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Based on the first order small slope approximation theory (SSA-I) for oceanic surface electromagnetic scattering,

this paper predicts the Doppler shifts induced by wave displacements. Theoretical results from three distinct hydrody-

namic models are compared: a linear model, the nonlinear Barrick model, and the nonlinear Creamer model. Meanwhile,

the predicted Doppler shifts are also compared with the results associated to the resonant Bragg waves and the so-called

long waves in the framework of the two-scale model. The dependences of the predicted Doppler shifts on the incident

angle, the radar frequency, and the wind speed are discussed. At large incident angles, the predicted Doppler shifts

for the linear and nonlinear Barrick models are found to be insensitive to the wind speed and this phenomenon is not

coincident with the experimental data. The conclusions obtained in this paper are promising for better understanding

the properties of time dependent radar echoes from oceanic surfaces.
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1. Introduction

As an important parameter of the Doppler spec-

trum, Doppler shift corresponds to a power-weighted

mean line-of-sight velocity of scatters. Thus, the

investigations[1−6] on Doppler shifts of electromag-

netic echoes from time-varying oceanic surfaces are

of practical importance in a number of research areas

such as sea surface wind retrieving, sea waves mon-

itoring, and oceanic surface current measuring. In

Refs. [7] and [8], for moderate- and low-grazing angles,

the Doppler spectra calculations based on the com-

posite sea surface model(the two-scale model (TSM))

and the comparisons with experimental data were re-

ported. Unfortunately, if the incident angle is smaller

than 20◦, the Doppler spectra model given by TSM is

insufficient because the Bragg-scattering mechanism

is invalid. In Ref. [9], Doppler shifts of backscat-

tered fields from sea surfaces were predicted by asymp-

totic electromagnetic wave scattering theories (includ-

ing Kirchhoff, the first order small slope and the Lo-

cal curvature approximations). As is pointed out in

Ref. [9], the predicted Doppler shifts for the Kirch-

hoff and the first order small slope approximations

(SSA-I) in co-polarised configuration are independent

on the polarisation state. On the other hand, the

local curvature solutions yield significant differences

between co-polarised predicated Doppler shifts. How-

ever, it should be mentioned that only the linear sea

surface model has been considered in Ref. [9]. It is

now well established that the wave–wave interactions

between harmonic waves cannot be neglected if one

aims at interpreting the Doppler spectra of backscat-

tered fields.[10−12] In our simulations, two one dimen-

sional (1-D) nonlinear sea surface models are also in-

cluded. One is the nonlinear surface model proposed

by Barrick and Weber in Ref. [13]. In this model,

a general hydrodynamic solution is derived for arbi-

trary gravity-wave fields on sea surface by the per-

turbation techniques and sea surface spectrum up to

second order is obtained. The other nonlinear sea sur-

face model was reported in Ref. [14] by Creamer et al.

In this model, the Hamiltonian formalism under the

∗Project supported by the Young Scientists Fund of the National Natural Science Foundation of China (Grant No. 40906088) and

Specialized Research Fund for the Doctoral Program of Higher Education of China.
†Corresponding author. E-mail: zhangyanmin79@163.com

c⃝ 2010 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

074103-1



Chin. Phys. B Vol. 19, No. 7 (2010) 074103

weak wave-turbulence theory is utilized to simulate

the interactions between harmonic waves.

In this paper, Doppler shifts induced by ocean

surface wave displacements are predicted by an

asymptotic electromagnetic method based on SSA-

I[15] for various radar frequencies and wind speeds.

And the numerical results are compared for three dis-

tinct hydrodynamic models. This paper is organized

as follows. In Section 2, the outlines of SSA-I are de-

scribed. The three hydrodynamic models used in this

paper are described in Section 3. Section 4 presents

the asymptotic solutions to define Doppler frequency.

While Section 5 is devoted to the results and com-

ments. Final conclusions are presented in Section 6.

2. The scattering model

In this paper, the sea surface elevation is repre-

sented by z = z(x, t), where x denotes the position in

x-axis and t is the time dependence of the sea surface.

Suppose a plane wave is incident on the sea sur-

face and given by

Ein = exp[jk(x sin θi − z cos θi)], (1)

where k is the wave number of the incident field, and

θi denotes the incident angle.

The scattering amplitude (SA)Sαα(k,k0) in the

framework of the SSA-I can be expressed as[15]

Sααksx, kix, t) = 2
(kszkiz)

1/2

ksz + kiz
Bαα(ksx, kix)

×
∫

dx

2π
exp[j(kix − ksx)x

+j(ksz + kiz)z(x, t)], (2)

with

kix = k sin θi, (2a)

ksx = k sin θs, (2b)

kiz = k cos θi, (2c)

ksz = k cos θs, (2d)

Bαα(ksx, kix) =


− ε− 1

(q(1) + q(2))(q
(1)
0 + q

(2)
0 )

ω2

c2
k · k0

kk0
αα0 = HH,

ε− 1

(εq(1) + q(2))(εq
(1)
0 + q

(2)
0 )

(
q(2)q

(2)
0

k · k0

kk0
− εkk0

)
, αα0 = VV,

(2e)

q
(1)
0 =

√
ω2

c2
− k20, q

(2)
0 =

√
ε
ω2

c2
− k20, Im q

(1,2)
0 ≥ 0, (2f)

q(1) =

√
ω2

c2
− k2, q(2) =

√
ε
ω2

c2
− k2, Im q(1,2) ≥ 0, (2g)

where the subscript α represents H (horizontal) or V(vertical) polarisation, ε is a general complex dielectric

constant of sea water, ω is the anglular frequency of the incident field and c denotes the velocity of light.

The expression for a scattering cross section is directly related to the second-order statistical moment of

the SA, and the statistical evaluation mostly concerns

⟨S(ksx, kix, t+∆t)S∗(ksx, kix, t)⟩ =

{
(kszkiz)

1/2B(ksx, kix)√
2π(ksz + kiz)

}2 ∫
exp[j(kix − ksx)∆x]⟨exp{j(ksz + kiz)

×[z(x′, t+∆t)− z∗(x, t)]}⟩dx′dx (3)

where x′ = x+∆x, the superscript ∗ in z∗ represents the conjugate of z.

Equation (3) contains ensemble average ⟨exp[j(ksz + kiz )(z − z∗)]⟩. Utilizing the method of characteristic

function in Ref. [16], we can find the ensemble average up to the third power in (ksz + kiz) as

⟨exp[j(ksz + kiz )(z − z∗)]⟩ ≈ exp[(ksz + kiz)
2(ρ− σ2)− j

(ksz + kiz)
3

3
σ3S12], (4)

with

ρ(∆x,∆t) = ⟨z(x+∆x, t+∆t)z(x, t)⟩ , (5)

S12 =

⟨
z2(x+∆x, t+∆t)z(x, t)

⟩
−
⟨
z(x+∆x, t+∆t)z2(x, t)

⟩
σ3

, (6)

where σ2 and ρ denote the variance and correlation function of the sea surface roughness, respectively.
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For the Barrick and the Creamer hydrodynamic

models, z(x, t) is a nonlinear variable. The geometri-

cal structures of the sea surface elevations simulated

by these two models are similar to the Stokes waves

in many important respects, such as vertical skew-

ness of sea waves. However, both models do not show

any asymmetry due to tilted crests in the horizon-

tal direction, which is referred to as horizontal skew-

ness. Just as pointed out in Ref. [17], S12 equals zero

if a random surface profile can not reflect the hori-

zontal skewness. Therefore, the characteristic func-

tions ⟨exp[j(ksz + kiz )(z − z∗)]⟩ for the Barrick and

Creamer models can be simplified as

⟨exp[j(ksz + kiz )(z − z∗)]⟩
≈ exp[(ksz + kiz)

2(ρ− σ2)]. (7)

Substituting Eq. (7) into Eq. (3) and using the re-

lation between normalized radar cross-section (NRCS)

σαα and the scattering amplitude Sαα(ksx, kix), we ob-

tain the expression for a dimensionless scattering cross

section as

σαα(ksx, kix, t) =
1

π

∣∣∣∣2kizkszBαα(ksx, kix)

kiz + ksz

∣∣∣∣2
× exp[−(kiz + ksz)

2σ2]

×
∫

{exp[(kiz + ksz)
2ρ(x, t)]− 1}

× exp[j(kiz − ksz)x]dx. (8)

For simplifying the notations, in the correlation

function expressions, ∆x and ∆t have been replaced

by x and t respectively. And the correlation function

ρ(x, t) for sea surface roughness can also be written as

ρ(x, t) =

∫
Wt(K, t) exp[j(Kx)]dK, (9)

where Wt(K, t) denotes the sea surface spectrum at a

given time t.

3. Sea surface spectrum at a

given time t

In order to evaluate the correlation function

ρ(x, t), in general, it is convenient to obtain the sur-

face temporal spectrum Wt(K, t) first.

3.1. Surface temporal spectrum for lin-

ear surface

The correlation function of a linear sea surface is

defined as[18]

ρL(x, t) =

+∞∫
−∞

+∞∫
−∞

W (K,ω) exp[j(Kx− ωt)]dωdK, (10)

where K and ω denote the spatial wave number and

the angular frequency of a harmonic wave, respec-

tively. And W (K,ω) is

W (K,ω) =
1

2
φ(K)δ(ω −

√
gK) +

1

2
φ(−K)δ(ω +

√
gK), K ≥ 0, (11)

here g denotes the gravity acceleration constant, δ(•) is the Dirac-delta function and φ(K) is the omni-directional

sea surface spectrum.[19]

Substituting Eq. (11) into Eq. (10), we obtain

ρL(x, t) =
1

2

+∞∫
−∞

+∞∫
−∞

[φ(K)δ(ω −
√
g |K|) + φ(−K)δ(ω +

√
g |K|)] exp[j(Kx− ωt)]dωdK

=
1

2

0∫
−∞

φ(K) exp[j(Kx+
√
g |K|t)]dK +

1

2

+∞∫
0

φ(K) exp[j(Kx−
√
g |K|t)]dK

=

+∞∫
−∞

Wt(K, t) exp(jKx)dK, (12)

where the sea surface temporal spectrum can be written as

Wt(K, t) =


1

2
φ(K) exp(−j

√
gKt), K ≥ 0,

1

2
φ(K) exp(j

√
g |K|t), K < 0.

(13)
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3.2. Surface temporal spectrum for nonlinear Barrick surface

In Ref. [13], the sea surface temporal spectrum up to second-order were obtained by Barrick and Weber,

utilizing the Stokes perturbation technique. The second-order spectrum is expressed as

WB(K, ω) = W (K, ω) +W2(K, ω), (14)

where W (K, ω) denotes the sea surface spectrum corresponding a linear sea surface. And W2(K, ω) denotes

the second-order spectrum, which is

W2(K, ω) = −
∑

m,m′=±1

+∞∫
−∞

+∞∫
−∞

A2φ(mκ)φ(m′κ′)δ(ω −m
√
g |κ| −m′

√
g |κ′|)dp, (15)

here κ = 0.5K + p, κ′ = 0.5K − p. And the quantity A is defined by[20]

A =


1

2

[
|κ|+ |κ′|+ ω0ω

′
0(1− κ̂κ̂′)

g

(
g |K|+ ω2

g |K| − ω2

)]
,

0 if κ = −κ′ and ω0 = ω′
0,

(16)

with ω0 =
√
g |κ|, ω′

0 =
√
g |κ′|.

In Eq. (15), the vector wave numbers are replaced by scalar wave numbers for 1-D waves, so the double

integral becomes a single integral. This permits us to evaluate the integral because of the Dirac-delta function.

After a straightforward manipulation, we can obtain the expression for the sea surface temporal spectrum as

WBt(K, t) = Wt(K, t) +
1

2
K2

+∞∫
−∞

Wt(q, t) ·Wt(K − q, t)dq. (17)

It shows that Eq. (17) has N2 numerical constants due to the integration. However, we can find that the

integral is a convolution for Wt(K, t). Then, using the properties of Fourier transform, we can rewrite Eq. (17)

as following

WBt(K, t) = Wt(K, t) +
1

2
K2

+∞∫
−∞

ρ2L(x, t)exp(− jKx)dx. (18)

Equation (18) can be computed by fast Fourier transform with N logN constants.

3.3. Surface temporal spectrum for non-

linear Creamer surface

In Ref. [14], Creamer et al. derived a nonlinear

sea surface model for gravity waves. In this model,

the way to simulate nonlinear effect is the Hamilto-

nian formalism under the weak wave-turbulence the-

ory. Formulation of such a 1D surface is

zC(x, t) =

∫
ẑC(K) exp[j(Kx− ωt)]dK (19)

with

ẑC(K) =
1

|K|

+∞∫
−∞

{exp[jKzL(x, t)]− 1}

× exp(−jKx)dx, (20)

where zL(x, t) denotes the linear surface elevation.

Using Eqs. (12) and (19), we can obtain

WCt(K, t)δ(K + P ) =
1

2π
⟨ẑC(K)ẑC(P )⟩ , (21)

where ⟨•⟩ denotes ensemble average.

Substituting Eq. (20) into Eq. (21), after a

lengthy but straightforward manipulation, we obtain

the sea temporal spectrum for the nonlinear Creamer

surface model as

WCt(K, t) =
1

2
K2

+∞∫
−∞

exp(− jKx)exp[−K2ρL(0, 0)]

×{exp[K2ρL(x, t)]− 1}dx (22)
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4. Doppler shift

To express the correlation function as a function of the time from a given state, we will consider only very

short time lags, i.e. t << 1.0s. Thus, we can perform a Taylor expansion around zero at first order to describe

the changes of the correlation function for sea surface roughness during this small time lag, i.e.

ρ(x, t) ≈ ρ(x, 0) + t
∂ρ(x, t)

∂t

∣∣∣∣
t=0

+ . . . . (23)

Using Eq. (8) and (23), we can rewrite the scattering cross section σαα(ksx, kix, t) as

σαα(t) ≈ σ0
αα(0) + σ1

αα(t), (24)

where

σ0
αα(0) =

1

π

∣∣∣∣2kizkszBαα(ksx, kix)

kiz + ksz

∣∣∣∣2 exp[−(kiz + ksz)
2σ2]

×
∫

{exp[(kiz + ksz)
2ρ(x, 0)]− 1} exp[j(kiz − ksz)x]dx, (25)

σ1
αα(t) = t× σ′1

αα(0) = t× 1

π
|2kizkszBαα(ksx, kix)|2 exp[−(kiz + ksz)

2σ2]

×
∫

ρ′(x, 0) exp[(kiz + ksz)
2ρ(x, 0)] exp[j(kiz − ksz)x]dx, (26)

with

ρ′(x, 0) =
∂ρ(x, t)

∂t

∣∣∣∣
t=0

. (27)

Under the condition of small time lag, i.e. t ≪ 1.0 s, we have

σαα(t) = σ0
αα(0)

[
1 +

t× σ′1
αα(t)

σ0
αα(0)

]

= σ0
αα(0)

1 +
t×

[
σ′1

αα r(0) + jσ′1
αα i(0)

] [
σ0
αα r(0)− jσ0

αα i(0)
]

[σ0
αα r(0) + jσ0

αα i(0)] [σ
0
αα r(0)− jσ0

αα i(0)]


= σ0

αα(0)

[
1 +

t× σ′1
αα r(0)σ

0
αα r(0) + t× σ′1

αα i(0)σ
0
αα i(0)

|σ0
αα(0)|

2 +j
σ′1

αα i(0)σ
0
αα r(0)− σ′1

αα r(0)σ
0
αα i(0)

|σ0
αα(0)|

2 × t

]

≈ σ0
αα(0) exp

[
j
σ′1

αα i(0)σ
0
αα r(0)− σ′1

αα r(0)σ
0
αα i(0)

|σ0
αα(0)|

2 × t

]
, (28)

where σ0
αα r(0), σ

0
αα i(0) and σ′1

αα r(0), σ
′1
αα i(0) denote the real and the imaginary part of σ0

αα(t) and σ′1
αα(t),

respectively.

Introducing the Fourier transform of the NRCS

σαα(fD) =

∫
σαα(t) exp(−j2πfDt)dt, (29)

we can get the Doppler spectrum of the backscattered field as

σαα(fD) =

∫
σ0
αα(0) exp

[
j
σ′1

αα i(0)σ
0
αα r(0)− σ′1

αα r(0)σ
0
αα i(0)

|σ0
αα(0)|

2 t

]
exp(−j2πfDt)dt

= σ0
αα(0)δ

(
2πfD − σ′1

αα i(0)σ
0
αα r(0)− σ′1

αα r(0)σ
0
αα i(0)

|σ0
αα(0)|

2

)
, (30)

where δ(•) denotes the Dirac-delta function.

From Eq. (30), the Doppler shift fD is obtained as

fD =
1

2π

σ′1
αα i(0)σ

0
αα r(0)− σ′1

αα r(0)σ
0
αα i(0)

|σ0
αα(0)|

2 . (31)
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5. Numerical results

The sea surface spectra at a given time for various wind speeds are compared in Fig. 1. Here t = 0 s. As

shown in Fig. 1, it is obvious that for large spatial wave numbers the spectrum for the Barrick model has orders

of magnitude larger than the spectra for the other two models. This is because, for large values of the spectral

parameter K, Eq. (17) has two regions of the q-integral which gives a leading-order contribution, small q and

small K − q. From Fig. 1, we can also note that the spectrum corresponding to the Creamer model agrees with

the spectrum for the linear hydrodynamic model.

Fig. 1. Sea surface spectrum W (K, t) versus spatial wave number for different wind speeds: (a) U = 3 m/s; (b)

U = 5 m/s.

The comparisons of the dispersion relationships for different sea surface models are shown in Fig. 2. Here

t = 0 s. From Fig. 2, one can find that the anglular frequencies corresponding to the Creamer sea surface are

larger than those for the Barrick and the linear hydrodynamic models. The anglular frequencies for the Barrick

sea surface are inconsistent with the results obtained by the linear surface model. Comparing Fig. 2(a) with

Fig. 2(b), we can also find that the results for the Barrick and the linear hydrodynamic models are insensitive

to the wind speeds. On the other hand, the anglular frequencies for the Creamer surface waves increase with

wind speed.

Fig. 2. Dispersion relationship diagrams for different wind speeds: (a) U = 3 m/s, (b) U = 5 m/s.

In Fig. 3, the backscattered NRCS for the three hydrodynamic models are illustrated at 3 m/s wind speed.

Here the radar frequency equals 1.3 GHz (L-band). From Fig. 3, it is noted that the scattered results from the

Barrick surface are larger than those from linear and Creamer surfaces for both HH and VV polarisations. It

can be explained by the Bragg-scattering mechanism. For Bragg scattering the NRCS is in proportion to the sea

surface spectrum, i.e. σB ∝ W (2k sin θi). Therefore, for large spatial wave numbers (2k sin θi) the magnitude of

the sea spectrum for the Barrick model is larger than that of the other two sea spectra. From Fig. 3, we also

find that the NRCS from the Creamer sea surface is inconsistent with the results from the linear model due to

the agreement between the spectra of the Creamer and the linear sea surface.
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In Fig. 4, we present the Doppler shift as a function of the incident angle for three radar frequencies,

1.0 GHz, 1.3 GHz and 1.5 GHz. Here the wind speed is 3 m/s. As shown in Fig. 4, the Doppler shifts become

larger with the increase of the radar frequency. And we can also find that the Doppler shifts for the Creamer

model are some what larger than the results for the linear and the Barrick models. The main reason is that the

anglular frequency for the Creamer sea wave is larger than those corresponding to the Barrick and the linear

sea waves.

Fig. 3. Backscattering NRCS versus incident angle for

different hydrodynamic models.

Fig. 4. Doppler shifts versus incident angle for different

radar frequencies.

In Fig. 5, the Doppler shifts as a function of the incident angle for various wind speeds are presented. Here,

the radar frequency is equal to 1.3 GHz (L-band). For comparisons, we also indicate on both figures the Doppler

shifts associated to the resonant Bragg waves and the so-called long waves in the framework of the geometrical

optics method. The Bragg shifts fB(θi) can be evaluated by[21]

fB(θi) =
1

2π

√
gKB (32)

with KB = 2k sin(θi).

Fig. 5. Doppler shifts versus incident angle for different wind speeds: (a) U = 3 m/s, (b) U = 5 m/s.

For geometrical optics approximation, the Doppler shifts fO(θi) induced by the so-called long waves and

the mean phase speed v̄ in the line-of-sight of the radar are related by the following relation

fO(θi) =
k sin(θi)

π
v̄, (33)

where the detected mean phase speed is[22]
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v̄ =

KB/3∫
0

v(κ)κ2W (κ)dκ

KB/3∫
0

κ2W (κ)dκ

. (34)

The Doppler shifts induced by the Bragg waves and

the so-called long waves indicated the asymptotic lim-

its of the solution. From Fig. 5, it is obvious that

the results given by SSA-I for the linear and the Bar-

rick hydrodynamic models lead to predictions between

these two limits. The smaller is the incident angle, the

closer to the geometrical optics solution are the simu-

lations. As the incident angle increases, the Doppler

shifts for the linear and the Barrick hydrodynamic

models tend toward the Bragg results. However, we

observe that at large incident angles the Doppler shifts

corresponding to the Creamer model are larger than

the Bragg results. Comparing Fig. 5(a) with Fig. 5(b),

it is found that at small to moderate incident angles

the Doppler shifts for these three hydrodynamic mod-

els increase with the wind speed. However, at larger

incident angles the results corresponding to the lin-

ear and the Barrick models are insensitive to the wind

speed and this phenomenon is not coincident with the

measured data.[23,24]

6. Conclusions

In this paper, time dependent asymptotic solu-

tions have been derived to predict Doppler shifts by

using SSA-I for three different hydrodynamic sea sur-

face models: a linear model, the nonlinear Barrick

model and the nonlinear Creamer model. As shown,

for large spatial wave numbers the sea surface spec-

trum for the Barrick model is larger than the spectra

corresponding to the other two models. On the other

hand, for the harmonic wave with the same wave num-

ber the angular frequency for the Creamer model is

larger than those corresponding to the Barrick and

the linear sea surfaces. The Doppler shifts predicted

by SSA-I for these three sea surface models are all de-

pendent on radar frequency, wind speed and incident

angle. With the increase of the radar frequency, the

Doppler shifts became larger. At small and moderate

incident angles, the Doppler shifts for the three mod-

els increase with wind speed. Nevertheless, at larger

incident angles, the results for the linear and the Bar-

rick models are insensitive to the wind speed and this

is not coincident with the experimental data.

Although this paper is limited to 1-D sea surface,

the conclusions obtained in this paper are helpful to

better understand the sensitivity of radar signals to

both the sea surface characteristics and the radar pa-

rameters.
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