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Focusing of elliptically polarized Gaussian beams
through an annular high numerical aperture∗
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Based on the vectorial Debye theory, the focusing properties of the Gaussian beam through an annular high

numerical aperture are studied numerically, including the intensity, the phase and the orbital angular momentum

properties. Then the influence of certain parameters on the focusing properties is also investigated. It is shown that

sub-wavelength elliptical light spots can be obtained. And there exists a vortex in the longitudinal component of the

focused field even though the incident beam is Gaussian beam, indicating that the spin angular momentum of the

elliptically polarized Gaussian beam is converted into the orbital angular momentum by the focusing.
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1. Introduction

The focusing of a laser beam through a high

numerical-aperture(NA) objective will produce sub-

wavelength focal spots.[1−3] In 2007, Grosjean dis-

cussed the smallest focal spots obtained in different

conditions by use of tight focusing systems.[4] It is

known to all that after being tightly focused, the in-

cident beam is depolarized and a longitudinal compo-

nent is created near the focus, thus three-dimensional

spatial resolution can be increased by the tight fo-

cusing system.[3,5,6] Due to its unique properties, the

tight focusing systems can be applied in many fields,

such as microscopy, lithography, optical data storage,

optical trapping, electron acceleration and plasma

physics.[7−12] On the other hand, angular momentum

contains both spin angular momentum (SAM) and or-

bital angular momentum (OAM).[13] Laser beams that

carry OAM have many applications in such areas as

micro machines, optical spanners, and quantum in-

formation encodinig etc.[14] In recent years, many re-

searchers have extensively studied the distribution and

measurement of OAM.[15−20] In the present paper, we

study the tight focusing properties of an elliptically

polarized Gaussian beam through an annular aperture

based on the vectorial Debye theory.[21] It is shown

that an SAM of the beam can be converted into an

OAM near the focus.

2. Theory

The focusing system studied in this paper is

shown in Fig. 1. The incident beam is considered to

be a Gaussian beam, which can be expressed as

E(r) = E0 exp(−r2/w2
0), (1)

where E0 and w0 are the constants representing the

amplitude and beam waist of the Gaussian beam re-

spectively. The Gaussian beam is a kind of non-vortex

beam without a helical phase factor, indicating that

there is no initial OAM with it.

Fig. 1. Schematic diagram of tight focusing.

Then, we consider the incident beam to be an el-

liptically polarized Gaussian beam, which can be de-

scribed by the superposition of two orthogonal linearly
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polarized beams as

E±(r) = Exex ± Eye
i βey, (2)

in which β is the retardation between the two beams;

E+(r) and E−(r) represent the right-hand elliptically

(RHE) polarized and the left-hand elliptically (LHE)

polarized beams respectively; ex and ey are unit vec-

tors along the x and the y directions.

Under sine condition, the high NA objective of

the focusing system follows r = f sin θ, where f is the

focal length of the objective. Then the pupil apodiza-

tion function after the lens can be written as

A±(θ) = E0x exp

(
− f2 sin2 θ

w2
0

)
ex

±E0y exp(iβ) exp

(
− f2 sin2 θ

w2
0

)
ey. (3)

For simplicity, we consider only the x-polarized

component here, and the y-polarized component can

be written similarly. Then the field in the focal region

when the x-polarized Gaussian beam is focused by an

annular high NA objective can be obtained according

to the vectorial Debye theory as follows:[21−23]

E(r, ϕ, z) =


Ex

Ey

Ez

 =
π i

x


I0 + cos(2ϕ)I2

sin(2ϕ)I2

2 i cos(ϕ)I1

 , (4)

where (r, ϕ, z) is the cylindrical coordinates of an ob-

servation point, Ex, Ey and Ez are the three com-

ponents of the observation point in the focal region,

indicating that the x-polarized Gaussian beam is de-

polarized by the focusing. And I0, I1 and I2 are given

as[23]

I0(r, z) =

∫ θmax

θmin

A(θ)
√
cos θ sin θ(1 + cos θ)J0(kr sin θ) exp(i kz cos θ)dθ, (5)

I1(r, z) =

∫ θmax

θmin

A(θ)
√
cos θ sin2 θJ1(kr sin θ) exp(i kz cos θ)dθ, (6)

I2(r, z) =

∫ θmax

θmin

A(θ)
√
cos θ sin θ(1− cos θ)J2(kr sin θ) exp(i kz cos θ)dθ, (7)

where θmin and θmax are the minimum and the maximum numerical angles of the annular aperture determined

by NAmin and NAmaxrespectively.

We then turn to studying the OAM of the Gaussian beam in the focused field. Since the beam is passing

through an annular high NA objective, the OAM should be analysed under the nonparaxial condition suggested

by Refs. [14], [24], and [25]. In this case, the OAM of the Gaussian beam in the focused field can be expressed

as

Lz =
σ

ω

{
1 +

∫ κmax

κmin
dκ[|E(κ)|2 κ/(k2 − κ2)]∫ κmax

κmin
dκ[|E(κ)|2 (2k2 − κ2)/κ(k2 − κ2)]

}
W, (8)

where σ and ω are the helicity and the frequency of

the light beam: when σ = 0 the beam is linearly po-

larized and when σ = ±1 the beam is circularly po-

larized; κ = k sin θ is the special frequency related to

numerical angle θ; W is the total energy of the beam

in the focused field which is obtained from

W = −ε0

∫ ∞

−∞

∫ 2π

0

|E(r, ϕ, z)|2 rdrdϕ (9)

with ε0 being the permittivity of vacuum.

With the above derived equations, the intensity,

the phase and the OAM in the focused field can be

investigated.

3. Results

The focusing properties of the elliptically polar-

ized Gaussian beam through an annular high NA ob-

jective are investigated in this section. The focusing

intensities of the RHE polarized and the LHE polar-

ized beams are given in Fig. 2 separately. It is shown

that elliptical focal spots are obtained. The difference

in focusing between the RHE polarized beam and LHE

polarized beam is in the direction of the major axis of

the elliptic spots. It is also found that the distribution

of the z component splits into two parts.
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Fig. 2. Intensity distributions in the focal plane for RHE polarized and LHE polarized Gaussian beams (a)–(d) RHE

polarized beam; (e)–(h) LHE polarized beam; (a) and (e)total intensity; (b) and (f) x component intensity; (c) and

(g) y component intensity; (d) and (h) z component intensity. The other parameters are chosen as λ = 632.8 nm,

NAmin = 0.3, NAmax = 0.95, w = 1.5 cm, f = 1 cm, β = π/4, E0x = 1, and E0y = 3.

Figure 3 shows the corresponding phase contours for the x, y and z components of both RHE polarized

and LHE polarized beams. It is found from Figs. 3(a), 3(b), 3(d), and 3(e) that the central phases of x and

y components keep invariant. That is because the Gaussian beam is a type of non-vortex beam. However, it

is obvious from Figs. 3(c) and 3(f) that there exists a helical phase distribution in the z component, which

explains why the z component splits into two parts. The helical phase distribution indicates that the longitu-

dinal component created by tight focusing carries OAM, which means that by tight focusing, the SAM of the

elliptically polarized Gaussian beam can be converted into the OAM.

Fig. 3. Phase contours of x, y and z components in the focal plane. (a), (b) and (c) RHE polarized beam;

(d), (e) and (f) LHE polarized beam; (a) and (d) Ex(r, ϕ, z); (b) and (e) Ey(r, ϕ, z); (c) and (f) Ez(r, ϕ, z). The

other parameters are the same as those in Fig. 2.
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Since the created longitudinal component exhibits more specific characteristics, we then focus our study

on the influence of certain parameters on the intensity and the phase distributions of the z component in the

focal field. The influence of E0y is shown in Fig. 4. It is found that with the increase of E0y, the spot shape of

the z component will rotate in an anticlockwise direction, while the helical phase distribution will rotate in a

clockwise direction. When E0y = 25 ≫ E0x, i.e. the incident Gaussian beam can be regarded as being linearly

polarized in the y direction, then the longitudinal spot keeps upright as shown in Fig. 4(d). Moreover, it is

shown in Fig. 4(h) that there is no helical phase distribution in the longitudinal component when E0y = 25,

indicating that the z component carries no OAM. That is because no SAM could be converted into OAM when

the incident beam is linearly polarized.

Fig. 4. Influence of E0y on longitudinal intensity and phase distribution in the focal plane. (a)–(d) Intensity distribution;

(e)–(h) phase distribution; (a) and (e) E0y = 0.5; (b) and (f) E0y = 1; (c) and (g) E0y = 2; (d) and (h) E0y = 25. The

other parameters are the same as those in Fig.2.

The intensity and the phase distributions of the z component with different values of retardation β are

shown in Fig. 5.

Fig. 5. Influence of β on longitudinal intensity and phase distribution in the focal plane. (a)–(d) Intensity distribution;

(e)–(h) phase distribution; (a) and (e) β = π/6; (b) and (f) β = π/3; (c) and (g) β = π/2; (d) and (h) β = 3π/4.

E0y = 1. The other parameters are the same as those in Fig.2 except the varying one.
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The intensity of the z component exhibits two separate spots when β = π/6 as shown in Fig. 5(a). As

β increases, the two separate spots disperse and gradually form a circular hollow spot when β = π/2. As β

further increases, the spot splits back into two separate parts again, but with the major axis of the elliptical

spots in a different direction. The corresponding phase variation is shown in Figs. 5(e)–5(h). It is found that

the position of the helical phase distribution will rotate with the increase of retardation β. When β = π/2, the

dislocation line of the vortex is upright (see Fig. 5(g)).

Then the influence of the inner NA of the annular aperture NAmin on the intensity and the phase distribution

of the longitudinal component is shown in Fig. 6. It is found that the intensity distribution keeps invariant as

NAmin increases except that the beam spot becomes smaller. From Figs. 6(e)–6(h), it is also found that the

corresponding vortex becomes smaller as well, indicating that the transverse field is focused into a tighter spot

as NAmin increases.

Fig. 6. Influence of NAmin on longitudinal intensity and phase distribution in the focal plane. (a)–(d) Intensity

distribution; (e)-(h)phase distribution; (a) and (e) NAmin = 0.1; (b) and (f) NAmin = 0.4; (c) and (g) NAmin = 0.6;

(d) and (h) NAmin = 0.9. E0y = 2. The other parameters are the same as those in Fig.2 except the varying one.

The OAM variations with E0y, β and NAmin while focusing are then illustrated in Fig. 7. From Fig. 7(a), it

is found that the OAM increases with the increase of E0y. It is shown from Eq. (8) that the OAM is proportional

to the energy of the beam. And the increase of E0y will increase the total energy of the beam which results in

the increase of the OAM.
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Fig. 7. Influence of (a) E0y , (b) β (E0y = 2), and (c) NAmin (E0y = 2) on OAM distribution. The other parameters

are the same as those in Fig. 2 except for the varying ones.

It is found from Fig. 7(b) that when β = 0, the incident beam becomes linearly polarized and the SAM of

the beam equals zero, thus no OAM is obtained in the focusing. Moreover, as β increases from zero to π/2, the

incident beam gradually changes from linearly polarized into circularly polarized and the SAM of the incident

beam gradually increases, leading to the increase of OAM. Then from Fig. 7(c), we find that the OAM decreases

with the increase of NAmin, which is attributed to the energy decrease of the beam with the increase of NAmin.

4. Conclusions

The focusing of elliptically polarized Gaussian beams through an annular high numerical aperture is inves-

tigated based on the vectorial Debye theory. It is found that elliptical spots can be obtained by focusing, and

the spot will rotate by adjusting certain parameters. Thus the tight focusing technique can be used as a method

of shaping beams. Then the OAM distribution while focusing is also investigated. It is found that the OAM is

related to the SAM and the energy of the incident beam and the numerical aperture of the focusing objective

also contributes to the OAM distribution. The results may have potential applications in optical spanners,

particle manipulation, etc.
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