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A specific state variable in a class of 3D continuous fractional-order chaotic systems is presented. All state variables

of fractional-order chaotic systems of this class can be obtained via a specific state variable and its (q-order and 2q-order)

time derivatives. This idea is demonstrated by using several well-known fractional-order chaotic systems. Finally, a

synchronization scheme is investigated for this fractional-order chaotic system via a specific state variable and its (q-order

and 2q-order) time derivatives. Some examples are used to illustrate the effectiveness of the proposed synchronization

method.
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1. Introduction

In 1990, Pecora and Carroll[1] presented the con-

cept of ‘chaotic synchronization’ for the first time

and introduced a method to synchronize two identi-

cal chaotic systems. Chaos synchronization between

two chaotic systems or two fractional-order chaotic

systems has gained a lot of attention among scien-

tists from a variety of research fields in recent years.

It has become an active research subject in nonlin-

ear science because of its potential applications in se-

cure communication,[2] neuron systems,[3] the study

of laser dynamics[4] and control processing.[5−22] So,

the research on chaos synchronization is of signifi-

cance both in theoretical study and in practical ap-

plication. Up to now, different types[5−16] of synchro-

nization phenomena have been observed and studied

in a variety of chaotic systems and fractional order

chaotic systems, such as complete synchronization,

anti-synchronization, phase synchronization, general-

ized synchronization, projective synchronization as

well as generalized projective synchronization.

Most of the above-mentioned methods of syn-

chronizing two chaotic systems or two fractional-order

chaotic systems are the state feedback controlling

methods. All or several of the state variables are

transmitted to the response system. However,[23] it

is apparent that it is not always possible to detect all

state variables in a physical system, especially in many

complicated or large systems. Furthermore, only the

observable or measured variables of physical signifi-

cance are worthy to be investigated.[23] For example,

we are interested just in frequency in an oscillator, or

temperature (pressure) in a thermodynamically sys-

tem, etc.

This work, inspired by the above discussion, ad-

dresses one observable state variable for a class of

3D continuous fractional-order chaotic systems. It

should be pointed out that all the state variables for

a class of 3D continuous fractional-order chaotic sys-

tems will be yielded by using only a specific state

variable and its (q-order and 2q-order) time deriva-

tives. To demonstrate this view in our paper, sev-

eral well-known fractional-order chaotic systems are

taken for example. To our best knowledge, there is

little information about this view, available from the

literature. Finally, to show its application, a synchro-

nization scheme is investigated for a fractional-order

chaotic system via a specific state variable and its (q-

order and 2q-order) time derivatives. The synchro-

nization technique, based on the stability theory of

fractional-order systems, is simple and rigorous the-

oretically. Some examples are used to illustrate the

effectiveness of the proposed synchronization method.

Numerical simulations coincide with the theoretical

analyses.
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2. A specific state variable for

a class of 3D continuous

fractional-order chaotic sys-

tems

Several definitions of fractional derivatives were

reported. In this paper, we use the most common one

of them:

dqf(t)

dtq
≡ Dqf(t) = Jm−qf (m)(t), q > 0,

where Dq is generally called ‘q-order Caputo differ-

ential operator’,[24] and m is the first integer which

is not less than q, and f (m)(t) is the m-order deriva-

tive in the usual sense, and Jq(q > 0) is the q-order

Riemann–Liouville integral operator with expression:

Jqf(t) =
1

Γ(q)

∫ t

0

(t− τ)q−1f(τ)dτ .

Here Γ(·) denotes the gamma function.

First, we review the result presented in Ref. [25].

Consider the chaotic system (1) with scalar output z,

dx

dt
= f(x), z = h(x), (1)

where x ∈ Rn, f : Rn → Rn, and z is the scalar out-

put. Let k(x) be a scalar differentiable function and

V (x) be a vector field and V : Rn → Rn. The Lie

derivative of k(x) along V (x) is defined as LV k =<

V (x), grad k(x) >, and the ith Lie derivative of k(x)

along V (x) is L
(i)
V k =< V (x), gradL

(i−1)
V k(x) >,

where ⟨·⟩ is the Euclidean inner product. It is easy

to obtain Theorem 1.

Theorem 1[25] If map Φ = [h(x), Lfh(x),

L
(2)
f h(x), . . . L

(n−1)
f h(x)]T is a diffeomorphism, then

Eq. (1) is observable through scalar output z and its

ith derivative for i ≤ n− 1. In addition,

x = Φ−1

[
z(t),

dz(t)

dt
,
d2z(t)

dt2
, . . . ,

dn−1z(t)

dtn−1

]T
.

Second, according to Theorem 1, we may as-

sume that there exists a class of 3D continuous

fractional-order chaotic systems described as

Dqx = f(x), (2)

where x ∈ R3, and f : R3 → R3 is the continuous vec-

tor differentiable function, and system (2) has the fol-

lowing property: if a specific state variable xi(t) is cho-

sen as scalar output, then xj(t) = gj(xi(t), D
qxi(t),

D2qxi(t)), j ̸= i (i, j = 1, 2, 3). It implies that all

state variables of chaotic system (2) will be yielded

via a specific state variable (a scalar output) and

its (q-order and 2q-order) time derivatives. So, this

specific state variable xi(t) can be chosen as the ob-

servable or measured variable of physical significance.

In this paper, we observe that many 3D fractional-

order chaotic systems have all this property, such

as, 3D fractional-order unified chaotic system,[26] 3D

fractional-order Liu chaotic system,[27] 3D fractional-

order Rössler chaotic system,[22] 3D fractional-order

Sprott’s chaotic system,[19] etc.

To illustrate the previous idea, some well-known

fractional-order chaotic systems are taken for exam-

ple.

Example 1 Consider 3D fractional-order unified

chaotic[26] system (3),

Dqx1 = −(25α+ 10)(x1 − x2),

Dqx2 = (28− 35α)x1 + (29α− 1)x2 − x1x3,

Dqx3 = x1x2 − (α+ 8)x3/3, (3)

where q = 0.9, and 0.4 ≤ α ≤ 1. If state variable

x1(t) is selected as the specific state variable and as

the scalar output, then state variables x2(t) and x3(t)

are expressed as

x2 = (Dqx1)/(25α+ 10) + x1 = g2(x1, D
qx1, D

2qx1),

x3 = [−Dqx2 + (28− 35α)x1 + (29α− 1)x2]/x1

= [−D2qx1/(25α+ 10)−Dqx1]/x1

+{(29α− 1)[Dqx1/(25α+ 10) + x1]

+(28− 35α)x1}/x1

= g3(x1, D
qx1, D

2qx1), x1 ̸= 0.

Example 2 Consider 3D fractional-order Liu

chaotic[27] system (4),

Dqx1 = 10(x2 − x1),

Dqx2 = 40x1 − 10x1x3,

Dqx3 = 4x2
1 − 2.5x3, (4)

where order q = 0.9. If state variable x1(t) is selected

as the specific state variable and as the scalar output,

then state variables x2(t) and x3(t) are expressed as

x2 = Dqx1/10 + x1 = g2(x1, D
qx1, D

2qx1),

x3 = (−Dqx2 + 40x1)/10x1

= (−D2qx1/10−Dqx1 + 40x1)/10x1

= g3(x1, D
qx1, D

2qx1), x1 ̸= 0.
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Example 3 Consider 3D fractional-order Rössler

chaotic[22] system (5),

Dqx1 = −x2 − x3,

Dqx2 = x1 + 0.6x2,

Dqx3 = x3(x1 − 10) + 0.2, (5)

where q = 0.9. If state variable x2(t) is selected as the

specific state variable and as the scalar output, then

state variables x1(t) and x3(t) are given as

x1 = Dqx2 − 0.6x2 = g1(x2, D
qx2, D

2qx2),

x3 = −Dqx1 − x2 = −D2qx2 + 0.6Dqx2 − x2

= g3(x2, D
qx2, D

2qx2).

Example 4 Consider 3D fractional-order

Sprott’s chaotic[19] system (6),

Dqx1 = −x1 − 4x2,

Dqx2 = x1 + x2
3,

Dqx3 = x1 + 1, (6)

where q = 0.99. If state variable x3(t) is selected as

the specific state variable and as the scalar output,

then state variables x1(t) and x2(t) are written as

x1 = Dqx3 − 1 = g1(x3, D
qx3, D

2qx3),

x2 = −(Dqx1 + x1)/4 = −(D2qx3 +Dqx3 − 1)/4

= g2(x3, D
qx3, D

2qx3).

The four examples seem to suggest a positive an-

swer to the previous idea, i.e. all the state variables in

a class of 3D continuous fractional-order chaotic sys-

tems can be yielded via a specific state variable and

its (q-order and 2q-order) time derivatives.

3. Synchronization for fractional-

order chaotic system

Now, we discuss the fractional-order chaotic sys-

tem synchronization via a specific state variable and

its (q-order and 2q-order) time derivatives.

Without loss of generality, we take x1(t) as a spe-

cific state variable for fractional-order chaotic system

(2). It can be rewritten as system (7), and as a drive

system,

Dqx = Ax+G(x1, D
qx1, D

2qx1), (7)

where A is the constant real matrix,

G(x1, D
qx1, D

2qx1) is the 3 × 1 matrix including all

nonlinear terms of fractional-order chaotic system (2).

Now, let

S(x) = G(x1, D
qx1, D

2qx1)

+M


x1

g2(x1, D
qx1, D

2qx1)

g3(x1, D
qx1, D

2qx1)


be the output of fractional-order chaotic system

(2), where G(x1, D
qx1, D

2qx1) is the nonlinear vec-

tor of fractional-order chaotic system (7), and

gj(x1(t), D
qx1(t), D2qx1(t)) = xj(t)(j = 2, 3), and

M is the 3× 3 real constant matrix.

Now, take fractional-order chaotic system (2) as

a drive system, and construct the following response

system :

Dqy = f(y) + S(x)− S(y). (8)

Theorem 2 Given a feedback gain matrix M .

If all the eigenvalues of A−M satisfy |arg λi| > 0.5πq

(i = 1, 2, 3), then the chaotic synchronization between

fractional order drive system (2) and response system

(8) can be achieved.

Proof

Let e = y − x be the synchronization error be-

tween drive system (2) and response system (8), then

we will have

Dqe = Dqy −Dqx

= f(y)− f(x)− (S(y)− S(x)). (9)

Because

S(x) = G(x1, D
qx1, D

2qx1)

+M


x1

g2(x1, D
qx1, D

2qx1)

g3(x1, D
qx1, D

2qx1)

 ,

S(y) = G(y1, D
qy1, D

2qy1)

+M


y1

g2(y1, D
qy1, D

2qy1)

g3(y1, D
qy1, D

2qy1)

 .

Thus, error system (9) is described as
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Dqe = A(y − x)−M


y1 − x1

g2(y1, D
qy1, D

2qy1)− g2(x1, D
qx1, D

2qx1)

g3(y1, D
qy1, D

2qy1)− g3(x1, D
qx1, D

2qx1)

 . (10)

Because

xj = gj(x1, D
qx1, D

2qx1), (j = 2, 3),

yj = gj(y1, D
qy1, D

2qy1), (j = 2, 3).

Therefore, we can obtain

Dqe = (A−M)e. (11)

Because all the eigenvalues of A − M satisfy

|arg λi| > 0.5πq (i = 1, 2, 3), according to the stability

theory of fractional-order systems,[28] the equilibrium

point ei = 0 (i = 1, 2, 3) in Eq. (11) is asymptotically

stable. So, the chaotic synchronization between drive

system (2) and response system (8) can be achieved.

The above results manifest that the fractional-

order chaotic systems (2) and (8) are synchronized un-

der suitable gain matrix M . The proof is completed

here. �
Remark 1 Obviously, only the state variable

x1(t) in driving system (2) and its (q-order and 2q-

order) time derivatives are transmitted to response

system (8). So, this synchronization method in the

paper is different from one mentioned above.

Remark 2 In a real physical system, in order

to obtain a response system, we only observe or mea-

sure the specific state variable x1(t). Therefore, our

synchronization scheme and the previous idea men-

tioned above are of significance both in physics and in

application.

To illustrate the effectiveness of the proposed syn-

chronization scheme, some examples are considered

and the numerical simulation is performed. Now, we

take 3D fractional-order Liu chaotic[27] system (4) for

numerical simulation.

The chaotic attractor of 3D fractional-order Liu

chaotic system (4) is shown in Fig. 1.

Because A =


−10 10 0

40 0 0

0 0 −2.5

 is a constant

matrix, one can easily find a matrix M that satisfies

|arg λi| > 0.5πq (i = 1, 2, 3).

Fig. 1. Chaotic attractor of fractional-order Liu chaotic

system (4).

When M =


−11 11 0

0 0 0

0 0 0

, then all the

eigenvalues of A − M are 0.5 ± 6.3048 i, and −2.5,

i.e. |arg λi| > 0.5πq (i = 1, 2, 3). So, the chaotic syn-

chronization for fractional order Liu chaotic system

(4) can be achieved. The simulation result is shown

in Fig. 2. In this paper ε =
( 3∑

i=1

e2i

)1/2

, initial con-

ditions are (x10, x20, x30) = (1, 2, 3), and (y10, y20,

y30) = (0.1, 0.2, 0.3).

When M =


−1 11 0

0 0 0

0 0 0

, then all the eigen-

values of A − M are −4.5 ± 4.4441 i, and −2.5, i.e.

|arg λi| > 0.5πq (i = 1, 2, 3). So, the chaotic synchro-

nization for fractional order Liu chaotic system (4) can

be achieved. The simulation result is shown in Fig. 3.
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Fig. 2. Synchronization error versus time t. Fig. 3. Synchronization error versus time t.

According to the simulation results, we can obtain that numerical simulations accord well with the theo-

retical analyses.

4. Conclusion

In this paper, we obtain the observable or measured state variables for the 3D fractional-order unified

chaotic system, the 3D fractional-order Liu chaotic system, the 3D fractional-order Rössler chaotic system, and

the 3D fractional-order Sprott’s chaotic system. Our results indicate that all state variables of a class of 3D

continuous fractional-order chaotic systems can be yielded via a specific state variable and its (q-order and

2q-order) time derivatives. To show its application, a synchronization scheme is proposed by using a specific

state variable and its (q-order and 2q-order) time derivatives. Numerical simulations show the effectiveness of

the proposed approach.
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