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Stochastic resonance in a time-delayed bistable system
subject to multiplicative and additive noise*
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This paper investigates the stochastic resonance in a time-delayed bistable system subjected to multiplicative and

additive white noise and asymmetric dichotomous noise. Under the adiabatic approximation condition, the expression

of the signal-to-noise ratio (SNR) is obtained. It finds that the SNR is a non-monotonic function of the delayed times,

of the amplitude of the driving square-wave signal, as well as of the asymmetry of the dichotomous noise. In addition,

the SNR varies non-monotonously with the intensities of the multiplicative and additive noise as well as the system

parameters. Moreover, the SNR depends non-monotonically on the correlate rate of the dichotomous noise.
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1. Introduction

The concept of stochastic resonance (SR) was
originally put forward in the seminal papers by Benzi

and collaborators, (1-7]

wherein they address the prob-
lem of the periodically recurrent ice ages. There are
lots of stochastic systems with time-delayed feedback.
By means of such feedback loops, signals or other key
quantities (such as information, matter, energy, and
so on) of the systems are fed back from output to in-
put interfaces. The SR phenomenon in time-delayed
systems has been studied by lots of researchers.[>—?]
Steve et al.l¥l considered the effect of external fluctua-
tions (noise) on delay differential equations. For small
delays, they yielded a steady-state probability den-
sity and a conditional average drift. Frank®! studied
nonlinear stochastic systems with time-delayed feed-
back using the concept of delay Fokker—Planck equa-
tions and derived an analytical expression for station-
ary distributions using first-order perturbation theory.

5] studied the SR phenomenon in a time-

Zeng et al.
delayed gene transcriptional regulatory system with a
multiplicative noise and an additive noise and a weak
periodic signal. It is found that the delay time can
enhance the SR of the system.

In this paper, we investigate the SR phenomenon
in a bistable system with time delay driven by square-

wave signal and multiplicative and additive noise.

According to the expression of the signal-to-noise
ratio (SNR), we find that the SNR behaves non-
monotonically with the increase of the delayed times
and the driving signal as well as the parameters of the

noises.

2. The bistable system with time
delay and its output SNR

We consider a bistable system with time delay
driven by an external force f(t) and multiplicative
noise £(¢) and additive noise 7(t), described by the
following Langevin equation:

da(t
zsf ) = ax(t —7) — ba(t)® + z(t — 0)&(t)
+n(t) + f(t), (1)

where 7 denotes the delay time in the deterministic

force and 6 denotes the delay time in the random force,
a and b are the system parameters, £(¢t) and n(t) are
uncorrelated Gaussian white noises with zero mean

and correlations

(€(t1)€(t2)) = 2D6(t1 — t2),
(n(t1)n(tz)) = 2P5(t1 — t2), (2)

in which D and P are the strength of the multiplica-

tive and additive noises, respectively. The external
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force has the form

f(t) = q(t) + As(b), (3)

where s(t) is a periodic square-wave signal with period
T,

-1, 0<t<T/2,
s(t) = =1/ (4)
1, T/2<t<T,

where ¢(t) is an asymmetric dichotomous noise with
zero mean, ¢(t) = {J1,J2},J1,2 > 0. Its correlation

function is

<Q(t1)cJ( 2)) =
=0/,

E)\exp( )\|t1 —tQI),
g = J1J2. (5)

Here o and X denote the intensity and correlation rate
of the dichotomous noise ¢(t), respectively. The asym-
metric dichotomous noise ¢(t) can be decomposed into

a symmetric dichotomous noise and a constant, i.e.,

q(t) = ep(t) +r, (6)

the constant r = x/2, the asymmetry xk = J; — Jo
and p(t) is a symmetric dichotomous noise with unit
amplitude, p(t) = £1.

EZ(J1+J2)/2: O‘+I€2/4. (7)

From Egs. (3) and (6), f(¢) can be rewritten as
f(t) =r+ep(t) + As(t). (8)

From Eq. (1), one can see that, there is one un-
stable state g = 0 and two stable states x4y =

a/b of the non-delayed bistable system. Ac-
cording to Egs. (2)—(5), using the small time delay
approximation,®4 the approximate Fokker—Planck
equation corresponding to Eq. (1) is derived through

the Novikov theorem%:11 and the Fox approach:1?

. 2
Op(x,t) _ _QF(x,T)p(x,t) + %G(xﬁ)p(%t), 9)

ot or
where
F(x) = gx — ha® + kf(t), (10)
g=a(l+ar)+ D(1+06)
h=b(l4ar), k=1+ar, (11)
G(z) =nz’+ P, n=D(+0)7> (12)

Assuming that the frequency 2 = 27 /T of the
driving square-wave signal is very small, i.e., frequency
smaller than the rate of the intrawell relaxation, thus

there is enough time for the system to reach the equi-
librium during the period of T, i.e., we make the as-
sumption that the system satisfies the adiabatic ap-
proximation condition.['3] The solution of the corre-
sponding Fokker—Planck equation may then be ap-
proximated as a steady-state distribution with a slow
time variation, which can be written as

(];V(x) P [/ z ng
- e 50

where N is the normalization constant, ¢(z,t) is the

pst(x) =

(13)

rectified potential function

P(x) = _Dr In(na? 4+ P)

%x 2n

k%) arctan (Wx) .

Under the adiabatic limit condition, the transi-

(14)

tion rates out of x4 can be given by

W () = AT )
coxp [ H0) = #as)
= Woexp [F7£(1)], (15)
with
U'(x) = i—g = —ax + ba®,
y = M% arctan( na/(Pb)) . (16)

Here W, denotes the characteristic switching fre-
quency of the bistable system when it is only driven by
the multiplicative and additive Gaussian white noise,

a ﬂ_L(MH)
\/§7r 2nb  2n \bP

Applying the method in Ref. [14

which is given by

Wy =

(17)

], we obtain the
expression of the correlation function as

K(to) = [Bi(r,e, A) + Bs(r,e, A)] exp (—=Alto])
+BQ(ra53A)SO(tO)+C(T757A)5(t0)7 (18)
where
olto) = = 3 (25 + 1) 2exp[— (2] + 1) 2to), (19)

™

I
=)

J
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Bu(r,e, A) = 116 wr+e+ A) —w(r—e— A+ wr +e— A) —w(r — e+ A, (20)
Bs(r,e, A) = %6 Wwr+e+A) —wir—e—A) —wr+e—A) +wr—e+A)°, (21)
By(r,e, A) = %G[w(r-l—a—&-A)—&—w(r—e—A) —w(r e —A) —w(r —e+ A7, (22)
C(r,e, A) :i{Co(r—|—€+A)+C0(r—£—A) +Co(r+e—A)+Co(r—e+ A)}, (23)
_ JaW_(p) —Wi(p)  [aexp(2yp) —1
v =15 W_ (1) + Wy () \/;exp(Zw) +1 @
8TV
Co(p) = (25)

(W) + W ()P

The power spectrum, defined as the Fourier transform
of the correlation function, can be given by

S(w) = 51(0) + 5:(w), (26)
where
$1(0) = 5 [Bilr,, A) + By(r,=, )]
+C(r,e, A), (27)
Sa() = Balr,e, A)plw), (28)
o) = 30 @4 1) E 5 - 2+ D2l (29)

Jj=0

Here S1(0) denotes the power density at the zero fre-
quency associated with the noise background, Ss(w)
is the power spectrum of the output signal. The out-
put SNR is the ratio between the power density of the
signal and the noise at the signal frequency, which has

the form
SNR = ° Balr,e, 4) :
7w C(r,e, A) + 2[By(r,e, A) + Bs(r,e, A)] /A

(30)

3. Discussion and conclusion

By virtue of Eq. (30), the effect of the external
force and the noise as well as the system parameter
on the SNR are discussed through Figs. 1-7.

Square-wave signal is widely used in various sys-
tems, such as digital electronic circuit and commu-
nication systems. Here we consider a bistable sys-
tem with two time-delayed parameters subjected to
square-wave signal and noises. As seen from Fig. 1,
the SNR is a non-monotonic function of the ampli-
tude of the square-wave signal. With the increase of

the amplitude of the square-wave, the SNR can take

two extreme values. At first the SNR reaches a max-
imum value and then decreases to a minimum point,
at last it increases monotonically with the increase of
the amplitude. This is an interesting result, which is
not mentioned in Refs. [14] and [15].
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Fig. 1. The SNR versus the amplitude A of the square-
wave for a = 0.5, 7 = 0.01, 8§ = 0.3, K = 0.3, D = 0.3,
P = 0.04, A\ = 3, 0 = 0.01 with different values of the
system parameter b.

Dichotomous noise can by generated by a two-
state Poisson process. Because its relatively simple
calculation and well-defined limiting procedures lead
to both Gaussian white noise and white shot noise,
coloured dichotomous noise has been paid more and
more attentions.['617] In Fig. 2, we plot the curve of
the SNR as a function of the dichotomous noise in-
tensity with different values of the system parame-
ter a. One can clearly conclude that the SNR varies
non-monotonically with the increase of the intensity of
the dichotomous noise, i.e., the SR phenomenon takes
place. In Fig.3, the SNR is shown as a function of
the asymmetry of the dichotomous noise with differ-
ent values of the correlation rate A of the dichotomous
noise. As shown in the figure, the SNR also behaves

non-monotonically as the asymmetry k varies. For

070504-3



Chin. Phys. B Vol. 19, No. 7 (2010) 070504

small value of the correlation rate (A = 1), we can
observe two peaks on the SNR curve, i.e., stochastic
multi-resonance. As the increase of the correlation
rate, the height of the first peak decreases (A = 10),
and finally, there is only one peak on the SNR curve.
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Fig. 2. The SNR versus the intensity o of the dichoto-
mous noise for b = 0.6, A = 0.14, 7 = 0.015, x = 0.1,
D =0.15, P =0.002, A = 3, § = 0.1 with different values
of the system parameter a.

=1
0.3} -—A=10
e 02}
Z
[ep]
0.1
0 0.2 04 0.6 0.8

K

Fig. 3. The SNR versus the asymmetry « of the dichoto-
mous noise fora =1,b=1, A =0.2, = = 0.1, § = 0.01,
D = 0.1, P = 0.01, 0 = 0.08 with different values of the
correlate rate A of the dichotomous noise.

We analyse the effect of the system parameters
on the SNR from Figs. 4 and 5. One can see that,
the SNR has non-monotonic behaviour with the in-
crease of the system parameter a and b, i.e., the SR
in a broad sense occurs. This can be explained by
using the potential function @(x).'" From Eq. (14),
one can see that the potential function @(z) is a func-
tion of the system parameters a and b, so the height
AV =V (xg) — V(xzy) of the potential barrier is also
a function of the parameters. Therefore, the system
SNR can be maximized at some mediate system pa-
rameters. Furthermore, by analysing the curves in
Figs. 5 and 6, we find that, with the increase of the
delayed-time 6 in the random force and 7 in the de-
terministic force, the SNR varies non-monotonically,

too.
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Fig. 4. The SNR versus the system parameter a for
b=1.5, A=0.15,7=0.01, D =0.01, P=0.2, 6 = 0.01,
k = 0.1, 0 = 0.08 with different values of the correlation
rate A of the dichotomous noise.
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Fig. 5. The SNR versus the system parameter b for a = 1,
A=0.157=0.01, D =02 P =03, A=5,k=0.15,
o = 0.1 with different values of the delayed-time 6 in the

random force.

The influence of the additive noise and multiplica-
tive noise on the output SNR is studied from Figs. 6
and 7.

peak as a function of the intensity of the additive and

We see that the SNR curve also presents a

multiplicative noise, as seen in these two figures.
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Fig. 6. The SNR versus the strength P of the additive
noise for a = 1.5, b =1, A = 0.02, § = 0.01, D = 0.25,
A =15, k = 0.01, 0 = 0.02 with different values of the
delayed-time 7 in the deterministic force.
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Fig. 7.
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D
The SNR versus the intensity D of the multiplica-

tive noise fora = 1, b =1, A = 0.1, = = 0.01, 8 = 0.01,

K

=0.01, P=0.1, A\ =30 o = 0.05 with different values

of the intensity o of the dichotomous noise.

In conclusion, in this paper, we investigate the SR,

phenomenon in a time-delayed bistable system sub-

jected simultaneously to square wave periodic signal,

asymmetry dichotomous noise as well as multiplicative

noise and additive white noise. We have found that
the SNR exhibits three kinds of SR phenomenon. The
first is as a function of the noises, i.e., the asymmetric

dichotomous noise, the multiplicative noise and addi-

tive noise. The second is as a function of the intensity

of the system parameters. The thrid is as a function

of the delayed-time.

References

[1] Benzi R, Sutera A and Vulpiani A 1981 J. Phys. A 14
L453

[2] Benzi R, Parisi G, Sutera A and Vulpiani A 1982 Tellus
34 10

[3] Steve G, Ivan L and Andre L 1999 Phys. Rev. E 59 3970

[4] Frank T D 2005 Phys. Rev. E 71 031106

[5] Zeng C H, Sun Y L and Chen G X 2009 Mod. Phys. Lett.
B 23 2281

[6] Du X J 2009 Chin. Phys. B 18 70

[7] DuL C and Mei D C 2009 Chin. Phys. B 18 946

[8] Guo Y F and Xu W 2008 Acta Phys. Sin. 57 6081 (in

Chinese)

[9]
(10]
(11]
(12]
(13]

14]
[15]

(16]
(17]

070504-5

Zeng C H and Xie C W 2008 Chin. Phys. Lett. 25 1587
Novikov E A 1964 Eksp. Teor. Fiz. 47 1919

Novikov E A 1964 Sov. Phys. JETP 20 1290

Fox R F 1986 Phys. Rev. A 34 4525

McNamara B and Wiesenfeld K 1989 Phys. Rev. A 39
4854

Ginzburg S L and Pustovoit M A 2002 Phys. Rev. E 66
021107

Zeng W M 1999 Phys. Rev. A 44 6443
Gitterman M 2003 Phys. Rev. E 67 057103

Guo F, Zhou Y R, Jiang S Q and Gu T X 2006 J. Phys.
A 39 13861



