
Chin. Phys. B Vol. 19, No. 7 (2010) 070514

The analysis of complex behaviours of a novel three
dimensional autonomous system∗

Dong Gao-Gao(董高高)†, Zheng Song(郑 松), Tian Li-Xin(田立新),

Du Rui-Jin(杜瑞瑾), and Sun Mei(孙 梅)

Research Center for Nonlinear Science, Faculty of Science, Jiangsu University, Zhenjiang 212013, China

(Received 13 August 2009; revised manuscript received 25 January 2010)

This paper introduces a new three dimensional autonomous system with five equilibrium points. It demonstrates

complex chaotic behaviours within a wide range of parameters, which are described by phase portraits, Lyapunov

exponents, frequency spectrum, etc. Analysis of the bifurcation and Poincaré map is used to reveal mechanisms of

generating these complicated phenomena. The corresponding electronic circuits are designed, exhibiting experimental

chaotic attractors in accord with numerical simulations. Since frequency spectrum analysis shows a broad frequency

bandwidth, this system has perspective of potential applications in such engineering fields as secure communication.
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1. Introduction

Over the last two decades, chaos analysis and ap-

plications have been studied extensively within many

fields such as nonlinear circuits, secure communica-

tion, and economics. Since Lorenz discovered a simple

three-dimensional smooth autonomous chaotic system

in 1963, which has only two quadratic non-linearity

terms, considerable research interests have been made

in searching for the new chaotic attractors.[1,2] The

Lorenz system, as the first chaotic model, revealed

the complex and fundamental behaviours of the non-

linear dynamical system. In 2000, Chen and Ueta con-

structed a three-dimensional autonomous differential

equation with only two quadratic terms, and found

a new chaotic attractor in the study of anti-control

of chaos (or, chaotification).[3] This new system was

named Chen’s system lately by others. Although

this system seemingly has similar structure with the

Lorenz system, they are not equivalent topologically.

In fact, Chen system has been proved to be dual to the

Lorenz system. However, theoretical analysis and nu-

merical simulation suggested that the Chen’s attrac-

tor has different topological structures from those of

Lorenz system. Because of its complexity, the dynam-

ical behaviours of Chen system have lately been care-

fully studied in the mathematics literatures and engi-

neering machine. Both Lorenz system and Chen sys-

tem possess a two-wing attractor. Afterwards, the sta-

bility and bifurcation of Chen system were analysed in

Refs. [4] and [5]. The novel chaotic system which can

generate more complex dynamic behaviours is very

important in the field of chaotic theory and applica-

tion. More recently, the generation of multi-scroll at-

tractors seemed to be no longer a difficult task. Most

of the methods were developed in literatures which

shared some basic features: the multiple equilibriums

were usually obtained by selecting nonlinearities with

several breakpoints; the number of scrolls is equal to

the equilibrium; the shape of the attractors is char-

acterised by the fact that each scroll is a rotating cy-

cle moving around the equilibrium point. According

to the simple classification of three-dimensional (3D)

autonomous chaotic systems with smooth quadratic

terms presented by Lü et al.,[6,7] that is, from the

viewpoint of the chaotic attractor solutions to the dy-

namical systems, one can clearly see an interesting

fact: there are one-scroll attractors, two-scroll attrac-

tors and four-scroll attractors that have been found in

the three-dimensional smooth quadratic autonomous
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chaotic systems.[8−13] More recently, the generation

of special attractors, multiple equilibriums and multi-

wing attractors seem to be more challenging topic.

There are also novel 3D chaotic systems whose multi-

ple equilibriums and amazing attractors are proposed

in Refs. [14]–[18].

The outline of this paper is as follows: the 3D

system is introduced in Section 2. Section 3 discusses

the complex chaotic behaviour of novel system and

complex dynamics by varying parameters e, h. Both

Sections 4 and 5 discuss the electronic circuit and fre-

quency spectra of novel system (1). Finally, the con-

clusion is given in Section 6.

2. A novel 3D chaotic system

2.1.Model

Considering the following novel 3D autonomous

system:

.
x = axz − bx+ cyz,
.
y = z + dy − exz,
.
z = fxy − gz − hx, (1)

here, x, y, z are state variables, a, b, c, d, e, f , g,

h ∈ R+ are constant parameters of the system (1).

2.2.Analysis of steady states

Here, let a = 0.5, b = 1, c = 1, d = 4, e = 1.2,

f = 1, g = 6, h = 0.1, we discuss equilibria of this

nonlinear system. Let ẋ = ẏ = ż = 0, the system

has five equilibria, which are respectively described as

follows:

S1 = (0, 0, 0),

S2 = (−4.1359, 3.7237,−2.4979),

S3 = (−3.9408,−1.5867, 1.1079),

S4 = (4.8524,−3.9191,−3.2504),

S5 = (5.0576, 1.5655, 1.2353).

For equilibrium point S1 = (0, 0, 0), system (1) are

linearised, the Jacobian matrix is defined as

J1 =


az − b cz ax+ cy

−ez d 1− ex

fy − h fx −g

 =


−1 0 0

0 4 1

−0.1 0 −6.0

 .

To gain its eigenvalues, we let |λI − J1| = 0. These

eigenvalues corresponding to equilibrium point S1 =

(0, 0, 0) are respectively obtained as follows: λ1 = 4,

λ2 = −6, λ3 = −1. Here λ1 is a positive real number,

λ2 and λ3 are two negative real numbers. Therefore,

the equilibrium point S1 = (0, 0, 0) is a saddle point.

So this equilibrium S1 = (0, 0, 0) is unstable.

Next, linearising system (1) about the other equi-

libria such as S2, S3, S4, S5, we obtain the follow-

ing characteristic operation. For equilibrium S2 =

(−4.1359, 3.7237,−2.4979), the system (1) has a Ja-

cobian matrix which is equal to:

J2 =


az − b cz ax+ cy

−ez d 1− ex

fy − h fx −g



=


−2.2489 −2.2489 1.6557

2.9975 4 5.9631

3.6237 −4.1359 −6.0000

 .

We let |λI − J2| = 0. These eigenvalues correspond

to the equilibrium S2 = (−4.1359, 3.7237,−2.4979)

are λ1 = −6.5831, λ2 = 1.1671 + 4.5444i, λ3 =

1.1671 + 4.5444i. Here λ1 is a negative real num-

ber, λ2, λ3 become a pair of complex conjugate eigen-

values with positive real parts. The equilibrium S2

is a saddle-focus point this equilibrium is unstable.

For the same reason, we obtain the equilibrium S3 =

(−3.9408,−1.5867, 1.1079), by calculation, we can ob-

tain the eigenvalues of the Jacobian matrix of system

(1), which are λ1 = −5.4480, λ2 = 1.5010 + 3.0073i,

λ3 = 1.5010 − 3.0073i, therefore, S3 is an unsta-

ble saddle-focus point. We obtain the equilibrium

S4 = (4.8524,−3.9191,−3.2504), by calculation, we

can obtain the eigenvalues of the Jacobian matrix

of the system (1) which are: λ1 = −6.9360, λ2 =

1.1554+5.1014i, λ3 = 1.1554−5.1014i, therefore, S4 is

an unstable saddle-focus point. For equilibrium S5 =

(5.0576, 1.5655, 1.2353), by calculation, we can obtain

the eigenvalues of the Jacobian matrix of system (1),

which are λ1 = −5.3499, λ2 = 1.4838 + 3.4508i,

λ3 = 1.4838 − 3.4508i, therefore, S5 is an unstable

saddle-focus point.

3. Numerical description of chao-

tic attractors

3.1.Typical phase portraits

When the parameters a = 0.5, b = 1, c =

1, d = 4, e = 1.2, f = 1, g = 6, h = 0.1 and ini-
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tial condition [0.4, 1, 0.4] are fixed, the correspond-

ing Lyapunov exponents L1 = 0.0673 > 0;L2 =

−0.1561 < 0;L3 = −7.2114 < 0. Under the

same condition, the corresponding Lyapunov dimen-

sion of chaotic attractors of this nonlinear-system is

of fractional dimension, it is described as DL = j +

1/|λLj+1|
∑j

i=1 λLj = 2+(λL1 + λL2)/|λLj+1| = 2 +

(0.0673− 0.1561)/|−3.1450| = 1.9718, the Lyapunov

dimension of this system is fractional. The fractal na-

ture of an attractor does not merely mean that this

system has non-periodic orbits, it also causes nearby

trajectories to diverge. As all strange attractors, or-

bits that are initiated from different initial conditions

soon reach the attracting set, but two nearby orbits

do not stay close to each other, they soon diverge

and follow utterly different trajectories in the attrac-

tor. Therefore, there are really strange chaotic at-

tractors in this system. Under the same condition,

the system (1) has chaotic attractor, Figs. 1(a), 1(b),

1(c) and 1(d), show x–y–z, x–y, y–z, x–z phase por-

traits of novel chaotic attractor. The time series of

chaotic attractor is shown in Fig. 1(e). By choosing

the slightly different initial conditions [0.4, 1, 0.4] and

[0.4, 1.0000001, 0.4], figure 1(f) shows the great differ-

ence as time goes on. Therefore, the chaotic system

(1) exhibits high sensitive dependence on initial con-

ditions.

Fig. 1. (a) The 3D phase portrait of the chaotic attractor; (b) x–y phase portrait of chaotic attractor; (c) y–z phase

portrait of chaotic attractor; (d) x–z phase portrait of chaotic attractor; (e) time series of chaotic attractor; (f) as

time goes on, the greatly difference caused by slightly different initial conditions.
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3.2.Varying parameter e

Many interesting complex dynamical behaviours have been founded by varying parameter e. As is well

known, Lyapunov exponents measure the exponential rates of divergence or convergence of nearby trajectories

in phase space. When parameters a = 0.5, b = 0.6, c = 0.5, d = 4, f = 1, g = 6, h = 0.1 and initial condition

[0.4, 1.2, 0.28] are fixed, as e ∈ [0.48, 1], according to the detailed numerical as well as theoretical analysis, the

Lyapunov exponents spectrum and maximum Lyapunov exponents spectrum are (L1, L2, L3) shown in Fig. 2.

The corresponding bifurcation diagram is also displayed in Fig. 3.

Fig. 2. Lyapunov exponents spectrum and maximum Lyapunov exponents spectrum varying with e ∈ [0.48, 1].

Fig. 3. The bifurcation diagram of chaotic region with e ∈ [0.48, 1].

When the three Lyapunov exponents L1 >

0, L2 < 0, L3 < 0, the system (1) is in chaotic state.

From Figs. 2(a) and 2(b), e ∈ [0.48, 1], the maximum

Lyapunov exponents L1 > 0, the system (1) is chaotic

state. From Fig. 3, e ∈ [0.48, 1], the bifurcation di-

agram shows that the system have complex chaotic

dynamical behaviours. For example, as e = 0.48, the

system (1) displays x–z and y–z chaotic portraits, as

shown in Figs. 4(a) and 4(b). As e = 0.5, figures

4(c) and 4(d) show x–y–z and z–x phase portraits of

chaotic attractor. As e = 0.6, system (1) shows x–y–z

and x–z chaotic phase portraits, as shown in Figs. 4(e)

and 4(f). As e = 0.85, figures 4(g) and 4(h) show x–

y–z and x–z phase portraits of chaotic attractor. As

an important technique, the Poincaré map is used to

describe bifurcation and folding properties of chaos.

As e = 0.48, we make y = 0.8 as crossing plane, the

corresponding Poincaré map of the chaotic attractors

is shown as Fig. 5(a). As e = 0.5, we make y = 0.85 as

crossing plane the corresponding Poincaré map of the

chaotic attractors is shown in Fig. 5(b). As e = 0.6,

we make z = 0.55 as crossing plane, the correspond-

ing Poincaré map of the chaotic attractors is shown in

Fig. 5(c). As e = 0.85, we make z = 0.45 as crossing

plane the corresponding Poincaré map of the chaotic

attractor is shown in Fig. 5(d). From Figs. 5(a)–5(d),

we can see that the system has extremely rich dynam-

ical behaviours.
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Fig. 4. (a) When e = 0.48, the x–z phase portrait of the chaotic attractor; (b) when e = 0.48, the y–z phase

portrait chaotic attractor; (c) when e = 0.5, the x–y–z phase portrait of the chaotic attractor; (d) when e = 0.5,

the z–x phase portrait chaotic attractor; (e) when e = 0.6, the x–y–z phase portrait of the chaotic attractor; (f)

when e = 0.6, the x–z phase portrait chaotic attractor; (g) when e = 0.85, the x–y–z phase portrait of the chaotic

attractor; (h) when e = 0.85, the x–z phase portrait chaotic attractor.
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Fig. 5. (a) Projection on x − z of the Poincaré map with e = 0.48, y = 0.8 as crossing plane; (b) projection on

x − z of the Poincaré map with e = 0.5, y = 0.85 as crossing plane; (c) projection on x − y of the Poincaré map with

e = 0.6, z = 0.55 as crossing plane; (d) projection on x–y of the Poincaré map with e = 0.85, z = 0.45 as crossing plane.

3.3.Varying parameter h

In this section, we use numerical computing and basic bifurcation analysis to investigate the dynamical

behaviours of system (1). The evolution processes of the system are analysed precisely by means of Lyapunov

exponents spectrum, bifurcation diagram and phase portraits by varying the parameter h in system (1). When

parameters a = 0.5, b = 1, c = 1, d = 4, e = 1.2, f = 1, g = 6 and initial condition [0.4, 1, 0.4] are fixed, as

h ∈ [0.01, 0.5], according to the detailed numerical as well as theoretical analysis, the Lyapunov exponents

spectrum and maximum Lyapunov exponent spectrum (L1, L2, L3) are shown in Fig. 6. The corresponding

bifurcation diagram of variable x with respect to parameter h is also displayed in Fig. 7. It can be observed that

the bifurcation diagram well coincides with the Lyapunov exponents spectrum. For h ∈ [0.01, 0.22], system (1)

has one postitive and two negative Lyapunov exponents, which implies the existence of chaotic attractors of the

system (1). For example, when h = 0.01, 0.12, 0.15, 0.19, three dimensional phase portraits and two dimensional

portraits are shown in Figs. 8(a)–8(h). For h ∈ [0.35, 0.5], system (1) has one zero and two negative Lyapunov

Fig. 6. Lyapunov exponents spectrum and maximum Lyapunov exponents spectrum varying with h ∈ [0.01, 0.5].
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exponents, which implies the periodic state of the system (1). For example, for h = 0.35, phase portraits

of periodic state are shown in Figs. 8(i) and 8(j). As h = 0.15, we make y = 0.55 as crossing plane, the

corresponding Poincaré map of the chaotic attractors is shown in Fig. 9(a). As h = 0.19, we make z = 0.65 as

crossing plane the corresponding Poincaré map of the chaotic attractors is shown in Fig. 9(b).

Fig. 7. The bifurcation diagram with h ∈ [0.01, 0.5] and h ∈ [0.25, 0.5].
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Fig. 8. (a) When h = 0.01, the x − y − z phase portrait of the chaotic attractor; (b) when h = 0.01, the x–y

phase portrait of the chaotic attractor; (c) when h = 0.12, the x–y–z phase portrait of the chaotic attractor; (d)

when h = 0.12, the x–y phase portrait chaotic attractor; (e) when h = 0.15, the x–y–z phase portrait of the chaotic

attractor; (f) when h = 0.15, the x–y phase portrait chaotic attractor; (g) when h = 0.19, the x–y–z phase portrait

of the chaotic attractor; (h) when h = 0.19, the x–y phase portrait chaotic attractor; (i) when h = 0.35, the x–y–z

phase portrait of periodic state; (j) when h = 0.35, the y–z phase portrait of periodic state.

Fig. 9. (a) Projection on x − z of the Poincaré map with h = 0.15, y = 0.55 as crossing plane; (b) projection on

x–y of the Poincaré map with e = 0.19, z = 0.65 as crossing plane.

4. Circuit implementations

In this section, an electronic circuit is designed to

physically realise the new chaotic system (1). The de-

signed circuit of sytem (1) is shown in Fig. 10 based on

Refs. [19]–[22]. The system (1) consists of three chan-

nels which realise that the three state variables x, y,

z are transformed into Vx = 100x, Vy = 100y, Vz =

100z. The nonlinear terms in the equation are imple-

mented linear resistors, linear capacitors, operational

amplifiers and analog multipliers AD633. The scales

of horizontal and vertical axes are 100 mV/div and

100 mV/div, the timebase is 0.50 ms/div respectively.

All results were recorded from an oscilloscope of Mul-

tisim. Figure 11 shows phase portraits of x–y, y–x, x–

z, y–z planes. The circuit experimental results show

agreement with numerical simulations.
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Fig. 10. Circuit diagram for realising the new chaotic system (1): OP-Amps are LM2900 multiplies are AD633.

Fig. 11. The phase portraits of new chaotic system observed on the oscilloscope in different planes: (a) x–y plane;

(b) y–x plane; (c) x–z plane; (d) y–z plane.
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5. Analysis of frequency spec-

trum

Recently, many schemes of extracting messages

masked by chaos have been reported. One of the rea-

sons is that the bandwidth of frequency spectra of

chaotic signals is not broad enough.[22−25] The novel

system has a broad bandwidth. To compare, only the

bandwidths of the signals generated numerically by

the system itself are discussed here, without inves-

tigating possible electronic techniques that may fur-

ther improve the bandwidths of such systems. Sup-

pose that the frequency range with spectral values

over 10−1, then one can have the broad bandwidths

of the different systems. The bandwidths of Lorenz

system and Chen system are less than 0 − 2.5 Hz

and 0 − 4 Hz.[22−25] However, when a = 0.5, b =

0.6, c = 0.5, d = 4, f = 1, g = 6, h = 0.1 and

e = 0.48, 0.5, 0.6, 0.85 are fixed, the corresponding fre-

quency spectra are shown in Figs. 12(a)–12(d). One

can see that the frequency properties of the new

chaotic system are so abundant in broad ranges. Note

that the bandwidths of chaotic signals of novel system

are all in about 0−25 Hz respectively from Figs. 12(a)–

12(d) which are nearly 4–5 times wider than that of

Lorenz system and Chen system. The broad band-

width of novel system (1) indicates its great potential

for some relevant engineering applications such as se-

cure communications.

Fig. 12. The frequency spectrum generated numerically from chaotic systems with different parameters: (a) e =

0.48; (b) e = 0.5; (c) e = 0.6; (d) e = 0.85.

6. Conclusion

This paper introduces a novel 3D autonomous

system which has been rarely discussed in previous

work. Complex chaotic behaviours of the system are

described by phase portraits, Lyapunov exponents,

frequency spectrum, etc. The dynamical behaviours

of the system are further investigated in physical ap-

plications such as electronic circuits, frequency spec-

trum. The circuit experimental results show the agree-

ment with numerical simulations. Frequency spec-

trum analysis shows a broad frequency bandwidth,

this system has perspective of potential applications

in such engineering fields as secure communication.
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