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Single-atom entropy squeezing and quantum
entanglement in Tavis—Cummings
model with atomic motion*
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We examine the single-atom entropy squeezing and the atom—field entanglement in a system of two moving two-

level atoms interacting with a single-mode coherent field in a lossless resonant cavity. Our numerical calculations indicate

that the squeezing period, the squeezing time and the maximal squeezing can be controlled by appropriately choosing

the atomic motion and the field-mode structure. The atomic motion leads to a periodical time evolution of entanglement

between the two-atom and the field. Moreover, there exists corresponding relation between the time evolution properties

of the atomic entropy squeezing and that of the entanglement between the two atoms and the field.
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1. Introduction

The investigation of the squeezing of a two-level
atom and the light field has attracted considerable at-
tention in recent years.!'~7) This is not only due to
the fact that it has potential applications in high-
resolution spectroscopy, the high precisions atomic
fountain clocks, the high-accuracy spin polarization
measurements, the generation of quantum controlled
few-photon states, the control of quantum noise, the
atomic spin polarization measurements, but also be-
cause the generation of squeezed light!®) has been ap-
plied to quantum information theory, for example in
[10.11] cryptography,12:13]
dense coding.["* Most of the studies of atomic squeez-

quantum teleportation, and
ing were based on the Heisenberg uncertainty relation
(HUR), which is regarded as a standard limitation
on measurements of quantum fluctuations. However,
the HUR cannot give us sufficient information about
atomic squeezing, in particular, when the atomic in-
version is zero.['”! Several authors found an elegant
entropic way of reformulating the HUR by using quan-
tum entropy theory, and obtained an entropic uncer-
tainty relation (EUR), which could be free from the
triviality of the HUR.I7-16:17]

Quantum entanglement is one of the most strik-

It has been

recognized as a resource in quantum information

ing features of quantum mechanics.

processing'? and quantum computing.[2%! Recently, a
metropolitan quantum cryptography network for gov-
ernment administration was demonstrated.?!! This
is a big step toward the actualization of practical
large-scale quantum cryptography network. Conse-
quently, the understanding of entangled states has be-
come more and more important. There has been a
lot of work on bipartite or multipartite entanglement,
and the general theory of entanglement has blossomed
enormously.*2223 We have also paid attention to the
relationship between the atomic squeezing and the
entanglement. > Furthermore, the generation of en-
tanglement and squeezing in circuit quantum electro-
dynamics was reported.[2%:26]

The Tavis-Cummings model (TCM)27 is a the-
oretical model consisting of many atoms coupled to
a single-mode field in a lossless cavity. Since it
can exhibit many nonclassical properties, it has re-
ceived much attention. Up to now, the effects of the
dipole—dipole interaction and phase-interrupting col-
lisions between atoms,[?® the effect of the presence
of a nonlinear medium® and amplitude-phase mul-
tistability in the TCMP have been studied. Very

recently, more profound researches on the TCM have
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been made.[31-33]

In the present paper, we investigate the single-
atom entropy squeezing in the two-atom TCM with
atomic motion, and the degree of the entanglement
between the two moving atoms and the single-mode
coherent field (DEAF) in the system. The influences
of the atomic motion, field-mode structure and the
initial atomic state are examined. The relation be-
tween the atomic entropy squeezing and the DEAF is
also revealed. The obtained results may be important
for the experimental realization of the preparation of
squeezing atom and the control of entangled state in
quantum information. The rest of this paper is orga-
nized as follows. In Section 2, we introduce the model
under consideration. In Section 3, the atomic entropy
squeezing is discussed. In Section 4, the entanglement
between the two moving atoms and the field is investi-
gated. In the last section, some conclusions are drawn
from the present study.

2. Model and state vector

Consider the TCM where two identical two-level
atoms are in a single-mode cavity. The two atoms
are moving along the z-axis of the cavity at the same
speed v simultaneity. For simplicity, we ignore the
dipole—dipole interaction of the atoms. The Hamil-
tonian of the TCM in the dipole approximation and
rotating-wave approximation in the Schrodinger pic-
ture is3l

H=Hy+V, (1)

where Hy is the Hamiltonian for the two bare atoms
and the cavity field (A = 1),

1
Hy=waa+ P (0214 022), (2)

and V is the Hamiltonian for the interaction between
the atoms and the cavity field,

2
V:gf(z)Z(a"'U; +ofa) (3)

i=1
with a™ (a) being the photon creation (annihilation)
operator for the cavity field mode, o,; and O‘ii being
the pseudo-spin operators of the ith atom. We con-
sider the resonance case, in which frequencies of the
atomic transition and the cavity field are both w. g is
the coupling constant between the atoms and the cav-
ity field mode, f(z) denotes a shape function of cavity
field mode. We restrict our study to the atomic mo-
tion along the z-axis so that the z-dependence of the

field-mode function should be taken into account. The
atomic motion can be incorporated in the usual way,
ie.

f(z) = f(ot), (4)
where v denotes the atomic motion speed. To be spe-
cific, we define the TEM,,p, mode for transererse elec-

tric and magnatic as

f(=) = sin (prot/L) (5)
where p represents the number of half-wavelengths of
the field mode inside a cavity with length L. Here
we assume that the two atoms at time ¢ = 0 enter
the cavity and leave the cavity after passing through
p half-wavelengths of electric field.

In the interaction picture, the Schrodinger equa-
tion for the system is

.0
i () = VI (1) (6)

Since [V (¢), V(t')] = 0, the time evolution opera-
tor can be written as

U(t) = exp [—i /0 t V(t’)dt’} = exp [—if/F(t)y (7)

where V = g3 | (ato; +0; a) is the Hamiltonian
for the interaction between the atoms and the cavity
field when the atoms are motionless, and

F(t) = /Ot futh)dt" = L [1 — oS vamL

pTv

| ®
For a particular choice of the atomic motion velocity
v=gL/m, F(t) becomes
F(t) = [1L — cos(pgt)] /(pg)- (9)
We assume that the two atoms are initially in the su-
perposition state
0 A
|¥a (0)) = cos 3 |91, 92) — sin 3¢ le1,e2),  (10)

where 0 < 6 < 7 denotes the atomic distribution, and
0 < ¢ < 2 is the phase of the atom dipole (in this
paper ¢ = 7). And the cavity field is in the coherent
state

ja) = > Fuln),

n=0

where

2 n
« «
F, =exp <—| 2| ) : 777]'7 (11)

a = y/nexp (i), with 7 and B representing the ini-
tial average photon number (the intensity of the cavity
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field) and the phase of the coherent field, respectively
(therein, we suppose 8 = 0). Then the initial state

vector of the system is

7 (0)) = [¥a (0)) @ |a) . (12)

The state vector of the system at any time ¢ > 0
can be expressed as

@ (1)) = ()W( )
= ZF (D12 (t) Jur,n —2)
+ Dz,nfl( )uz,n = 1) + D3 p(t)|us, n)
+ Cl7n(t)|u1,n) + Cg,n+1(t)|u2,n + 1)
+ O3 ny2lus, n+2), (13)
where |u1) = |er,e2), [uz) = (lg1,€2) + |e1, 92)) /V2
and |uz) = |g1,g2) are three swap-symmetry wave

functions of the two identical atoms, which are used
as the base vectors. The coefficients of Eq. (13) are

Dy pq(t) = \/Xi_lcosasm (Vdn — 2gF(t)) ,
1
Ds ,(t) = 515
x [ncos (VAn —2gF(t)) +n—1],
1 0
Cin(t) = 13 sm —el?[(n+1)
x cos(vV4n + 6gF(t)) +n + 2],
iy 1 0
Cont1(t) = ) n—:—g b1n§e“" sin (vV4n + 6gF(t))
2 1 .
037n+2(t) - _ (n+ )(n+ ) in—el®

m+3 Sy

x [cos (VAn 4+ 6gF(t)) — 1] . (14)

The atomic reduced density operator for the sys-
tem is given by
pa (t) = Trp | (1)) (@ (1))
P11 P12 P13 P14
P21 P22 P23 P24

= , (15)
P31 P32 P33 P34
n(n—1
Dy poaft) = VAR
n—1 P41 P42 P43 P44
0
X COos 3 [cos (\/4n — 2gF(t)) — 1] , where
|
p11 = Z [(Fpy2D1,n(t) + FCra(t),
n=0
o) 1 2
P22 = P23 = P33 = P32 = Z — (Fr41D2.n(t) + F—1C2.0 (1)) ]
n=0 ﬁ
pas =Y |(FuDsn(t) + FraCsn(1),
n=0
* * - 1 * *
P12 = P13 = Pa; = P31 = Z 7 (FoyaD1n(t) + FuCrn(t) (FuaDs (1) + FuiC5 (1)
=0
(oo}
pra=pi1 = (For2D1n(t) + FuCrn(t) (FuDj (1) + Fo2Cs (1)),
n=0
* * - 1 * *
P42 = P43 = P24 = P34 = Z E (FnD3n(t) + Fr2Csn(t)) (Fn+1D2,n(t) + Fn—lcz,n(t)) : (16)
\
3. Atomic entropy squeezing are
2
Following the work by Fang et al. in Refs. [15] H(Sa) = — ZPZ‘ (Sa)InP; (Sa), a=uw,y,2,
and [16] we can express the entropy squeezing of a =t (17)

two-level atom by using the quantum information en-
tropy theory. The information entropies of the Pauli

operators S, (a = x,y, z) for a two-level atom system

where P; (Sa) = (Woil p|¥a:i) (i =1, 2), which are
the probability distributions for two possible measure-
ments of an operator S,. H (S;), H (Sy), H (S;) sat-
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isfy
H(S;)+ H(Sy) >2In2—H(S.), (18)
which may also be rewritten as
SH (S,)0H (Sy) > —— (19)
* Y= 6H (S.)’

where 0H (So) = exp[H (S,)]. The squeezing of
the atom is determined by using the EUR (Eq. (19))
named entropy squeezing. The fluctuation in compo-
nent S, (a =z, y) of the atomic dipole is said to be

squeezed in entropy if the information entropy H (Sy)

l

oo

satisfies the following condition:

2 —
E(Sa):5H(Sa)*m<0a (a=z,y).
(20)

Now we are in a position to calculate the single-
atom entropy squeezing, for instance, for the first
atom. We assume that A; and As denote the first
atom and the second atom respectively. The density
matrix of the first atom can be obtained to be

q11 q12
pa, = Trayr ¥ () (¥ ()] = ,
21 Q422

(21)

where

1
qi1 = Z [|Fn+2D1,n (t) + Fncl,n(t)|2 + 3 | Frop1 Do (t) + Fn7102,n<t)|2 ,

n=0

=1
2= ﬁ[(FTHQDl,n(t) + FpCin(t)) (Frs1 D5, (t) + Fro1Cs ,(t) + (Frg1Dan(t)
n=0

+ anlc%l(t)) (Fan,n(t) + Fn72C;,n(t)) )

g22 =1 —qi1,

21 = qrz-

(22)

By using the reduced atomic density operator pai, we can obtain the information entropies of the atomic

operators Sy, Sy, S, for the first atom as follows:

H(5:) =~ [+ Reaa ()] 1|+ Reane ()] = | = Re(ana ()| 1 |5 - Refana )]

H ()= |+ m a2 () 1n |5+ 0 (na ()] — |5 = D anz ) 1 5~ om0

H (S.) = —qo2 (t) Ingaa (t) — qu1 (t) Ingu1 (1)

In the following, we will investigate the atomic
entropy squeezing in the system. From Eqgs. (14)—(23)
we can prove for the component S, entropy squeezing

E(S;) =2 >0, (24)

- 1)

( VISH (S:)|)
where 1/1/|6H (S,)| < 1. This means that F(S,) can-
not exhibit squeezing in the entropy. Thus we focus
our attention on the discussion of E(S,) (the entropy
squeezing of component S,) by numerical calculation
method.

In Figs. 1(a)-1(d) we show the influences of the
atomic motion and the field mode structure parame-
ter on the time evolution of E(S,) with § =0, o =
and n = 36. When the atomic motion is neglected as

(23a)

(23b)

(23c)

shown in Fig. 1 (a), E(S,) cannot exhibit squeezing
except at initial stage of time. To compare with this,
Figs. 1(b)-1(d) illustrate the time evolution of E(S,)
when the atoms are moving at a speed v = gL/,
and the field mode structure parameters are p = 1,
p = 2 and p = 5, respectively. It can be seen that
as a result of the atomic motion, they exhibit peri-
odical time evolutions and have the same peak values
in every period, which is quite different from that of
Fig. 1(a). Furthermore, component S, is squeezed pe-
riodically, and the squeezing time becomes longer and
the period shortens with the increase of p. When p is
big enough, the moving atom may exhibit long time

entropy squeezing effect, which is shown in Fig. 1(d).
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We can conclude that atomic motion leads to the periodic time evolution of the atomic entropy squeezing
The period of the entropy squeezing and the squeezing time of information entropy are determined by the field
mode structure. These results are different from those in Ref. [6], and correspond to the results obtained in
7].

Figure 2 presents the numerical results of the time evolution of E(S,) for different initial states of the two

Ref. |

atoms with p = 1, ¢ = 7, and 7 = 36. From Fig. 2(b), we can see when the two atoms are initially in a maximal
entangled state (namely § = 7/2), E(S,) cannot exhibit entropy squeezing. But for initially disentangled states
(0 =0or 8 =m), E(S,) exhibits the maximal entropy squeezing (Figs. 1(b) and 2(c)). While the two atoms
are initially in usual entangled states (Fig. 2 (a)), E(S,) can exhibit some degree of entropy squeezing. The
squeezing time and degree are dependent on the initial atomic state of the atoms. But the period of the time
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—0.5

0.5

Ey(t)

-0.5

| | | |
(a)
)
>
S
| ] | |
0 4 8 12 16 20
gt/m
(©) | | |
| )
>
S
| | |
1 2 3 4
gt/

1.0

(b)

0.5 p=

—0.5

0.2

(d)

-0.2

—0.4 =

—-0.6

0.5

1.0 1.5
gt/m

2.0

Fig. 1. Time evolution of information entropy squeezing factors E(Sy) at 8 = 0, ¢ = 7, and 7 = 36, where panel

(a) is for the atomic motion neglected; panels (b)—(d) are for the atoms moving at speed v = gL/, and panel (b)

is for p = 1; panel (c) is for p = 2; panel (d) is for p = 5.

evolution of E(Sy) keeps invariant.

Ey(t)

1.0

—0.5

gt/

By (t)

0.45

gt/m
Fig. 2. Time evolutions of information entropy squeezing factor E(Sy) with the two atoms moving at speed v = gL /7
andp=1 p=m n=236,0=mn/8 (a),7/2 (b), and 7 (c).
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4. Entanglement between two

moving two-level atoms and
coherent field

According to the work by Phoenix and Knight, 4

we study the entanglement between the two atoms and
a single-mode field by using the quantum reduced en-
tropy. The time evolution of the two atomic (a single-
mode field) reduced entropy reflects the time evolution
of the DEAF. The higher the reduced entropy is, the
greater the DEAF will be. The entropies of the two
atoms and a single-mode field can be defined through
their respective reduced density operators as

S; (t) = =Tr; (pilnp;) , (i=AorF). (25)

Since we have assumed that the two atoms and
the field are initially in a disentangled pure state, the
total entropy of system S (t) is zero. In terms of the

triangle inequality of the entropy!®®!

[Sa(t) = Se(t)] < S(t) < |Sa(t) + Sk (8],  (26)

1.0 T T T T

n 044 p—

o

1.5

1.0

0.5

0 1 2 3 4
gt/m

we can see that the reduced entropies of the two sub-
systems are identical. Consequently we only need to
calculate the atomic reduced entropy Sa(t). It can be
expressed as

Sa(t) = =Tra[pa () Inpa ()] = =Y Ailn ;. (27)

In the following we discuss the influences of the
atomic motion and the field mode structure parame-
ters on DEAF by using the above results.

Figure 3 shows the time evolution of reduced
entropy Sa () of the entanglement with the same pa-
rameter values as those in Fig. 1. Comparing the plots
in Fig. 3 and Fig. 1, it is interesting to find that the pe-
riod of the time evolution of DEAF is the same as that
of E(Sy).
in Fig. 3(a)), the time evolution of Sa(¢) does not

If the atomic motion is neglected (shown

exhibit the periodicity and can maintain a relatively
high value. If the two atoms are moving at a speed
v = gL/m (shown in Figs. 3(b)-3(d)), Sa(t) changes
its orderliness, the two atoms and the field stay in the
entangled state and in the disentangled state alterna-
tively. And the DEAF becomes weaker obviously with

0.2 = —

S(t)

| /

JUD
0 0.5

1.0

1.5

2.0

gt/m

Fig. 3. Time evolutions of S(t) for § = 0, ¢ = m,

atomic motion neglected; panels (b)—(d) are for the two atoms moving at speed v = gL/m.
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the increase of p. That is to say, atomic motion works
against DEAF and the bigger p can weaken the DEAF.
It reflects the control of atomic motion and field mode
structure of DEAF, which can play an important role
in enhancing and controlling entanglement.

The two moving atoms and the single mode
coherent field are in disentanglement at time t =
2km/pg(k =0, 1,---) when E(Sy) takes its value of
zero. Physically, at these points of the time, the state
vector evolves into |V (t)) = |us,n) = |g1,92) ® |n),
therefore the two atoms and the cavity field are in the
disentangled states. On the other hand, atomic mo-
tion leads the atoms—field interaction time to change.
When the atoms are in motion, gF'(t) takes the place
of gt. From Eq. (9) we can see gF(t) is a function
with a period of 27 /p. The periodicity of gF(t) leads
E(Sy) and Sx(t) to be periodical. So we can see that
periods of E(S,) and Sa(t) decrease with the increase
of p (see Figs. 1 and 3). This is similar to the re-
sult in Ref. [36].
values of E(S,) and S (t) always appear at the same

It is also seen that the maximum

time. So the time evolution of DEAF and the atomic
entropy squeezing can be controlled by changing the
above parameters. From Figs.1 and 3, we can see that
atomic entropy squeezing not only is an accurate mea-
sure of atom squeezing but also has some properties
corresponding to the entanglement between the two-
atom and the field. Our results may be useful for the
experimental realization and the control of the opti-
mal atomic entropy squeezing and maximal entangled

states.

5. Conclusions

We investigate the single-atom entropy squeez-
ing for two moving two-level atoms interacting with
a single-mode coherent field by using the EUR, and
the DEAF in the system by using the quantum re-
duced entropy. From the above analysis, it is clearly
noted that the atomic moving and the field mode
structure parameter have a notable influence on the
atomic squeezing and the DEAF. We can draw the
following conclusions. (i) The period of the atomic
entropy squeezing is the same as that of the DEAF.
They are determined by choosing atomic motion and
the field mode structure. (ii) The squeezing time and
the squeezing degree are determined by the field mode
structure and the initial atomic state. The atom in the
two-atom Tavis—Cummings model with atomic motion
may exhibit a long time entropy squeezing effect by
appropriately choosing system parameters. (iii) The
DEAF decreases as the field mode structure parame-
ter increases. The atomic entropy squeezing has some
properties corresponding to the DEAF, though their
time evolutions are different in behaviour. Our results
show that we can prepare and control atomic squeez-
ing and DEAF by choosing parameters of atomic mo-
tion and field mode structure. We believe that these
results will also be useful for investigating the proper-
ties of interaction between the atom and the field.

References

[1] Wineland D J, Bollinger J J and Itano W M 1994 Phys.
Rev. A 50 67
[2] Sorensen J L and Molmer K 1999 Phys. Rev. Lett. 83 2274
[3] Kang D P, Liao Q H, Ahamd M A, Wang Y Y and Liu S
T 2010 Chin. Phys. B 19 014206
[4] SuX L, Jia X J, Xie C D and Peng K C 2008 Sci. China
Ser. G-Phys. Mech. Astron. 51 1
[5] Zhang J, Shao B and Zou J 2009 Chin. Phys. B 18 1517
[6] Zhou B J, Liu X J, Zhou Q P and Liu M W 2007 Chin.
Phys. 16 0420
[7] Liu X J, Zhou B J, Fang M F and Zhou Q P 2006 Acta
Phys. Sin. 55 0704 (in Chinese)
[8] Walls D F and Zoller P 1981 Phys. Rev. Lett. 47 709
[9] Kuang L M, Wang F B and Zhou Y G 1994 J. Mod. Opt.
47 1307
[10] Wu Y and Yang X X 1997 Phys. Rev. Lett. 78 3086
[11] Furusawa A, Sorensen J, Braunstein S L, Fuchs C A, Kim-
ble H J and Polzik E S 1998 Science 282 706

[12] Ralph T C 2000 Phys. Rev. A 61 010303(R)

[13] Hillery M 2000 Phys. Rev. A 61 022309

[14] Ban M 1999 J. Opt. B: Quant. Semiclass. Opt. 1 L9

[15] Fang M F, Zhou P and Swain S 2000 J. Mod. Opt. 47
1043

[16] Faisal A A El-Orany 2007 quant-ph/070375v1

[17] Bialynicki B I and Mycielski J 1975 Commun. Math. Phys.
44 129

[18] Deutsch D 1983 Phys. Rev. Lett. 50 631

[19] Bennett C H and Divincenzo D P 2000 Nature 404 247

[20] Zhou C Q and Zhu S N 2005 Acta Phys. Sin. 54 1184 (in
Chinese)

[21] Xu F X, Chen W, Wang S, Yin Z Q, Zhang Y, Liu Y,
Zhou Z, Zhao Y B, Li H W, Liu D, Han Z F and Guo G
C 2009 Chin. Sci. Bull. 54 2991

[22] Wang Y H and Song H S 2009 Chin. Sci. Bull. 54 2599

[23] Liu WY, Yang Z Y and An Y Y 2008 Sci. China Ser.
G-Phys. Mech. Astron. 51 1264

[24] Zou Y and Li Y P 2009 Chin. Phys. B 18 2794

074207-7



Chin. Phys. B Vol. 19, No. 7 (2010) 074207

Huo W Y and Long G L 2008 New J. Phys. 10 013026
Huo W'Y and Long G L 2008 Appl. Phys. Lett. 92 133102
Tavis M and Cummings F W 1968 Phys. Rev. 170 379
Joshi A 1991 Phys. Rev. A 44 2135

Bogoliubov N M, Bullough R K and Timonen J 1996 J.
Phys. A: Math. Gen. 29 6305

Kilin S Y and Krinitskaya T' B 1993 Phys. Rev. A 48 3870
Wang Z C 2006 Acta Phys. Sin. 55 192 (in Chinese)

32]
(33]
(34]

(35]
(36]

074207-8

Chen L, Shao X Q and Zhang S 2009 Chin. Phys. B 18
0888

Guo L and Liang X T 2009 Acta Phys. Sin. 58 50 (in
Chinese)

Phoenix S J D and Knight P L 1991 Phys. Rev. A 44 6023
Araki H and Lieb E 1970 Commun. Math. Phys. 18 160
AiQ,LiY, Long G L and Sun C P 2008 Eur. Phys. J. D
48 293



