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This paper develops the Hirota method carefully for applying into the growing model of quasi-one-dimensional

Bose-Einstein condensations with attractive and repulsive interaction, respectively. After a tedious calculation it obtains

the exact bright and dark soliton solutions analytically. It shows that the growing model has the important effect on

the soliton amplitude and the time-dependent potential only contributes to the phase and phase velocity. A detailed

analysis for the asymptotic behaviour of two-soliton solutions shows that the collision of two soliton is elastic.
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1. Introduction

The concept of soliton was introduced first by
Zabusky and Kruskall!l to characterize the nonlinear
solitary waves which preserves completely its local-
ized form and speed during propagation and after
collision. It means that the energy can propagate
in the localized form and can be used to describe
elementary particles produced to stress the charac-
ter of these solitary waves. This intrinsic favourable
property of soliton has motived a great attention on
the nonlinear systems in many fields of physics, es-
pecially in high-rate telecommunications with optical
fibres!®3] and Bose-Einstein condensations (BECs).[
The realization of BECs in dilute atomic gases has
offered a new fecund ground to investigate the nonlin-
ear properties of matter waves, such as vortices®~7
and solitons.[®~19 For an individual atomic BECs the
macroscopic wave function obeys the so-called Gross—
Pitaevskii equation (GPE),* whose nonlinearity is a
result of the interatomic interactions. Depending on
the attractive or repulsive nature of the interatomic
interactions, the bright or dark soliton solutions are
admitted for GPE. In BECs the bright soliton!20—26!
is expected for the balance between the dispersion and
the attractive mean-field energy. However, large con-
densates are necessarily associated with repulsive in-

teraction, for which bright soliton might seem impos-
sible because the nonlinearity cannot compensate for
the kinetic energy part in the atomic dynamics. For
the case of repulsive interatomic interactions there are
dark solitons!?7=32 in BECs!10—19:33=35] characterized
by a local density minimum and a phase gradient of
the wave function at the position of the minimum.
It means that dark soliton can only exist within the
condensate itself.

When the longitudinal dimension of BECs is
much longer than its transverse dimension which has
the order of its healing length, the GPE can be
This
trapped quasi-one-dimensionall®8! condensates offer a

reduced to the quasi-one-dimensional regime.

useful tool to investigate the nonlinear excitations
which are more stable than the three-dimensional case,
where the solitons suffer from the transverse insta-
bility and the vortices can bend. So the studies of
both theory and experiment are very important for
the soliton excitation in quasi-one-dimensional BECs.
Recently, it is reported that the interatomic inter-
actions denoted by the s-wave scattering length can
be tuned experimentally by utilizing the Feshbach
resonance, 3739 even including its sign. A sinusoidal
variation of the scattering length has also been used
to form patterns such as Faraday waves.[*041] When
the scattering length is switched from positive value
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to negative one, the BECs abruptly loss atoms®” and
the growing modes of BECs[*2~44 realized by means
of Feshbach resonance technique become important.
Theoretically, the corresponding GPE takes the form

h? 4mhag
ih¥r = — o xx + s g2y

+V U +ily, (1)

where m is the atomic mass, as is the time-dependent
2cos?(w, T/2) is time-
dependent potential, and the coefficient I" is the gain
(loss) term for I' > 0 (I" < 0). For I > 0, Eq. (1) rep-
resents the mechanism of loading the thermal cloud

scattering length, V =

into the BECs by optically pumping atoms from the
external source. When I is negative, Eq. (1) describes
the dynamics of BECs depleted continuously due to
losing atoms.

Now, the growing BEC is a hot topic for matter
waves and the centre of mass oscillating violently in
the trap!*®! have been predicted. However, the dy-
namic properties of soliton solutions in growing BECs
has not well explored and it is our aim in the present
article. By introducing the dimensionless variables,
namely ¢ = v2X/a,,t =w, T, = 2raga, ¥, and
k = I'/(hw, ) with the transverse oscillator frequency
w , the transverse oscillator length a; = v/h/(mw ),
and the Bohr radius ag, we can reduce Eq. (1) to the
dimensionless form

i’(/)t = _wzx - 2/~‘Le_2kt |’L/)|2 ¢

where we have taken the form of the scattering length

2kt "and the parameter = £1 denotes

as ag = —ape”
the attractive (repulsive) case, respectively.

In this article, in terms of the developed Hirota
method we obtain the analytical bright and dark soli-
ton solutions of Eq. (2). With the analytical solutions
we mainly discussed the corresponding properties and

two solitons interaction in detail.

2. Developed hirota method and

exact soliton solutions

Among the method for solving some nonlin-
ear equations, Hirota method?46:47 is an effective
It first applies a direct
Then in

terms of some skillful bilinear operators the nonlinear

straightforward technique.

transformation to the nonlinear equation.

equation can be decoupled into a series of equations.
At last, with some reasonable assumption the exact
soliton solutions can be obtained effectively. Taking
the normal procedure of Hirota method we consider

the transformation

(1) = (3)

where G (z,t) is a complex function and F (z,t) is a

, [t real function. Substituting this transformation into
+2 cos <2>¢ +iky, (2) Eq. (2) we have
|
t
0=F { (iD; + D2) — 2 cos® <2) - ik] G-F —G[D*F - F — 2211 |G)?), (4)

where D2 and D; are called the Hirota bilinear operators which is defined as

D?DfG(x,t).F(%t):(a 3)m<

ox !

ot o

0 o\" .y
) GGat) P o 5

In the following section, we will construct the exact bright and dark soliton solutions of Eq. (2) with the help

of the developed Hirota method.

2.1. Exact bright soliton solution

In order to get the exact bright soliton solution of
Eq. (2) in the case of 4 = +1, we can separate Eq. (4)

into two equations
AIG-F =0, AF-F=2 %G, (6)

where

t
AlziDt+D§—2COSQ (2)—1k5 (7)

2.1.1. One-soliton solution

For the bright one-soliton solution of Eq. (2), we
can assume that

G:Xgla F:1+X2f17 (8)
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where x is an arbitrary auxiliary parameter which will
be absorbed in the expression of soliton solution. Sub-
stituting Eq. (8) into Eq. (6), and then collecting the
terms with same power in Y, we obtain

1) for the coefficient of x
Aigr - 1=0; (9)

2) for the coefficient of x?
Ao (fi-14+1-f1) —2e M gig = 0; (10)

3) for the coefficient of x3
Aigr - f1=0; (11)

4) for the coefficient of y*
Asfi- f1=0. (12)

It is obvious to see that Egs. (9)—(12) can be
solved analytically in turn. With the Hirota bilinear
operators in Eq. (5) and after a tedious calculation we
have

gi=eM, fi=Apen T, (13)

where 71 = Pi(z+iPit) — i(sint+1¢), A =
e 2t /(P, + P;)? with P, being complex and k be-
ing real in general. The superscript ‘«’ indicates the
complex conjugate. Taking P; = a3 + i, and com-
bining Egs. (3), (8), and (13) we get the exact bright
one-soliton solution of growing BECs

kt
_ 1€ i1 14
¥ cosh@le ’ (14)
where the parameter 6; = ajz — 2161t — In (2a4)

and ¢1 = 26 — (67 —of + 1)t — sint. The solu-
tion in Eq. (14) represents the exact bright one soli-
ton of growing BECs characterized with the amplitude
aief soliton velocity 283;, and the phase ¢;. From
Eq. (14) we find that the time-dependent potential
only contributes to the phase and the phase velocity
which reads a2 — 3% —1+cost. The dynamic evolution
of soliton solution in Eq. (14) shows that the ampli-
tude increases with time, while the soliton width and

velocity is constant, respectively.

2.1.2. Two-soliton solution

To get the exact bright two-soliton solution of
Eq. (2) we let G and F have the expressions:

G=xq+xg3, F=1+xX"fo+x"fs. (15)

Substituting the above equation into Eq. (6) and col-
lecting the coefficients with same power of x, we will
obtain a set of equations as follows:

1) for the coefficient of x

Aigr-1=0; (16)

2) for the coefficient of x?
Az (fo 141+ fo) = 207 gy g7; (17)

3) for the coefficient of x?
Ai (g1 fatgs-1)=0; (18)

4) for the coefficient of y*
Az (f2- f2+2f1-1) = 2¢7* (g1g5 + g3g1); (19)

5) for the coefficient of x°
A (g1 fa+g3- f2) =05 (20)

6) for the coefficient of x°
Ao (fo - fat fu- fo) = 27 gag3; (21)

7) for the coefficient of x”
Ai (g3 f1) = 0. (22)

8) for the coefficient of x®
As (fa- fa) =0. (23)

As discussed in the section before, we can solve
Egs. (16)—(23) in turn for getting the expressions of G
and F. First, we get

g1 = e (e +em), (24)

where 7; = P; (x +1P;t) —i(sint + ¢t), j = 1,2, with
P; being complex constant, respectively. Substituting
Eq. (24) into Eq. (17), we obtain the expression of f,

f2 = Z Amnenm+n;7 (25)

where Apmn = e 25/ (P, + P*)? m,n = 1,2, and P,,
(P,) being complex. With the help of Egs. (24) and
(25), we can simplify Eq. (18) as

t
193t + 932z — 2C052 (2>g3 — ikgg

w2 (P — Py)? emtnitne
(P2 + Pr) (P + PY)
w2 (P — Pp)? emtnitm
(P + P3)(P2 + Py)

070503-3



Chin. Phys. B Vol. 19, No. 7 (2010) 070503

The above equation implies that g3 has the solution

g3 = okt (eerm T2+ 4 gmtn; +n2+52> ,  (26)

where 6; = In[(1/ (Py+ P;) — 1/ (Py + P¢))?] and
5y = In[(1/ (P, + P§) — 1/ (Py 4+ P;))?]. Substituting
Egs. (24)—(26) into Eq. (19), we obtain

fi=em +77I+n2+n§+fc7 (27)

where

4
K =1In [P = | o (28)
(P + Py)?(Py + P5)? [P+ Py

Combining Eqs. (24)—(27) one can find that Eqgs. (20)
and (23) are satisfied to the moment. Taking P; =
aj +ifj, j = 1,2, the exact bright two-soliton solu-
tion of Eq. (2) has the form

pr €M e 4 emtnitnz+o1 o om+n;+n2+52
14+ > Appet i + em+ni+nz+n;+k 7’

m,n

Yp=e (29)

where m,n = 1,2, n; = 0; +ip; with 0; = ajz —
20;8;t—1In (2a5) and p; = xf8;— (532 - a? + 1) t—sint,
j = 1,2. The solution Eq. (29) describes a general
scattering process of two bright solitons with different
central velocity V; and Vo with V; = 23;, 7 = 1,2,
respectively. The two solitons can move toward each
other if we choose the proper parameters. For better
understand the nature of two solitons interaction, we
can analyse the asymptotic behaviour of the solution
Eq. (29). Asymptotically, the solution Eq. (29) can be
written as a combination of two one-soliton solution
Eq. (14). The asymptotic form of two soliton solutions
in limits ¢ - —oo and ¢ — oo is similar to that of the
one soliton solution Eq. (14).

(i) Before collision (limit ¢ — —o0)

(a) soliton 1 (6; =~ 0, 3 — —0)

ekt

P — el®1. (30)

cosh 6,
(b) soliton 2 (A2 ~ 0, ; — 00)
agekt
cosh (02 + Kk/2 — z01)

P — ei(w2two) (31)
(i) After collision (limit ¢ — co):
(a) soliton 1 (61 =~ 0, 03 — o0)

ekt

cosh (01 + k/2 — g2)

o — ei(<P1+<P0); (32)

(b) soliton 2 (A2 ~ 0, §; — —o0)

kt
Py — 20 __giva, (33)

cosh 05

Where
ZToj; = In \/ 20[j, (34)
vy = 2 (arctan ] + arctan M) . (35)
o] — Qo a1+ Qg

The above asymptotic behaviour shows that there is
a centre and phase shift in the process of two solitons
collision which denotes the elastic interaction of two
solitons.

2.2. Dark soliton solution

In this section we consider the case of y = —1.
In order to get the exact dark one-soliton solution of
Eq. (2), a real parameter A to be determined should
be added to Eq. (4) and we have

GIG-F =0, GF-F=-2"2G?  (36)

where

G1 =iD; + D? —2cos? (;) —ik =X, (37)
Go = D2\ (38)

Repeating the same normal procedure in getting the
exact bright soliton solutions, we will obtain analyt-
ically the expressions of G and F' and construct the
exact dark soliton solutions of Eq. (2).

2.2.1. Exact dark one-soliton solution

In order to construct the dark one-soliton solution
for Eq. (2), we assume that

G=go(1+x01), F=1+xf1 (39)

Substituting the above expressions into Eq. (36) and
collecting the coefficients with same power in y, we
have:

1) for the coefficient of x°

G190 -1 =0, (40)
Gol -1+ 2e ?Fgagr = 0; (41)

2) for the coefficient of x!

Gigo(l-fi+g1-1)=0, (42)
Go (fr-1+1-f1)+2e*go|? (g1 + g7) = 0; (43)

3) for the coefficient of x?

Gigo (g1 - f1) =0, (44)
Go (f1- f1) + 27 go*|gn|> = 0. (45)
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Solving Egs. (40) and (41), we obtain
go=ne"™, (46)

where 19 = Bz — (A + B?)t — (sint + t), in which B
is real, and y = e2kt\/m which shows that the exis-
tence of dark soliton solution demands the parameter
A > 0. Substituting (46) into Egs. (42) and (43), we
obtain the expressions of g; and f; as

g1 =ze™,  fi=emn, (47)

where 177 = Rz — 2t + &y, with the real R, {2 and &,
respectively. The complex parameter z is given by

Z_\/Q/\—RQ-HR (48)

V2X—R2 —iR’
which implies that |z|> = 1 and A > R2?/2. With
Egs. (3), (39), (46) and (47), after absorbing the auxil-
iary parameter x we obtain the exact dark one-soliton

solution of Eq. (2) as
1 .
b = 5761770 (1+z)_(1—z)tanh%1 . (49)

From the above solution we can see two special cases,

ie, z = £1. When z = 1, the solution Eq. (49)
reduces to plane-wave solution ¢ = e2ktFimo, /X /2.
When z = —1 the solution Eq. (49) reduces to the

black soliton, i.e., 1y = —e?!**ino,/X/2tanh (,/2),
where m = Rx — 2t + & .
ton solution shows that with the increasing time the

The dynamic dark soli-

dark solitary wave has an increase in peak value and
the soliton width shows invariability. We also obtain
the soliton peak value 9| . = e (\/ﬁ - R2/\/ﬁ)
which is affected by the soliton width defined by 1/R.

2.2.2. Dark two-soliton solution

In this section, we will give the analytical expres-
sion of two dark two-soliton solution of Eq. (2). To
this purpose the expressions of G and F' can be as-
sumed as

G=go(14+xq1+x%02), F=1+xf1+xf2 (50)

where the expression of gy has been obtained before.

Repeating the same normal procedure and collecting

the coefficients with the same power in y we obtain:
1) for the coefficient of x

L1(1-fi+g1-1)=0, (51)
Go(1-fit fr-1)=Ag1+97); (52)

2) for the coefficient of x?

Li(gi-f+1-fat+g2-1)=0, (53)
Go(1-fo+ fi-fi+fa-1)
= -Mal* + 92+ 93)- (54)

3) for the coefficient of x?
Ly(g1-fa+g2-f1) =0, (55)
Go(fr-fot for 1) = =A (9195 + 9291);  (56)

4) for the coefficient of y*
L1(g2- f2) =0, (57)
Gofa - fo = —Algal*. (58)
Where £1 = iD; +2iBD, + D? and Go = D? — \.
We solve Egs. (51)—(58) in turn, and can easily find

the following solutions:

fl = + 67127 (59)
f2 = A126(7]1+n2), (60)

where n; = Rjz — (2B — /2 — R3)R;t + (5,5 = 1,2.

The other parameters are given by

\/2A\— R} +iR;
(61)

g1 = z1e" + ze™,

g2 = Araz120e(M T2

Zj = 5
\/2A\— R} —iR;
20— R1Ry — 2\ — R3\/2\ — R3
12 . (62)

2\ + RyRy — /2 — R2\/2\ — R2

With the forms of go, g1, g2, f1, fo and Eq. (3), we
obtain the analytical form of exact dark two-soliton
solution for growing BECs

0 1+ z1e™ + z9e™ + A12Z12’26m+n2
1+em +em 4+ Ajpemtn

g =5y (63)
The solution Eq. (63) describes a general scatter-
ing process of two dark soliton solutions with dif-
ferent centre velocity Vi and V, with V; = 2B —
,/QA—R?,j = 1,2.
two soliton solution can move toward each other. To

Under the proper parameters

clearly demonstrate the nature of two solitons interac-
tion, we analyse the asymptotic behaviour of the so-
lution Eq. (63). Asymptotically, the solution Eq. (63)
can be written as a combination of two soliton solu-
tions expressed by Eq. (49). The asymptotic form of
two soliton solutions in limits ¢ — —oo0 and ¢t — oo is
similar to that of one soliton solution Eq. (49).

(i) Before collision (limit ¢ — —00):

(a) soliton 1 (m; ~ 0, 2 — —00)

1 .
) = §'ye‘"° (1+21)_(1—z1)tanh% ;o (64)
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(b) soliton 2 (ny & 0, 71 — 00)
EES %’yzleim’ [(1 +29) — (1 — 29)
« tanh (;(ng + 50))]. (65)

(ii) After collision (limit ¢ — oo):
(a) soliton 1 (71 ~ 0, 72 — o)

1 .
S 5’}/2261”0 [(1 + Zl) — (1 — 2:1)
1
X tanh (2(771 + 50))] ; (66)
(b) soliton 2 (ny ~ 0, 7 — —00).
_ 1 ino T
Y= 3e (14 22) — (1 — 22) tanh Cat (67)
Where the central shift is given by dg = In A15. By
analysing the asymptotic behaviour in detail we know

that there is no change of the amplitude for each soli-
ton solution during a collision, while one should notice

that the factor |z;| = 1, j = 1,2, respectively. How-
ever, from Egs. (64)—(67) we find a phase exchange d
for soliton 1 and soliton 2 during a collision. These
results show that the collision of two soliton solutions
is elastic.

3. Conclusion

In conclusion, we have developed a systematic
analytical approach to study the nonlinear dynamic
properties of quasi-one dimensional growing BECs.
The Hirota method is developed carefully for solving
such a nonlinear Schrédinger equation. With the skill-
ful assumption the exact bright and dark soliton so-
lutions are constructed effectively. Our results show
that the growing model has the important effect on the
amplitude and the time-dependent potential only con-
tributes to the phase and phase velocity. A detailed
analysis shows that the amplitude of one-soliton so-
lution changes with time, while the collision of two
soliton solutions is elastic.
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