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The (e, 2e) triple differential cross sections of Cu+ (3p)
in coplanar asymmetric geometry∗
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The three-body distorted-wave Born approximation has been used to calculate the (e, 2e) triple differential cross

sections (TDCSs) of Cu+ (3p) in different kinematical variables in coplanar asymmetric geometry. The angles 4◦, 10◦

and 20◦ were selected as the scattering electron angles. Under high incident energy (≥ 500 eV) and high asymmetric

detection energy, the binary peaks showed abnormal splits. Such abnormal splits have not been observed in atomic

target and outer valence orbitals of ionic target, which indicates that an (e, 2e) process for inner valence orbitals of

ionic target would be more complicated than outer valence orbitals. Furthermore, some pronounced peaks appeared at

certain ejected angles. We considered that these pronounced peaks are probably related to one kind of double-binary

collision.
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1. Introduction

The electron impact ionization of an atom or ion

with coincidence detection of the three-particle final

state, so-called an (e, 2e) reaction, provided detailed

information of the ionization mechanism and dynam-

ics of three charged particles moving in the three-body

continuum. He, Ne, Ar, Kr, and Xe were familiar ob-

jects. The outer and inner valence (e, 2e) triple differ-

ential cross sections (TDCSs) of these targets have

been extensively researched. In 1969, Ehrhardt et

al.[1] reported the experimental and theoretical (e, 2e)

TDCSs of He. The TDCSs showed two obvious peaks,

which are well known as binary peak and recoil peak.

In the process of collision, the orbital electrons were

knocked out by incident electrons and formed the bi-

nary peak, which always appeared in the direction of

momentum transfer K. If the ejected electrons were

recoiled by target ions, the recoil peak would emerge.

Recoil peak always appeared in the opposite direction

of momentum transfer K. In the following decades,

the binary and recoil peaks of other inert gas atoms

were also extensively researched.[2−11] For s orbital,

the binary and recoil peaks were often single. But

for p orbital, the binary peaks probably split into two

peaks.[3,10,11] Ehrhardt et al.[11] gave a reasonable ex-

planation for the split of p orbital. They considered

that the split could be ascribed to the electron mo-

mentum distributions of p orbital. The electron mo-

mentum profile of s orbital had a maximum value at

electron momentum p = 0. But for p orbital, the elec-

tron momentum profile showed one peak in the region

of p > 0 and gave minimum value at p = 0. Here, the

peak position of p orbital was defined as pmax and the

difference between ejected electron momentum k2 and

momentum transfer K as ∆p. According to Ehrhardt

et al.[11] if ∆p was smaller than pmax, the binary peak

for p orbital would split into two peaks.

The (e, 2e) researches for ionic targets played an

important role in the fields of astrophysics, plasma

physics and fusion. However, due to the low density

of ion sources, few experimental measurements of (e,

2e) reaction for ionic targets have been reported.[12]

So, numerous theoretical studies have been carried

out. Khajuria et al.[13,14] calculated the TDCSs of p

orbital for alkali metal ions in different geometry us-

ing distorted-wave Born approximation (DWBA) and

distorted-wave impulse approximation (DWIA) the-

ory. Their research indicated that the ratio of binary-

to-recoil peak depended on K for a fixed incident en-

ergy. In addition, they also found the split of binary

peak under some dynamic conditions. Chen et al.[15]

reported the (e, 2e) TDCSs of Li+ (2s2) and K+ (3p6)

in coplanar asymmetric geometry, and found that the

binary peak moved to angles higher than that of K.
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They used a double-binary encounter mechanism to

explain such a phenomenon. An (e, 2e) research on

hydrogen ions in coplanar asymmetric geometry has

been reported by Shi et al.[16] Besides binary peaks

and recoil peaks, a new peak appeared in forward di-

rection (ejected angle less than 180◦) when Z ≥ 4 (Z

denotes atomic number). They considered a double-

binary encounter process has happened in the (e, 2e)

reaction.

Though some (e, 2e) researches have been re-

ported the outer shell p orbital for ionic targets, the

research on inner shell p orbital of ionic targets has not

been reported. In this paper, we first calculated the (e,

2e) TDCSs of inner shell 3p orbital for Cu+ with dif-

ferent kinematical variables. At high incident energy

(≥ 500 eV) and highly asymmetric detection energy,

an abnormal split of binary peak was observed, which

has not been reported in TDCSs of atomic targets

and outer valence orbitals of ionic targets. Further-

more, we found some pronounced peaks that appeared

at certain angles. A double-binary collision process

was proposed to explain the appearance of these new

peaks.

2. Theory

Considering a Cu+ ion ionized by impact of an

incident electron with momentum k0 followed by two

electrons outgoing with momentum k1 and k2, the

TDCS for such a process could be described by DWBA

theory as[17]

d3σDWBA

dΩ1dΩ2dE1

= (2π)4
k1k2
k0

∑
av

[|f |2 + |g|2 − Re(f∗g)] , (1)

where

f

=

⟨
χ(−)(k1, r1)χ

(−)(k2, r2)

∣∣∣∣ 1

r12

∣∣∣∣χ(+)(k0, r0)ψnl

⟩
,

(2)

g

=

⟨
χ(−)(k1, r2)χ

(−)(k2, r1)

∣∣∣∣ 1

r12

∣∣∣∣χ(+)(k0, r0)ψnl

⟩
.

(3)

In the above equations,
∑

av represents the sum

over final and average over initial magnetic and spin

degeneracy; ψnl is the orbital of Cu+, χ(+) denotes

the distorted wave of incident electron generated in

the equivalent local ground state potential of Cu+ ion,

and χ(−) is the distorted wave of outgoing electrons

generated in the equivalent local ground state poten-

tial of ion in final channels; χ(+) and χ(−) are both

orthogonal to ψnl.

The equivalent local ground state potential V00(r)

(i.e. distorting potential) was the sum of direct poten-

tial VD and exchange potential VE. The direct poten-

tial VD was obtained from the target-ion radial orbitals

unl(r).
[17]

VD(r) =
∑
nl

Nnl

∫
dr′[unl(r

′)]2/r> , (4)

where r> is the greater one of r and r′, Nnl is the

number of electrons in orbital nl. The spin average

static exchange potential VE is given by[18]

VE(r)

= 0.5

{
E − VD(r) +

3

10
[3π2ρ(r)]2/3

}
− 0.5

{
[E − VD(r) +

3

10
[3π2ρ(r)]2/3]2

+4πρ(r)

}1/2

, (5)

where ρ(r) is the electron density. And then, the

equivalent distorting potential V00(r) could be de-

scribed as

V00(r) = VD(r) + VE(r). (6)

3. Results and discussions

Figure 1 shows the TDCSs of electron impact

ionization of Cu+(3p) with ejected electron energy

E2 = 10 eV in coplanar asymmetry geometry. Fig-

ures 1(a)–1(d) represent the TDCSs at incident en-

ergy E0 = 1000, 500, 200 and 150 eV, respectively.

The detected angles of scattering electron are fixed at

θ1 = 4◦, 10◦ and 20◦, and the corresponding TDCSs

are denoted by solid, dashed and dot-dashed lines in

Figs. 1(a)–1(d). K and ∆p are shown in Table 1.

At incident energy 1000 eV (Fig. 1(a)), when the

scattering electron angle is θ1 = 4◦, the binary peak

splits into two peaks, while the recoil peak does not.

When θ1 = 10◦, both the binary peak and recoil peak

do not split. When θ1 = 20◦, both peaks split into

two peaks.
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Fig. 1. TDCSs of electron impact ionization of Cu+(3p) with ejected electron energy E2 = 10 eV in coplanar

asymmetric geometry: (a) incident energy E0 = 1000 eV, (b) incident energy E0 = 500 eV, (c) incident energy

E0 = 200 eV, and (d) incident energy E0 = 150 eV. The TDCSs at θ1 = 4◦, 10◦ and 20◦ are denoted by solid, dash

and dot-dashed lines, respectively.

Table 1. Momentum transfer K and ∆p, where ∆p de-

notes the absolute value of difference between K and

ejected electron momentum k2. The energy of the ejected

electron is 10 eV.

E0/eV θ1/(◦) K/arb. units ∆p/arb. units

1000 4 0.75 2.06

1000 10 1.53 1.28

1000 20 2.93 0.12

500 4 0.79 1.86

500 10 1.21 1.60

500 20 2.10 0.71

200 4 1.24 1.57

200 10 1.34 1.47

200 20 1.64 1.17

150 4 1.55 1.26

150 10 1.60 1.21

150 20 1.75 1.06

Further, we calculate the electron momentum

profile for 3p orbital of Cu+ using density functional

theory DFT–B3LYP with Lanl2dz basis set. The re-

sults are shown in Fig. 2. It can be seen that pmax is

about 1.61 a.u.. Compared with the ∆p(as shown in

Table 1), at θ1 = 4◦, ∆p > pmax, whereas, at θ1 = 10◦

and 20◦, ∆p < pmax. According to Ehrhardt et al.,[11]

if ∆p < pmax, the binary peak in (e, 2e) TDCSs

will split into two peaks, otherwise, it would not split.

Fig. 2. Electron momentum distribution of Cu+(3p) cal-

culated using density functional theory DFT-B3LYP with

Lanl2dz basis set.

Based on the above theory, the binary peak will split

into two peaks at θ1 = 10◦ and 20◦, but not split at

θ1 = 4◦. However, our calculated results (Fig. 1(a))

are abnormal results, i.e., the binary peak splits into

two peaks at θ1 = 4◦ but not split at θ1 = 10◦. Such
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an abnormal split for p orbital has never been reported

for atomic targets and the outer valence orbitals of

ionic targets, indicating that the (e, 2e) process for

inner valence orbital of ionic targets might be more

complicated.

We further calculate the TDCSs at incident en-

ergies 500, 200, and 150 eV with ejected electron en-

ergies fixed at 10 eV (see Figs. 1(b)–1(d)), the corre-

sponding ∆p are also calculated and shown in Table

1.

In Fig. 1(b), at θ1 = 4◦, ∆p > pmax, the binary

peak should not split, while the peak splits in our

calculated results. At θ1 = 10◦, ∆p < pmax, the bi-

nary peaks should split into two peaks, and the binary

peaks of the TDCSs indeed split in our calculated re-

sults. At θ1 = 20◦, ∆p < pmax, the binary peak should

split, while the peak does not split in our calculated re-

sults. So, the binary peak split abnormally at θ1 = 4◦

and 20◦.

In Figs. 1(c) and 1(d), at θ1 = 4◦, 10◦ and 20◦,

the ∆p are all less than pmax, the binary peaks should

split into two peaks, and the binary peaks of the TD-

CSs indeed split in our calculated results.

In Fig. 1(d), it is worth noting that two new peaks

emerge at ejected angle θ2 ∼ 120◦ and θ2 ∼ 300◦ (in-

dicated by arrows), which means some double-binary

collisions.[19] The probable double-binary collisions

are shown in Fig. 3, where 3(a) and 3(b) show that

the incident electron first interacts with orbital elec-

tron being knocked out as e2. The scattering electron

(e1) is scattered elastically off the nucleus again, and

steered to a direction at angle θ1. In Figs. 3(c) and

3(d), the incident electron is first scattered elastically

off the nucleus, and then collides with the orbital elec-

tron, and subsequently emerges at angle θ1.

Fig. 3. Various double-binary collision processes, T denotes the target nucleus.

In Figs. 3(a) and 3(b), the ejected electron (e2)

emerges in the ranges of 0 < θ2 < 90◦ and 270◦ <

θ2 < 360◦. In Fig. 3(c) and 3(d), the ejected electron

emerges in the ranges 90◦ < θ2 < 180◦ (the ejected

electron direction in this region is regarded as forward

direction) and 270◦ < θ2 < 360◦ (the ejected elec-

tron direction in this region is regarded as backward

direction).

Based on the angle range of the ejected electron

in Fig. 3, it can be concluded that the new peak at

θ2 ∼ 120◦ in Fig. 1(d) can be attributed to the col-

liding process in Fig. 3(c). The other new peak at

θ2 ∼ 300◦ in Fig. 1(d) can be attributed to the collid-

ing process in Figs. 3(b) or 3(d).

The (e, 2e) process satisfies the energy conserva-

tion condition, and the angle between ejected electron

and incident electron or the angle between scattering

electron and incident electron in (e, 2e) reaction can

be calculated. The sum of these two angles is the angle

between the directions of ejected electron and scatter-

ing electron, which equals 90◦. In addition, the ejected

electron angles may change with different incident en-

ergy and outgoing electron energy for the same angle

of detected scattering electron in Fig. 3(b), while they
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will not change in Figs. 3(c) and 3(d).

We further calculate the TDCSs of Cu+ (3p) of

the scattering electron and ejected electron with dif-

ferent energy. The scattering electron energy E1 and

ejected electron energy E2 are set to (93, 30), (93, 60),

(243, 160), and (203, 200). The calculated TDCSs of

above four energy sets are shown in Figs. 4(a)–4(d).

The solid, dashed, and dot-dashed lines represent the

TDCSs for scattering angles 4◦, 10◦, and 20◦, respec-

tively.

Fig. 4. TDCSs for electron impact ionization of Cu+(3p) in coplanar asymmetric geometry. Scattering electron

energy E1 and ejected electron energy E2 are (a) (93, 30), (b) (93, 60), (c) (243, 160), and (d) (203, 200). The

TDCSs at θ1 = 4◦, 10◦ and 20◦ are represented by solid, dashed, and dot-dashed lines, respectively.

From Fig. 4, it can be seen that all TDCSs show

two obvious double-binary collision peaks except for a

small shoulder at θ2 ∼ 120◦ in Fig. 4(a). The position

of the double-binary collision peaks for different E1,

E2, and scattering angles are given in Table 2. From

Table 2, for the same scattering angle θ1 and different

E1 and E2, the change of θ21 or θ22 is small. The θ21

and θ22 are about 120
◦ and 300◦, respectively, which is

in agreement with the processes described in Figs. 3(c)

and 3(d). It is worth noting that there is still a lit-

tle difference between these calculated results and our

evaluation. Based on the explanation of Brauner et

al.,[19] the difference may come from the interaction

between scattering electron and ejected electron.

Table 2. Position of double-binary collision peaks. The

angles θ21 and θ22 denote the ejected angles of the forward

peak and backward peak, respectively.

E1/eV E2/eV θ1/(◦) θ21/(◦) θ22/(◦)

43a 10 4 120 300

43a 10 10 120 300

43a 10 20 120 300

93 30 4 – –

93 30 10 – –

93 30 20 – –

93 60 4 115 260

93 60 10 120 280

93 60 20 125 295

243 160 4 105 280

243 160 10 115 290

243 160 20 130 310

203 200 4 100 280

203 200 10 110 290

203 200 20 120 305

a incident energy: 150 eV.
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4. Conclusion

The TDCSs of Cu+ (3p) have been calculated

using the three-body distorted-wave Born approxi-

mation with different kinematical variables in copla-

nar asymmetric geometry at scattering electron angles

θ1 = 4◦, 10◦ and 20◦. We found an abnormal split

when incident electron energy was 1000 eV or 500 eV

and in high asymmetric detection energy, which have

not been reported for atomic targets and outer va-

lence orbitals of ionic targets. This phenomenon in-

dicated that the (e, 2e) process for inner valence or-

bitals of ionic targets may be more complicated. In

addition, we found some pronounced peaks appearing

at certain ejected angles when the difference between

ejected electron energy and scattering electron energy

was small. These peaks were attributed to one kind

of double-binary collision.
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