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Analytical solution of microwave transition spectral
lines for 8"Rb atoms in a Hanle configuration®
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This paper theoretically investigates the microwave transition spectrum of 87Rb atomic D1 line with specially

prepared atomic state in a Hanle configuration. The approximate analytical results have shown that the 0-0 transition

spectral line has the highest contrast and can be applied to microwave frequency standards.

Keywords: photon—atom interaction, susceptibility, quantum interference phenomena

PACC: 4250, 3280, 3200

1. Introduction

The microwave hyperfine transition spectral line
of Alkali-metal vapour has been applied to the mi-
crowave atomic clock for many years.[!l] At present
the investigations have been focused on the minia-
ture vapour-cell atomic frequency references and the
increase of the stability of the atomic clock.[>3] At
the same time, in order to improve the performance
of atomic clock, many quantum optics theories and
techniques have been applied to atomic reference.
For example, apart from the traditional A-type co-
herent population trapping (CPT) microwave atomic

[45] the four-level configuration atom has been

clock,
used for the atomic clock.[! By comparing with the
detection of the CPT transparent spectral line, the ab-
sorption spectral line is measured in multi-level atomic
system. The absorption spectrum of four-level atomic
system interacted with coupling, probe and microwave
fields has been studied.l”=% The multi-level microwave
transitions and nonlinear magneto-optical rotation in
a coated cell have been investigated by using laser
optical pumping.['% In this paper we study the mi-
crowave transition spectral lines for the multi-level
atomic system. The procedure is that at first we op-
tically pump all the population into a specific state,
such as |Fy = 2,mp = 2) end state. This can be
realised by circularly polarised lights. In our sys-
tem by using an intense coupling light and a weak

probe light we can fulfil the optical pumping. In ex-

periment one can obtain the coupling or the probe
lights with one laser device by using a Pockels cell.
At the end of optical pumping electromagnetically in-
duced transparency (EIT) system[''~16 has been ob-
tained. At the same time, a weak microwave field is
swept over all the ground states transitions, such as
|Fy = 2) <» |F, = 1). Although this kind of prob-
lem can be solved by numerically computing the mo-
tion equations of the density matrix elements, we will
give the detailed analysis of the system and by solv-
ing the twelve individual four-level atomic systems we
will give the analytical expression of the absorption
line and the numerical calculations. These results
clearly show that the 0-0 microwave transition spec-
tral line has the highest height and contrast which
may be used for the microwave atomic clock. This
kind of microwave atomic clock uses one laser and mi-
crowave device (the probe light can be obtained by
using a Pockels cell). Compared with a traditional
CPT clock, atomic populations will steadily stay in an
energy state due to very weak probe and microwave
fields, so we expect that this kind clock will exhibit
higher contrast. Because only 0-0 transition has been
detected, the zero-order Zeeman effect will be very
weak.

2. Theory and simulations

The system is considered as shown in Fig. 1,
where |F = 1), |F = 2), |[F' = 1) are the hyper-
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fine states of warm 8"Rb atom ensemble. The tran-
sition of |F = 2) « |F’ = 1) is the D1 line of
87TRb. Under the condition of a weak magnetic field,
these hyperfine states will be split into the corre-
sponding Zeeman states. Initially the atoms are op-
tically pumped into the end state |F = 2,mp = 2).
Because the line width of laser light is much larger
than the energy shift caused by weak magnetic field,
a weak probe laser field can couple the transitions
|[F''=1,mp =-1,0,1) + |F = 2,mp = 2,1,0) and
an intense coupling laser field drives the transitions
|F' =1,mp = —1,0,1) <> |F = 2,mp = 0,—1,-2).
That means with respect to laser field the Zeeman
states are degenerate.
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Fig. 1. The system diagram and its related transitions.
A coupling laser with frequency w. and a probe laser field
) & |F =
2). A microwave field with frequency wm couples the tran-

with frequency wp drive the transitions |F’ =

sitions of the Zeeman states of the ground hyperfine states.

A weak microwave field is scanned and drives
the Zeeman states transitions of the ground hyper-

fine states according to selection rule. The system

Hamiltonian can be written as
H = Hatom + Hcoupling + Hprobe + Hmicrowave7 (1)

where Hgom is the atomic Hamiltonian and Heoupling,
Hprobes Hmicrowave are the interaction parts of the
Hamiltonian.

Hatom
= Tuwp|b) (b] + A(wp — 9")]a)(al
+h(ws + 8")|e) (el + hw;|7) (J]
+h(wj — 61)[k) (k| + R(w; + 61)]d) (i
+hwe| f){f| + R(wy — 252)|d)(d|
+h(wy — 02)|e)(e] + h(wy + 02)|9)(g]
+h(wy +202)|h) (R, (2)

Hcoupling
= —h[Qce ™ (Cople) (f] + Che|b)(e]

+Cadla){d]) +h.c], (3)

Hprobe
= —h[2,e7%" (Cagla) (] + Coglb) {g]
+Cule)(h]) + hec], (4)

Hiicrowave
= —h[Qme ! (Cp;| (]
+Ceile) (il + Cyklg) (k|
+Cas|d) (il + Cejle) (J]
+Csrl )kl + Cy;lg) (il
+Cil £) (i + Chr|R)(K]) +h.c], (5)

where hwy, fwy, hw; are the energies with respect to
Zeeman states |[F, = 1,mp = 0), |F, = 2,mp = 0),
|Fy =1,mp = 0) and 61, d2, &' are the energy shifts
of hyperfine states defined as 6 = —upgrmpB/h with
the Bohr magneton up, g factor gp, inside a weak
magnetic field B. The wp, we, wm are the angular
frequencies corresponding to the probe, coupling and
microwave fields respectively. The (2., (2, (2, are
the Rabi frequencies corresponding to related tran-
sitions defined as 2 = pFE/2h. Here we have consid-
ered Clebsch-Gordan coefficients C,, (¢ = a, ..., k;v =
a, ..., k) and the (¢ = ¢, p, m) represent the largest
transition Rabi frequencies. The other transition Rabi
frequencies have been scaled with the largest ones.
The p is the dipole transition matrix element and F
is the electric field of laser. At present, the cell con-
taining the 87Rb is filled with buffer gas. So we do not
need to consider the Doppler effect. We consider that
the magnetic field is very weak, so laser field can not
Therefore the
excited and ground Zeeman states are almost degen-

resolve the individual Zeeman state.

erated with respect to laser lights. Because there are
many atomic states involved in the problem, it may
be a little difficult for obtaining the analytical solution
by solving all the motion equations of the density ma-
trix elements. In order to solve the problem, firstly we
dealt with the laser fields atoms interaction and the re-
sults will give the populations of the states. Secondly
we solve the interaction of individual four-level atoms
and the fields because it is understood that the ab-
sorption of the probe field reaches its maximum when
all the fields are applied resonantly (three-photon res-
onant) and the influences of the nonresonant parts are
very small due to the very narrow absorption spectral
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line. According to this idea all the interactions be-
tween the fields and atoms can be divided into several
interaction systems between the four-level atoms and
the fields. Therefore as long as we solve those four-
level atoms fields interaction systems, we can obtain
the absorption spectra.

In order to obtain the populations of the atomic
states for the usage of solving individual four-level sys-
tem, for the interaction of the laser fields with atoms,
under the condition of degeneration of the Zeeman
states, we can solve the problem by using Schrodinger
equation,

L dy
iy = Hy. (6)

The state wave function can be written as
) = e (Aclc) + Ap|b) + Aala))
+e I (Aplh) + Aglg) + Aflf)
+Acle) + Adld)), (7)
where A;(l = a,b,....,k) are the amplitudes of the

states. With the Hamiltonian and wave function, we
can obtain a set of differential equations:

dA,
1 = 7’)/14(1 +1C,q82.Agq + iCanpAf, (8&)
dA
Ttb = Ay +iChe 2. A + iChy 02, Ay, (8b)
dA, ) .
dz = —’}/AC + ICCfQCAf + ICcthAh, (SC)
dA, .
Ttd =104 A2 A, (8d)
die = iCebQCAb7 (86)
A
% =10 e Ac +iC1a 82, Ag, (8f)
dA, .
T; = ICngpAb, (Sg)
d4, .
W = lCthpAc. (8h)

Because the probe field is weak, we use adiabatic ap-
proximation Aglo) ~ 1, AZ(O)(Z =a,..,9,1,5,k) = 0. So
we can obtain the following populations:

A= 0.4 = 0|0 =0,
2
A(l) 2: Cafochgg
d CodCerp 22 ]
2
A = (CoaCent2y
¢ CooCop22 )

- (G2
Ccf.QC
A = (Cﬂ) ©)
Ccf_QC
Due to 2, > (2, therefore |A§¢1)|27 |A£,1)|2 > |A((il)|27
|Agl)|2. In the following when we consider individual
four-level atomic system, we can neglect the |A((il)|27
A2,

As long as we get the populations of the states,
then we can obtain the approximate solution of the
motion equations of the density matrix elements by
considering individual four-level system interacted
with two laser fields and one microwave field. There
are twelve four-level atomic systems in total. One half
are the cases that the microwave and coupling connect
a common atomic state and the other half are the
cases that the probe and microwave connect a com-
mon state. The total absorption is the summation of
the all four-level systems. We use density matrix ap-
proach to solve the four-level systems to obtain the
susceptibility. The slowly varying atomic density ma-
trix element can be described as

Ty = |p)(vfe ", (10)

With the above Hamiltonian we can obtain equations
of motion for the atomic density matrix elements of in-
dividual four-level system under rotating wave approx-
imation. For the cases that the microwave and cou-
pling connect a common state, such as |c), |f), |h), |7)
four-level system, we can obtain

Fce = —(Ye +72)0ce + 1025 (Cheohe — Conoen)

+ i02:(Cteofe — Cepocy), (11)
Orf = VeOce +102:(Cepocy — Creoye)

+102u(Cjro55 = Crjog;), (12)
Ghn = Y20cc +1025(Cenoen — Cheohe), (13)
Gj5 = Whn(Criop; — Cipojg), (14)
Ge = —lefoey —iCreS2e(0ce — 0yf)

—iCj Qmoe;, (15)
Geh = —Ienoen +1Chef2p(0pn — 0cc)

+iCrpf2:0¢n, (16)
Ocj = —1¢joc; +iCh;250h5 +1CF;82:05;

iy Doy, (17)
o¢n = —1I'thosn +1Cch2:00n —iCc 250 £

+iCp2majn, (18)
Gjn = —Injon; —iCic82,0c +1Crn2moyp, (19)
duu = ('T;W (20)
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where the generalised decay rates are

Iy =iAc + ey, (21)
Top = iAp 4 Yen, (22)
I =1(Ac+ Aw) + Yejs (23)
i =i(Ap — Ad) + vns (24)
i = i(Ap — Ac — Aw) + Yin, (25)
with Ap = wen — wp, Ac = Wep — We, Am = Wpj — W

Because the probe field and the microwave field are
very weak, we keep terms of all orders in the strong

Och = iChe Qp

coupling field, but only the linear terms in the probe
and microwave fields. This is equivalent to use

0 0 0 0
O'}(lh) = 1,0§f) = O,J;C) = 0,0’;0) =0. (26)
Thus we get
Och = —Lepoen + iCcth + inh-chfh, (27)

O"fh = —thafh +iCon2c0en + ithQmUjh, (28)

d’jh = —thUjh + inthO'fh. (29)
Therefore, we obtain
|
TpnLjn + CinCrnd2i, (30)

Fcthhth + Fcththh-Q?n + thCcthhQE '

When the microwave field is used resonantly to the transition | f) < |k), similarly to the |c), |f), |h), |k) four-level

system, by replacing j with k, we can get o/, as

TepTpn + CenCrp 22,

!/ .
O, = 1Chel2

PTenlpnlion + LenCrunCrn22, + DipConCpp 22

(31)

The differences are the Rabi frequencies caused by the different C-G (Clebsch—Gordan) coefficients and the reso-
nant frequency. We have the similar result for the case |c),|f), |#), |h). For the cases |b), |e), |g), |7); |b), |€), g}, |2),
la), |d),|f),|?); additional difference is the highly occupied state population which has been obtained in the
Eq. (9). For example of the cases |b), |e),]|g), |¢), the density matrix element is

(1)0 FegFig + Cigceggfn
99 09 Togleglig + TygCigCeq (23, + LigCrgCeg 022

Ohg = 0250 (32)
where Uélg) = |A§1)|2. The results for the case |b),l|e), |g),|7) and |a),|d),|f),|¢) are similar to o44. For the
cases that the probe and microwave connect a common state, the susceptibility is similar to that of the above
discussed four-level atomic system. For example for |c),|f),|h), |k), the density matrix element is given by
Eq. (31). For other kind configurations, the differences are the dipole moment, state population and Zeeman
level splitting. For example for |b), |e), |g), |j), the result is

FegFig + OejCEg-QrQn

by = i2,00C . 33
Tba = HpTag T eb Togleglig + Fbgcejceggﬁl + Figcbgcqucz (33)
[
With the above analyses and the results, finally the  the individual four-level system which is given as
total susceptibility of the system is the summation of ' _
the twelve four-level atomic systems. Some of them X = Zlﬁa’”’c”“ {72[~i(Am +nd) + 7]
are degenerated for the same Zeeman splitting. If we +Cg#C'au9,2n} /{17 [—i(Am + nA) + 3]
assume that the decay rates from the |F, = 1) Zeeman 171 Cep Coan 22, +[—i(Amn + 1) + 5]
states to the |F, = 2) states are equal to 7; and the )
CrpuClnl; } , (34)

decay rates among |Fy = 2) are same to 72 as well as

the relaxations from the Zeeman states of |Fy, = 2) to
the Zeeman states of |F, = 3) are equal to y3. Then

total susceptibility is the sum of the susceptibility of

where 8 = (3/87) Ny A%, n = 0,41,42, 43, A is the
Zeeman level splitting. With the analytical solution
we can obtain the line width of the spectra. The 0-0
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clock line width depends mainly on the relaxations of
the excited state and the ground states, coupling light
and microwave intensities. We numerically computed
the susceptibility and plotted the results in Fig. 2.

0.10 prerrprer e e
0.08 |- 3
E0.06 | =
=) o ]
Eo0.04fF =
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Fig. 2. The susceptibility of the system. The solid line
is the absorption, the dashed line is the dispersion. The
parameters are y1 = 1.0,v2 = 0.001,73 = 1075, 0, =
1.0, 2, = QC/\/B, 2m = 0.001. All the parameters are
scaled to the decay rate of the excited hyperfine state.

It can be seen that 0-0 transition spectral line is the
highest and has the maximum signal-to-noise ratio.
Therefore this 0-0 transition spectral line is suitable

for microwave frequency standards.

3. Conclusions

In conclusion, by separately considering the in-
dividual four-level atoms fields interactions, we have
analytically studied the microwave transition spectra
for 8Rb D1 line for the first time. The solution can
give most characteristics of the spectrum. It has been
shown that the 0-0 transition spectral line has the
highest contrast and signal-to-noise ratio. The system
can be realised with a simple optical system and the
0-0 transition line can be used for atomic frequency
standards.
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