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This paper investigates the chaotification problem of a stable continuous-time T–S fuzzy system. A simple nonlinear

state time-delay feedback controller is designed by parallel distributed compensation technique. Then, the asymptotically

approximate relationship between the controlled continuous-time T–S fuzzy system with time-delay and a discrete-time

T–S fuzzy system is established. Based on the discrete-time T–S fuzzy system, it proves that the chaos in the discrete-

time T–S fuzzy system satisfies the Li–Yorke definition by choosing appropriate controller parameters via the revised

Marotto theorem. Finally, the effectiveness of the proposed chaotic anticontrol method is verified by a practical example.
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1. Introduction

Recently, chaotic systems and chaotic phenom-

ena have been paid more and more attention due to

its potential applications in many practical applica-

tion fields.[1−4] As a reverse process of suppressing

or eliminating chaotic behaviours in order to reduce

the complexity of an individual system or a coupled

system, anticontrol of chaos aims at creating or en-

hancing the system complexity for some special appli-

cations. More precisely, chaotification is to generate

some chaotic behaviours from a given system, which

is non-chaotic or even stable originally. It is well-

known that chaotification of dynamical systems has

many potential applications in electronic, mechanical,

biological and medical systems, etc. Ito and Narikiyo

found that the grinding efficiency was higher when

the rotating speed of the grinding machine was un-

der chaotic state.[5] Chau et al. found that when the

stirrer was working under low-Reynolds-number mix-

ing condition, the stirring effect of the stirrer is better

with the chaotic rotating speed of the stirring pad-

dle than that with the constant stirring speed.[6] The

relevant researches indicated that about 0.1 to 1 bil-

lion dollars were wasted due to the inefficiency of the

stirring devices per year.[7] Thus, it is necessary to de-

velop proper method to make an originally stable per-

manent magnet synchronous motor (PMSM) system

generate chaotic behaviour. There are several chaoti-

fication methods proposed in recent years.[8−25] How-

ever, in fact, there is not a unified definition of chaos

in a continuous-time nonlinear system currently. Sev-

eral kinds of acknowledged definitions of chaos, such

as Li–Yorke definition, Deveney definition and Mel-

nikov definition, are all set up based on the discrete-

time nonlinear system. At present, some chaotifica-

tion approaches[26,27] for continuous-time systems are

generating chaos by tracking a known chaotic system.

Strictly speaking, this kind of ‘chaos’ is not chaos in

true sense because the controlled system is not ex-

tremely sensitive to initial conditions. Others[28,29]

only generate chaos in phenomena by simulation, but

lack strict theoretical proof.

In this paper, the PMSM system is considered as

the practical continuous-time dynamical system to be

chaotified. In many relevant literatures, the PMSM

systems are assumed to be smooth-air-gap for simplic-

ity. However, all the PMSM systems are non-smooth-

air-gap in real world. But the non-smooth-air-gap

PMSM systems are scarcely studied.
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Inspired by the above ideas, this paper is de-

voted to investigating the chaotification problem of a

continuous-time T–S fuzzy model which is originally

stable. Moreover, we consider the non-smooth-air-gap

PMSM system as the practical dynamical system to

be chaotified. First, the exact T–S fuzzy representa-

tion of the non-smooth-air-gap PMSM is presented.

Based on the continuous-time T–S fuzzy model, a

fuzzy nonlinear time-delay feedback controller is de-

signed by parallel distributed compensation (PDC)

technique. Then, the asymptotically approximate re-

lationship between the controlled continuous-time T–

S fuzzy non-smooth-air-gap PMSM system with time-

delay and a discrete-time T–S fuzzy system is estab-

lished. Finally, based on the discrete-time T–S fuzzy

system theory, it proves that the chaos in the discrete-

time T–S fuzzy system satisfies the Li–Yorke definition

by choosing appropriate controller parameters.

The rest of this paper is organized as follows.

In Section 2, the T–S fuzzy model is reviewed and

the non-smooth-air-gap PMSM system is introduced

briefly. The exact continuous-time T–S fuzzy repre-

sentation for the non-smooth-air-gap PMSM system

is given in Section 3. In Section 4, at first, the ap-

proximate relationship between the continuos-time T–

S fuzzy delayed system and a discrete-time T–S fuzzy

model is established. Then, the corresponding chaoti-

fication controller is designed based on the PDC tech-

nique. At last, the revised Marotto theorem is applied

to prove that the chaos generated in the controlled

non-smooth-air-gap PMSM system satisfies the Li–

Yorke definition. Simulation study is carried out in

Section 5. Some conclusions are drawn in Section 6.

2. Preliminaries and problem for-

mulation

2.1.T S fuzzy model

Consider the continuous-time T–S fuzzy rule base

described as follows:[30]

Ri: IF p1(t) is Mi1, . . . , and pq(t) is Miq, THEN

ẋ(t) = Aix(t) +Biu(t), (1)

where i = 1, 2, . . . , r (r is the number of fuzzy rules),

x(t) ∈ Rn and u(t) ∈ Rm denote the state vector

and the input vector, respectively, Ai ∈ Rn×n and

Bi ∈ Rn×m are known system matrix and input ma-

trix with appropriate dimensions, respectively, p1(t),

p2(t), . . . , pq(t) are premise variables, Mij is a fuzzy

set (j = 1, 2, . . . , q). By taking a standard fuzzy infer-

ence strategy, i.e., using a singleton fuzzifier, product

fuzzy inference and centre average defuzzifier, we in-

fer the final continuous-time fuzzy T–S system is as

follows:

ẋ(t) =

∑r
i=1 ωi(p(t)) (Aix(t) +Biu(t))∑r

i=1 ωi(p(t))
, (2)

where

ωi(p(t)) =

q∏
j=1

Mij(pj(t)),

in which Mij(pj(t)) is the degree of membership of

pj(t) in Mij , with
r∑

i=1

ωi(p(t)) > 0,

ωi(p(t)) ≥ 0,

i = 1, 2, . . . , r.

By using µi(p(t))(= ωi(p(t))/
∑r

i=1 ωi(p(t))) instead

of ωi(p(t)), we rewrite Eq. (2) as:

ẋ(t) =
r∑

i=1

µi(p(t)) (Aix(t) +Biu(t)). (3)

Note that
r∑

i=1

µi(p(t)) = 1,

µi(p(t)) ≥ 0,

i = 1, 2, . . . , r,

in which µi(p(t)) can be regarded as the firing

strength of the ith IF–THEN rules.

2.2.Non-smooth-air-gap PMSM plant

Based on d–q axis, the non-smooth-air gap PMSM

plant can be modeled as follows:[31]

i̇q(t) =
uq(t)−R1iq(t) + ω(t)Ldid(t)− ω(t)ψr

Lq
,

i̇d(t) =
ud(t)−R1id(t) + ω(t)Lqiq(t)

Ld
,

ω̇(t) =
npψriq(t) + np (Ld − Lq) id(t)iq(t)− TL(t)− βω(t)

J
,

(4)
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where iq(t), id(t) and ω(t) are state variables, which

represent currents and motor angular frequency, re-

spectively, uq(t) and ud(t) are the quadrature- and

direct-axis stator voltage components, respectively, J

is the polar moment of inertia, TL(t) is the external

load torque, β is the viscous damping coefficient, R1

is the stator winding resistance, Lq and Ld are the

quadrature- and direct-axis stator inductors, respec-

tively, ψr is the permanent magnet flux, and np is the

number of pole-pairs.

Applying an affine transformation and a time-

scaling transformation, we can transform Eq. (4) into
˙̃iq(t) = −ĩq(t)− ω̃(t)̃id(t) + γω̃(t) + ũq(t),

˙̃id(t) = −ĩd(t) + ω̃(t)̃iq(t) + ũd(t),

˙̃ω(t) = σ
(̃
iq(t)− ω̃(t)

)
+ ε̃id(t)̃iq(t)− T̃L(t),

(5)

where γ, σ and ε are system’s parameters.

As is well-known, the external load torque TL(t)

is not arbitrarily controllable. Therefore, it is difficult

to realize the chaotification of the non-smooth-air gap

PMSM system via an external control signal in prac-

tice. Thus, we can choose the quadrature-axis stator

voltage ũq(t) and the direct-axis stator voltage ũd(t)

as the feedback signals.

Our goal is to design an appropriate controller to

chaotify the non-smooth-air-gap PMSM system. To

realize this target, we will employ the T–S fuzzy model

and the corresponding fuzzy control idea, i.e., first,

we propose the exact T–S fuzzy representation of the

non-smooth-air-gap PMSM system, then, a fuzzy de-

layed state feedback controller is designed. Moreover,

the asymptotically approximate relationship between

the controlled continuous-time T–S fuzzy delayed non-

smooth-air-gap PMSM system and a discrete-time T–

S fuzzy model is established. Finally, based on the

discrete-time T–S fuzzy model, we prove that the Li–

Yorke chaos will be generated in the controlled T–

S fuzzy delayed non-smooth-air-gap PMSM system

when the controller parameters are chosen appropri-

ately.

3. Fuzzy modeling of the non-

smooth-air-gap PMSM plant

In this section, the following problem is inves-

tigated. i.e., how to choose appropriate member-

ship functions and how to set up appropriate fuzzy

rules, such that an exact T–S fuzzy model of the non-

smooth-air-gap PMSM system can be derived. The

following results indicate that a simple T–S fuzzy sys-

tem with few fuzzy sets and fuzzy rules can represent

the non-smooth-air-gap PMSM system exactly.

According to the bounded property of the state

variables of the PMSM systems, we can get ĩq(t) ∈
[c1 − d1, c1 + d1], ĩd(t) ∈ [c2 − d2, c2 + d2] in which

the values of c1, c2, d1 and d2 can be obtained from

simulation. The exact T–S fuzzy model of the above

non-smooth-air-gap PMSM system Eq. (5) is given in

the following theorem.

Theorem 1 For the non-smooth-air-gap PMSM

system Eq. (5) with the input signal ũq(t), ũd(t), the

following T–S fuzzy model can represent it accurately.

R1: IF x1(t) is M11 and x2(t) is M12, THEN

ẋ(t) = A1x(t) +B1u(t),

R2: IF x1(t) is M21 and x2(t) is M22, THEN

ẋ(t) = A2x(t) +B2u(t),

R3: IF x1(t) is M31 and x2(t) is M32, THEN

ẋ(t) = A3x(t) +B3u(t),

R4: IF x1(t) is M41 and x2(t) is M42, THEN

ẋ(t) = A4x(t) +B4u(t),

where x(t) = [x1(t), x2(t), x3(t)]
T = [̃iq, ĩd, ω̃]

T,

A1 =


−1 0 γ

0 −1 2(c1 + d1)

σ 2ε(c1 + d1) −σ

 ,

A2 =


−1 0 γ

0 −1 2(c1 − d1)

σ 2ε(c1 − d1) −σ

 ,

A3 =


−1 0 γ − 2(c2 + d2)

0 −1 0

σ 0 −σ

 ,

A4 =


−1 0 γ − 2(c2 − d2)

0 −1 0

σ 0 −σ

 ,

B1 = B2 = B3 = B4 = B = [1, 1, 0]T.
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The membership functions are chosen as

M11(x1(t)) = 0.5

(
1− c1 − x1(t)

d1

)
,

M21(x1(t)) = 0.5

(
1 +

c1 − x1(t)

d1

)
,

M32(x2(t)) = 0.5

(
1− c2 − x2(t)

d2

)
,

M42(x2(t)) = 0.5

(
1 +

c2 − x2(t)

d2

)
,

M12(x2(t)) =M22(x2(t))

= M31(x1(t)) =M41(x1(t)) = 1.

Proof The choice of the structure of the fuzzy

IF–THEN rules, the form of the fuzzy membership

functions and the number of the fuzzy IF–THEN

rules are mainly determined by the nonlinear terms

of the non-smooth-air-gap PMSM system. Unlike the

smooth-air-gap PMSM system, there are three non-

linear terms in the equations of the non-smooth-air-

gap PMSM system. Moreover, there is not a common

factor in these nonlinear terms. Therefore, we have to

choose two state variables occurring in these nonlinear

terms as the premise variables. Consequently, there

are four fuzzy IF–THEN rules in the T–S fuzzy model

of the non-smooth-air-gap PMSM system as given in

Theorem 1. Then, for each xk(t) (k = 1, 2, 3), apply-

ing the product-inference rule, singleton fuzzifier, and

the centre of gravity defuzzifier to the above fuzzy rule

base, we can infer the overall fuzzy model as

ẋ(t) =

r∑
i=1

µi(p(t)) {Aix(t) +Bu(t)}, (6)

where r = 4,

µi(p(t)) =
2∏

j=1

Mij(pj(t))

/ 4∑
i=1

2∏
j=1

Mij(pj(t)).

Substituting Ai, B and Mij(pj(t)) as defined

above into Eq. (6), we easily see that Eq. (6) is ab-

solutely equivalent to Eq. (5). That is, the original

non-smooth-air-gap PMSM system is described by the

above T–S fuzzy model. The proof is completed.

Remark 1 Note that there is not any approx-

imation error between the T–S fuzzy model (6) and

the original non-smooth-air-gap PMSM system (5). In

other words, the established T–S fuzzy model (6) is ab-

solutely equivalent to the original non-smooth-air-gap

PMSM system (5).

4. Chaotification controller de-

sign and verification of

Li Yorke chaos in the closed-

loop fuzzy system

Based on the PDC technique, a fuzzy controller

is designed as follows:

Ri: IF x1(t) is Mi1 and x2(t) is Mi2, THEN

u(t) = α sin
(
β
(
T−1
i x

)
1
(t− τ)

)
, i = 1, 2, 3, 4,

where α and β are constant parameters to be deter-

mined, sin (·) denotes the sinusoid function, τ is the

time delay,
(
T−1
i x

)
1
(t− τ) is the first element of the

vector
(
T−1
i x

)
(t− τ) and the transformation matrix

Ti is defined as Ti = CiWi, in which Ci is the con-

trollability matrix Ci =
[
Bi AiBi A2

iBi

]
and

Wi =


ai2 ai1 1

ai1 1 0

1 0 0

 ,

where aij are the coefficients of the following charac-

teristic polynomial:

det (λI −Ai) = λ3 + ai1λ
2 + ai2λ+ ai3.

Then, the overall fuzzy controller is constructed by

the parallel connection, i.e.,

u(t) =

r∑
i=1

µi(p(t))
{
α sin

(
β
(
T−1
i x

)
1
(t− τ)

)}
. (7)

Substituting Eq. (7) into Eq. (6), we can derive

the controlled close-loop T–S fuzzy PMSM system as

follows:

ẋ(t) =
r∑

i=1

r∑
j=1

µi(p(t))µj(p(t)){Aix(t)

+Bα sin(β(T−1
j x)1(t− τ))}. (8)

The following lemma establishes the asymptoti-

cally approximate relationship between the continuos-

time T–S fuzzy delayed system Eq. (8) and a discrete-

time T–S fuzzy model.

Lemma 1[32] There is asymptotically approx-

imate relationship between the continuous-time T–S

fuzzy system with time-delay Eq. (8) and the following

discrete-time T–S fuzzy system if the time delay τ is

sufficiently large and all elements of (Ti)1 are nonzero.

070512-4



Chin. Phys. B Vol. 19, No. 7 (2010) 070512

Rii: IF x1(k) is Mi1 and x2(k) is Mi2, THEN

x(k + 1) ≈



α (Ti)11
a′i0

sin

(
βπ

(Ti)11
x1(k)

)
α (Ti)21
a′i0

sin

(
βπ

(Ti)21
x2(k)

)
α (Ti)31
a′i0

sin

(
βπ

(Ti)31
x3(k)

)


,

Rij : IF x1(t) is (Mi1 and Mj1) and x2(t) is (Mi2

and Mj2), THEN

x(k + 1) ≈



α (Ti)11
a′i0

sin

(
βπ
(
T−1
j Ti

)
11

(Ti)11
x1(k)

)
α (Ti)21
a′i0

sin

(
βπ
(
T−1
j Ti

)
11

(Ti)21
x2(k)

)
α (Ti)31
a′i0

sin

(
βπ
(
T−1
j Ti

)
11

(Ti)31
x3(k)

)


,

where a′i0 are determined in the following matrices

T−1
i AiTi =


0 1 0

0 0 1

−a′i0 −a′i1 −a′i2

 .

Remark 2 In Lemma 1, the state matrices Ai in

the continuous-time T–S fuzzy model Eq. (8) should

be Hurwitz stable. Since the PMSM system to be

chaotified is assumed to be stable at the origin, the

above condition can be satisfied naturally. If the un-

controlled PMSM system is unstable at the origin, a

simple fuzzy state feedback controller can be designed

by applying PDC technique. The controller gain ma-

trices Ki can be obtained by solving the following

LMIs:

AiQ+QAT
i +BMi +MT

i BT < 0, i = 1, 2, . . . , r,

Q > 0,

where Ki = MiQ
−1. Then we can denote Gi = Ai +BKi instead of Ai in Eq. (6).

According to Lemma 1, we can derive the following approximatively equivalent discrete-time T–S fuzzy

model corresponding to the continuous-time T–S fuzzy non-smooth-air-gap PMSM system Eq. (6).

x(k + 1) ≈



r∑
i=1

µ2
i (p(k))

α (Ti)11
a′i0

sin

(
βπ

(Ti)11
x1(k)

)
r∑

i=1

µ2
i (p(k))

α (Ti)21
a′i0

sin

(
βπ

(Ti)21
x2(k)

)
r∑

i=1

µ2
i (p(k))

α (Ti)31
a′i0

sin

(
βπ

(Ti)31
x3(k)

)



+



r∑
i=1

r∑
j=1,j ̸=i

µi(p(k))µj(p(k))
α (Ti)11
a′i0

sin

(
βπ
(
T−1
j Ti

)
11

(Ti)11
x1(k)

)
r∑

i=1

r∑
j=1,j ̸=i

µi(p(k))µj(p(k))
α (Ti)21
a′i0

sin

(
βπ
(
T−1
j Ti

)
11

(Ti)21
x2(k)

)
r∑

i=1

r∑
j=1,j ̸=i

µi(p(k))µj(p(k))
α (Ti)31
a′i0

sin

(
βπ
(
T−1
j Ti

)
11

(Ti)31
x3(k)

)


. (9)

Next, in order to prove that the discrete-time T–

S fuzzy system will generate chaos in the sense of Li–

Yorke, some definitions and lemmas are given below.

Consider a general n-dimensional discrete-time

autonomous system with the form

x(k + 1) = g(x(k)), (10)

where g is a C1 nonlinear map. Let gt denote the t

times of compositions of g with itself. A point, x∗, is

said to be a p-periodic point of g if gp(x∗) = x∗ but

gt(x∗) ̸= x∗ for p > t ≥ 1. If p = 1, i.e., g(x∗) = x∗,

x∗ is called a fixed point. Let g′(x) and det(g′(x)) be

the Jacobian of g at the point x and its determinant

respectively.

Definition 1[33] Suppose x∗ is a fixed point of

g with all eigenvalues of g′(x∗) exceeding 1 in magni-

tude, and suppose there exists a point x0 ̸= x∗ in a

repelling neighbourhood of x∗, such that for some pos-
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itive integer m, gm(x0) = x∗ and det((gm)
′
(x0)) ̸= 0.

Then x∗ is said to be a snap-back repeller of g.

Lemma 2[33] If system (10) has a snap-back re-

peller then the system is chaotic in the sense of Li-

Yorke, namely,

1) there exists a positive integer n such that for

every integer p ≥ n, Eq. (10) has p periodic points;

2) there exists a scrambled set (an uncountable

invariant set S containing no periodic points) such

that

(a) g(S) ⊂ S,

(b) for every y ∈ S and any periodic point x of

Eq. (10)

lim
k→∞

sup
∥∥gk(x)− gk(y)

∥∥ > 0,

(c) for every x, y ∈ S with x ̸= y

lim
k→∞

sup
∥∥gk(x)− gk(y)

∥∥ > 0;

3) there exists an uncountable subset S0 ⊂ S such

that for any x, y ∈ S0,

lim
k→∞

inf
∥∥gk(x)− gk(y)

∥∥ = 0.

Theorem 2 If the parameter β is given, then

there exists a sufficiently large positive constant α,

such that the discrete-time T–S fuzzy system Eq. (9)

is chaotic in the sense of Li–Yorke.

Proof In Eq. (9), define x(k + 1) = g(x(k)).

Obviously, x∗ = 0 is the fixed point of g, which will

be proven to be a snap-back repeller later. First, the

boundedness property of the discrete-time T–S fuzzy

system Eq. (9) is proved. Noting that the sinusoid

function is bounded and the magnitude of the mem-

bership function µi(p(k)) could not be greater than

1, then we can derive

lim
k→∞

∥x(k)∥ = lim
k→∞

∥∥∥∥ r∑
i=1

µ2
i (p(k − 1))

α (Ti)1
a′i0

sin

(
βπ

(Ti)1
x(k − 1)

)

+
r∑

i=1

r∑
j=1,j ̸=i

µi(p(k − 1))µj(p(k − 1))
α (Ti)1
a′i0

sin

(
βπ
(
T−1
j Ti

)
1

(Ti)1
x(k − 1)

)∥∥∥∥
≤ lim

k→∞

∥∥∥∥ r∑
i=1

µ2
i (p(k − 1))

α (Ti)1
a′i0

+

r∑
i=1

r∑
j=1,j ̸=i

µi(p(k − 1))µj(p(k − 1))
α (Ti)1
a′i0

∥∥∥∥
≤
∥∥∥∥α (Ti)1

a′i0

∥∥∥∥ .
Therefore, the bounded property of the discrete-time T–S fuzzy system Eq. (9) is guaranteed.

Next, we will prove that the fixed point x∗ = 0 is a snap-back repeller when the controller magnitude α is

sufficiently large. Differentiating Eq. (9) at the fixed point x∗ = 0 yields

g′(x∗) = παβδI.

where I denotes the identity matrix with appropriate dimensions,

δ =
r∑

i=1

µ2
i (x

∗)

a′i0
+

r∑
i=1

r∑
j=1,j ̸=i

µi(x
∗)µj(x

∗)

(
T=1
j Ti

)
11

a′i0
.

If α > α1 = 1/βδπ, then it is guaranteed that all the eigenvalues of g′(x∗) exceed 1 in magnitude.

Finally, we will prove that the second condition of the snap-back repeller can be satisfied when the controller

magnitude α is chosen large enough. i.e., there exists a point x0 ̸= x∗ in a repelling neighbourhood of x∗, such

that for some positive integer m, gm(x0) = x∗ and det((gm)
′
(x0)) ̸= 0. From Ref. [34], we obtain the following

conclusion. i.e., for the following controlled discrete dynamical system, x(k + 1) = f(x(k)) + u(k) := F (x(k)),

u(k) = Bφ(σx(k)) = B [sin(σx1(k)), sin(σx2(k)), . . . , sin(σxn(k))]
T
,

(11)

if B is chosen as

B > max

{√
289π2 + 256σ2(N + 1)

16σ2
,
17π(N + 1)

16σ sin
(

π
16

)} ,
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where N is determined by ∥f ′(x(k))∥ ≤ N < ∞,

then there exists a point x0 ̸= x∗ in a repelling

neighbourhood of x∗, such that F 2(x0) = x∗ and

det((F 2)
′
(x0)) ̸= 0. Based on the above fact, we

can consider the latter part of the right hand side

of Eq. (9) as f(x(k)) in Eq. (11) and consider the

first part of the right hand side of Eq. (9) as u(k) in

Eq. (11). Then, we can derive the following results,

i.e., if α > max {α2, α3}, we can get g2(x0) = x∗ and

det((g2)
′
(x0)) ̸= 0, where

α2 =

√
289π2 + 256ρ2θ(N + 1)

16ρ2
,

α3 =
17πθ(N + 1)

16ρ sin
( π
16

) , ρ = min

{
βπ

(Ti)l1

}
,

θ = max


a′i0

r∑
i=1

µ2
i (p(k))(Ti)l1

 , l = 1, 2, 3.

According to Definition 1, we can conclude that

if the controller magnitude α is chosen as α >

max {α1, α2, α3}, then x∗ = 0 is a snap-back repeller

of the map g defined in Eq. (9). Consequently, by

applying Lemma 2, we can prove that the controlled

discrete-time T–S fuzzy system (9) is chaotic in the

sense of Li–Yorke. The proof is completed.

Remark 3 Since the asymptotically approxi-

mate relationship between the continuous-time T–S

fuzzy delayed system Eq. (8) and a discrete-time T–

S fuzzy model Eq. (9) has already been established,

therefore the continuous-time T–S fuzzy delayed sys-

tem Eq. (8) will generate chaotic behaviours in the

sense of Li–Yorke. In other words, the stable non-

smooth-air-gap PMSM system (5) is chaotified suc-

cessfully.

5. Simulation study

To visualize the effectiveness of the proposed

chaotification method, the following practical exam-

ple is presented for illustration. Firstly, the T–S fuzzy

model of the non-smooth-air-gap PMSM system to be

chaotified is established. Here, assume that γ = 20,

σ = 8 and ε = 0.5. The non-smooth-air-gap PMSM

system is stable in this situation. The initial condi-

tions are chosen as x(0) = [0.5, 0.5, 0.5]T. From the

simulation result, we can get c1 = 2.1768, d1 = 1.8285,

c2 = 3.6497 and d2 = 3.1700. Then, according to The-

orem 1, the T–S fuzzy representation of the original

non-smooth-air-gap PMSM system can be derived as

follows:

R1: IF x1(t) is M11 and x2(t) is M12, THEN

ẋ(t) = A1x(t) +B1u(t),

R2: IF x1(t) is M21 and x2(t) is M22, THEN

ẋ(t) = A2x(t) +B2u(t),

R3: IF x1(t) is M31 and x2(t) is M32, THEN

ẋ(t) = A3x(t) +B3u(t),

R4: IF x1(t) is M41 and x2(t) is M42, THEN

ẋ(t) = A4x(t) +B4u(t),

where

A1 =


−1 0 5

0 −1 8.0106

8 4.0053 −8

 ,

A2 =


−1 0 5

0 −1 0.6966

8 0.3483 −8

 ,

A3 =


−1 0 −8.6394

0 −1 0

8 0 −8

 ,

A4 =


−1 0 4.0406

0 −1 0

8 0 −8

 ,

B1 = B2 = B3 = B4 = B = [1, 1, 0]T.

The membership functions are chosen as

M11(x1(t)) = 0.5

(
1− 2.1768− x1(t)

1.8285

)
,

M21(x1(t)) = 0.5

(
1 +

2.1768− x1(t)

1.8285

)
,

M32(x2(t)) = 0.5

(
1− 3.6497− x2(t)

3.1700

)
,

M42(x2(t)) = 0.5

(
1 +

3.6497− x2(t)

3.1700

)
,

M12(x2(t)) =M22(x2(t))

= M31(x1(t)) =M41(x1(t)) = 1.

Then the whole output of the T–S fuzzy system can

be derived as

ẋ(t) =
4∑

i=1

µi(p(t)) {Aix(t) +Bu(t)}. (12)

The state response curves and the correspond-

ing state evolution trajectory of the uncontrolled T–

S fuzzy non-smooth-air-gap PMSM system are pre-

sented in Figs. 1 and 2, respectively.
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Fig. 1. The state response curves of the fuzzy non-

smooth-air-gap PMSM system without control.

Fig. 2. The state evolution trajectory of the fuzzy non-

smooth-air-gap PMSM system without control.

It is obvious that all the state matrices Ai are

not Hurwitz stable. Therefore, a fuzzy state feedback

subcontroller is needed. According to Remark 3, the

controller gain matrices Ki can be derived by linear

matrix inequalities (LMI) toolbox in Matlab 7.0 as

follows:

K1 = [2.5578,−46.8642,−529.8862] ,

K2 = [2.6549,−32.4411,−358.3441] ,

K3 = [0.5202,−29.0718,−332.5233] ,

K4 = [2.5133,−30.9273,−341.3422] .

Then, the non-smooth-air-gap PMSM system to be

chaotified becomes:

ẋ(t) =
4∑

i=1

µi(p(t)) {Gix(t) +Bu(t)}, (13)

where Gi = Ai +BKi.

Next, we will chaotify the continuous-time T–

S fuzzy non-smooth-air-gap PMSM system Eq. (13),

The controller is designed in Eq. (7). The matrices

T−1
i can be derived as follows:

T−1
1 =


−0.0276 0.0276 0.0000

0.0275 −0.0275 0.0833

0.6385 0.3615 −0.7497

 ,

T−1
2 =


0.0278 −0.0278 0.0000

−0.0278 0.0278 0.1198

0.9851 0.0149 −1.0781

 ,

T−1
3 =


−0.0145 0.0145 0.0000

0.0145 −0.0145 0.1250

0.9859 0.0141 −1.1250

 ,

T−1
4 =


0.0309 −0.0309 0.0000

−0.0309 0.0309 0.1250

1.0316 −0.0316 −1.1250

 .

In this simulation, the parameter β of the control

input is arbitrarily chosen to be β = 200. The time

delay is chosen as τ = 1.5 s. The initial value is given

as x(0) = [0.5, 0.5, 0.5]
T
. The controller magnitude

α is chosen as α = 50. The state response curves and

the corresponding chaotic attractor of the controlled

system are presented in Figs. 3 and 4.

Fig. 3. The state response curves of the controlled fuzzy

non-smooth-air-gap PMSM system at α = 50.

Fig. 4. The chaotic attractor of the controlled fuzzy non-

smooth-air-gap PMSM system at α = 50.
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From these numerical results, it can be seen that

the designed controller realizes the chaotification of

the above T–S fuzzy non-smooth-air-gap PMSM sys-

tem.

6. Conclusions

In this work, the chaotification problem of a class

of stable continuous-time T–S fuzzy models is inves-

tigated. Furthermore, as a practical example to be

chaotified, the non-smooth-air-gap PMSM systems are

employed. The exact T–S fuzzy model of the non-

smooth-air-gap PMSM system is given in this paper.

Based on the T–S fuzzy model, we design a simple

nonlinear delayed state feedback controller for this

purpose. It is proved that the controlled system in-

deed becomes chaotic in the sense of Li–Yorke by rig-

orous mathematical analysis. Simulation study is car-

ried out to verify the validity of the proposed chaoti-

fication method.
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