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Relations between chirp transform and Fresnel
diffraction, Wigner distribution function and a fast
algorithm for chirp transform
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Two physical interpretations of chirp transform related to Fresnel diffraction and Wigner distribution function are
given. The chirp transform can be regarded as a Fresnel diffraction observed on a spherical tangent to the diffraction
plane, or a rotation and stretching transformation of the Wigner distribution function space. A general fast algorithm
for the numerical calculation of chirp transform is developed by employing two fast Fourier transform algorithms. The
algorithm, by which a good evaluation can be achieved, unifies the calculations of Fresnel diffraction, arbitrary fractional-
order Fourier transforms and other scalar diffraction systems. The algorithm is used to calculate the Fourier transform
of a Gaussian function and the Fourier transform, the Fresnel transform, the Fractional-order Fourier transforms of a
rectangle function to evaluate the performance of this algorithm. The calculated results are in good agreement with the
analytical results, both in the amplitude and phase.
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1. Introduction

Chirp transform (ChT) expressing the signal
transform from x space (signal domain) to u space
(response domain) is useful as a mathematical tool for
calculating the responses of physical systems, such as
chirp on laser pulses,!!] Fresnel transform (FnT)2=¢
near-field optical system,!”8! fractional Fourier trans-
forms (FrFT)~16 and other scalar diffraction sys-
tems. Therefore the numerical calculation of ChT is
of fundamental importance for evaluating the optical
parameters and the optical performances of physical
response systems in practical implementation. A num-
ber of algorithms!'”—2! have been devised for ChT
systems, therefore the properties of ChT systems have
been investigated mathematically.

In this paper, we relate the ChT to Fresnel diffrac-
tion and Wigner distribution function (WDF) and a
fast algorithm is proposed to unify the evaluations of
ChT systems. Computational complexity of this algo-
rithm, in which two fast Fourier transform algorithms
(FFT) with an analytical kernel are employed, is bet-
ter than that of a fast convolution algorithm. Several
applied examples are presented to demonstrate the ex-

cellent performance of the algorithm.

fCorresponding author. E-mail: liyp@ustc.edu.cn

2. Chirp transform and Fresnel

diffraction

One-dimensional ChT of an arbitrary signal func-
tion f(x) is defined as

+oo

gen(w) = C {f(2)} = /

— 00

The analytical kernel is

Ben(u,z) = A(p) exp [j7r (aac2 + Bru + 7u2)] ,
u,r € R, (2)

where A(p) is the amplitude of the analytical kernel
and generally it is a complex value, p = («, 8,7) is the
transform parameter, and j is the imaginary unit.
Let A be the incidence plane and O be the co-
ordinate origin. Point M in plane A is located by a
vector x = OM. Then let B be a plane at distance z
from plane A and O’ be the origin of plane B. The
value of z is positive if plane B is taken to be in the
direction of the propagation of light. Vector '’ = O'N

represents an arbitrary point N in B as shown Fig. 1.
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Fig. 1. Schematic diagram of Light propagation, where
S is the sphere tangent of plane B with radius R =

1/(M(B%/((4a) =7)))-

The wavelength of light propagating in an
isotropic and homogeneous medium is A and A is fixed
from now on. If Uy () represents the complex am-
plitude in plane A and Up (z') is the diffraction field
amplitude at point IV in plane B, the FnT from plane
A to plane B is expressed as

exp (jkz) /UA ()

Us (x/) - Az

X exp BZ (z — x')ﬂ dz. (3)

This form is very similar to the mathematical expres-
sion of ChT k = 27/ is the wave vector. By intro-
ducing scaling factors

f=1/(aA),
a=—pB/(2a), (4)
R=1/(X(5?/(4a) = 7)),

and

¥ =au = —pBu/(2a) (5)

into Eq. (3), ChT can be rewritten as
|

g 0) = C {1 (2)) =A() [ 1 (2)
X exp H; (2 — x)2] dz

X exp <;];u2) . (6)

The external quadratic phase factor exp ( —jm /AR - u2)
represents a quadratic approximation to a spherical
wave diverging from an illuminant point at distance
R from plane B. Let S be circle tangent to plane
B with radius R. The concavity or convexity of the
circle tangent is relative to the positive or negative
radius of curvature, which is taken from vertex to
centre. For the point on S located by its projection in
plane B, the coordinates in B can be used as coordi-
nates on S approximately. Thus the quadratic factor
is compensated if the field amplitude is observed on
S rather than in plane B. The field amplitude on S
can be expressed as a function of scaling factor u

Us (1) = gen (u) - A (p) , (7)

where A’ (p) = jAz/(exp (jkz)- A(p)) is constant.
Therefore the field amplitude of ChT of arbitrary op-
tical signal can be observed on S except for a constant
factor as shown in Fig. 1. This explanation is reason-
able when formula (2) is satisfied.

3. Chirp transforms and Wigner

distribution function

The Wigner distribution function is defined
asl21-26]

W (z,§) = /fF (€+&/2) fr (§ = &'/2) exp 2mizg' /A f1) dE, (8)

where £ = A\ fiv, v is the spatial frequency and f; is an arbitrary fixed focal length.

As is well-known, the associated physical process of a 90° rotation of the WDF in the (x,&) space is

Fraunhofer diffraction; the passage through a thin lens causes shearing in the & direction; and the propagation

in free space corresponds to the z shearing of the WDF. The values of W (z, ) are invariable under these three

operations, which can be rewritten as three affine matrixes.!

By substituting scaling factors f = —2/(2aX 4+ 8A), z = —2/6X and [’ =

Jprie (R

= f1/Q" and z = Rf;, then we will obtain

equation can be rewritten as

g )= A ) P { {7 (@) exp (502

Let f = 1/Q, f'
g )= A PP { e (-

jm
/@

—2/(BX\ 4+ 2vA) into Eq. (1), the

#)}} e () ®)
o) e (5

2
ShT" ) - 19
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Fourier transform of the transforming kernel has a closed form as follows:

F {exp (‘;\Zﬁ)} = VjARf1 exp (—;;;1}%2) . (11)

Therefore Eq. (10) can be expressed as

e (u) = A (p) F~! {F {f (z) exp <—AJ§'1”/Q:E2> } exp <—Aj;1352) } - exp <_/\fjl7Q’u2> . (12)
where A’ (p) = A (p) - VJARS1 and v = /M.

The ChT can be realized physically through two P 1—RQ R T
lenses and a propagation of free space as plotted in <u> - (Q/ +Q-RQQ 1— RQ') (u>
Fig. 2.

~ ( 2a/8 2/BAfi ) (sc) "
A B = .
Afi(2ay/B—B/2) 2v/B / \u
The transform is reversible and one-to-one correspon-
o 2= —2/BX o dence for the model of transformation matrix equal to
1. Therefore the ChT can be defined as a rotation and
stretching transformation of the WDF space.
If we let @ = Q' = tan(0/2) and R = sin#, the

transformation matrix is changed into

f==1/(a+8/2)x [ =-1/(v+5/2)A

T cosf —sin6 T
Fig. 2. Optical implemention of ChT with two lenses and — . s (14)

a propagation of free space. u sinf cos? u
Affine transformation matrix of ChT is given by which means a rotation of the WDF. Then we obtain

|
T 2 2jm T 2
=A — dz. 15

gree (0) (p)/f(x>eXp()\f1tan0x )\flsinﬁxu+)\fltan9u) ’ (15)

A normal fractional-order Fourier transform is obtained. Therefore FrFT, which can be regarded as a rotation
of the WDF, is a special case of ChT.

4. Fast chirp transform algorithm

From the explanation mentioned above, a fast and practical algorithm is developed to calculate the ChT.
Equation (1) is discretized first by using the equidistant sampling for simplicity. The sampling steps of the
signal and the response space are denoted by dz and du respectively. The sampling numbers N for z space and
M for u space must be limited, but they need not equal. The discretization of Eq. (1) is given by

z—ndx n=0,1,2,...N —1,
u—méu m=0,1,2,...M —1, (16)

o) = A) 3 s i (a+ 5 ) 0 exo { i [(nde) — (mou)*fexp [im (7+ 5 ) (ma? o

n=0

= A(p)F! {F {fn exp [jw <a + g) (nésc)ﬂ } F {exp (—jﬂ§n26a:2) 5x}}

X exp [m (v + g) (m5u)2} . (17)
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The transforming kernel is a generalized Gaussian function whose Fourier transform has a closed form.

Suppose that the sampling number in = space is L > N and the Fourier transform of the kernel on the u grids

1S

F {exp (—iw§n2§x2) 590} = H—%exp [

The discrete ChT of Eq. (17) can be rewritten as

s {efiep e 2)

where Az = L - éx. Equation (19) provides a good
evaluation if the Nyquist sampling condition is ful-
filled. The quadratic phase factor multiplying f, is
considered first. If |a+ /2| is too large, the kernel
has a too rapid variation with the spatial coordinate,
thereby impeding an accurate sampling for numerical
calculation. Thus it is easy to obtain the approximate
condition as follows:

Ax?

a+§‘/L<l. (20)

Done the same way, the range of transforming kernel
where the ChT of f (z) achieves evaluable results will
be given as

(21)

2
BLx2
Combining the conditions in Eqgs.(20) and (21) yields
g

Az? = (22)

a—|—§‘§L§AI2

where |a + 5/2] and |8/2| denote the absolute values
of o+ §/2 and /2, respectively. However, another
condition must be fulfilled, i.e.

dx = du. (23)

Suppose that the original sampling numbers are
N and M in x space and in u space respectively. The
length of the convolution kernel is L = N. The se-
quence of simulation is summarized, with the constant
factors ignored below.

(i) Let L =N for N > M.

(ii) Then let

f1(n) = f (n) exp [ﬁf (0‘ - /23) @x)

(iii) Perform the fast convolution operation in
Eq. (19)

(24)

2j omj (k\°
. _EGXP Box? (L)

27y (k 2
G \T) |+ F=0L2. Lol (18)
x

} - exp {m (7 + /23) (kéu)ﬂ . (19)

1=0,1,2,...,L — 1. (25)

(iv) Discard the first and last (L — M)/2 data of
C(L),and for 0 <k <M —1 let

c? () = C(I) - exp [jn (7 + g) (kéu)ﬂ ,
1=0,1,2,...,M — 1. (26)

If N> M, we can let L = M and perform the al-

(19 The chirp transform of arbitrary

gorithm similarly.
signal function f (x) can be computed exactly through
the above steps.

The complexity of numerically evaluating Eq. (19)
lies in 2L [log L 4+ O (1)].

mance of this fast algorithm, some examples are pre-

To demonstrate the perfor-

sented in the next section.

5. Application examples

5.1. Analytical chirp transforms

The ChT possesses many functions that are an-
alytically available, such as the Fourier transform
of a Gaussian function and a rectangle function.
For simplicity, Az = Au = VN, N = M =
512 and L = 512 are used here. First, the fast
algorithm is evaluated with a Gaussian function
f(z) = exp(—2?/a®) where ¢ = /7/2 and = €
[—Ax/2, Az/2].
ecnr = |gr — F {exp (—2?%/a?) }|/max(|g}|) between
the numerical and the analytical results is used to

A normalized error measurement

check the accuracy. The error curve for the ChT of the
Gaussian function is plotted in Fig. 3(a), with maxi-

mal normalized error ecpt /= 10715,
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Fig. 3. (a) Errors of ChT of f (x) = exp(—2?/a?) normalized by the analytical transform with a = \/7/2 versus
u, and (b) errors of the ChT of rect(x/a) normalized by the analytical transform with a = Az /2 versus u.

A rectangle function, rect (x/a), is also used to evaluate the accuracy of this algorithm. Its Fourier transform
is denoted by F' {rect (z/a)} = sin (2rau)/(wu). With the same scaling factors as the above except for a = Az/2,
the errors are shown in Fig.3(b) with maximal normalized error ecyt ~ 1073, which is much higher than that
of Gaussian function.

However, the validity and the performance of the algorithm do not reduce. By comparison with the results
in Ref. [8], most of the errors are observed to accumulate in the FFT, so that one can optimize the FFT

parameters to gain a higher accuracy.

5.2. Fresnel diffraction of a rectangular window

The Fresnel diffraction optical system is one of the simplest physical response systems. A rectangle func-
tion’s Fresnel diffraction is used to test the algorithm here. The analytical form of the FnT of rectangle function
rect (z/a) is
Too .
FuT {rect (x/a)} = / rect (x/a) exp [i; (x — u)ﬂ dz

—0

\/J?f{erf{ j;\if(gf)}Jrerf{ J:f(;+f)ﬂ

where erf (z) = 2/y/7 - [ exp (—t?)dt is the error function. The values of scaling factors are a = Az/2,
Az =Au=+/N, N=M =512 and L = 512.

Deviations of those computed value from exact analytical value can be observed in Fig. 4(a) for the amplitude
and in Fig. 4(b) for the phase, showing better agreement between the computed results and the exact values

than in Ref. [27].

ChT errors of amplitude ChT errors of phase

1.2+ (®) : (b)

V]
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H
Computed values/arb. units

0 0.5 1.0 1.5 4 -2 0 2 4
Exact values/arb. units Exact values/arb. units

Fig. 4. (a) Deviations of computed amplitude value from the exact analytical amplitude value, and (b) deviations

of computed phase value from the exact analytical phase value.

074201-5



Chin. Phys. B Vol. 19, No. 7 (2010) 074201

5.3. Fractional Fourier transform of a rectangular window

The FrFT of a square function is also be used to test the algorithm. Using the same scaling factors as those
used above, yields an analytical form of the FrF'T of square function

+00 2 2xu u?
FFT = j -
rFT {rect (z/a)} [m rect (z/a) exp {JW <>\f1 tanf  \fisin@ + Af1 tanﬂ)}

_[iAfitan6 P a u m a U
B 2 {erf[v jAfitand (2 cosG)} +erf[\/ jAfitand <2+COSQ>:|}7

where 6 = pr/2 and p is the factional-order of Fourier transform, and p = 0.5 has been used.

Deviations of the computed value from analytical value are shown in Fig. 5(a) for the amplitude and in
Fig. 5(b) for the phase. The amplitudes match better than the phases. Furthermore, the FrF'T parameters can
be optimized to achieve a higher accuracy.

ChT errors of amplitude ChT errors of phase

1.2 (a)

0.8 *

0.4+t

Computed values/arb. units
*
Computed values/arb. units

-2 0 2 4
Exact values/arb. units

0 0.5 1.0 1.5

Exact values/arb. units

Fig. 5. (a) Deviations of computed amplitude value from the exact analytical amplitude value, and (b) deviations

of computed phase value from exact analytical phase value.

6. Conclusion

Two physical interpretations of ChT related to Fresnel diffraction and WDF are presented. The ChT
can be regarded as a Fresnel diffraction observed on a spherical tangent to the diffraction plane with radius
R =1/(A(B%/(4a) — 7)), or it can also be considered to be a rotation and stretching transformation of the
WDF space. Employing two FFTs a general fast algorithm for numerical calculation of ChT is attained. The
algorithm has a good evaluation when Az? |a+ 3/2| < L < Ax?|3/2] is fulfilled. The computation complexity
of this algorithm lies in 2L [log L + O (1)], which is better than a fast convolution. The Fourier transform of a
Gaussian function and the Fourier transform, FnT, the FrFT of a square function are calculated by using the
algorithm to evaluate the performance. The analytical results and the calculated results both in the amplitude
and in phase are in good agreement and the accuracy of this algorithm is better than that in Ref. [27]. Other
ChT systems can also be accurately calculated with this algorithm, which makes it a handy tool for solving
many general scalar diffraction problems.
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