due to the characteristic of symmetrical

scatter of all the calculated data, similar to the de-

termination method of three parameters z2, ψ2 and
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β2 described in Ref. [18], here we perform the averag-

ing operation for all the calculated results in Fig. 5 to

minimise the effect of the random noises. Two average

values h̄2 are 481.1 µm and 91.2 µm, and the relative

errors Eh̄2
are only 0.2% and 1.3%, respectively. It

is numerically shown that the determination method

of the layer thickness by using the multiple frequency

intervals and performing the averaging operation for

all the calculated results can minimise the effect of the

noises and obtain the more accurate average values.

Fig. 5. The calculated results of the two layer thicknesses

using the multiple frequency intervals. The used 41 fre-

quency intervals are from 0.75 MHz to 2.75 MHz with

∆f = 0.05 MHz. The thin solid lines correspond to the

true values.

To reflect the total features of the effect of the

noises on the average values of the layer thickness,

Fig. 6 shows the relative errors of the twenty aver-

age values for two different layer thicknesses. The two

thicknesses are same as those in Fig. 5. Using the same

determination procedure mentioned above, we obtain

each average value from each ‘noisy’ synthetic ultra-

sonic signals with the noise level of 5%. The useful

bandwidth and the frequency intervals are also same

as those in Fig. 5. Generally speaking, there exists

an evident decrease in the relative errors of the av-

erage values as the layer thickness increases. For the

layer thickness of 480 µm, with the exception of one

value, all the relative errors do not exceed ±3.0%, for

90 µm, the maximum value is up to about ±10.0%.

It shows that the proposed determination method is

more suitable for the relatively thick thin layer, while

more simplified than the traditional broadband reflec-

tion/transmission method. In addition, in practice, to

obtain the more accurate estimated values of the layer

thickness, an effective way is to perform the averaging

operation for the average values again. The relative

errors of the estimated values ĥ2 are only 0.12% and

0.86% for the layer thicknesses of 480 µm and 90 µm.

Fig. 6. The relative errors of the average values of the

calculated results of the two layer thicknesses.

6. Conclusion

A method of simultaneous determination of

the four layer parameters of an immersed linear-

viscoelastic thin layer is proposed with the transfer

functions of the normally-incident reflected and trans-

mitted ultrasonic waves. Using the four derived an-

alytical formulas of the related parameters, we cal-

culate and determine the four layer parameters, in-

cluding mass density, longitudinal velocity, the thick-

ness and attenuation in a certain orderly way from the

two steps. The determination method avoids the com-

plexities of multi-parameter inversion. A more simpli-

fied measurement setup and procedure is described, in

which only three signals (the reference waves, the re-

flected and transmitted waves) need to be recorded for

the determination of the four layer parameters. It is

numerically shown that the determination method can

minimize the effect of the experimental noises by using

the multiple frequency intervals in the useful band-

width and performing the averaging operation for all

the calculated results. This study lays the foundation

of the practical measurement of a linear-viscoelastic

thin layer.
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