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Stabilised bright solitons in Bose—Einstein condensates
in an expulsive parabolic and complex potential*
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The exact solitonic solutions of the one-dimensional nonlinear Schrédinger equation, which describes the dynamics

of bright soliton in Bose—Einstein condensates with the time-dependent interaction in an expulsive parabolic and complex

potential, are obtained by Darboux transformation. The results show that one can compress a bright soliton into an

assumed peak of matter wave density by adusting the experimental parameter of the ratio of axial oscillation to radial

oscillation or feeding parameter. Especially, when parameters satisfy the relation A = 2+, the soliton is stable with time

evolution without changing its shape and amplitude.
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1. Introduction

Since their appearance in shallow water, solitons
have intrigued great interest in experimental and the-
oretical investigation. Due to the dynamical bal-
ance between nonlinearity and dispersion, solitons can
propagate stably as pulses or wave packets in a nonlin-
ear medium, which can be described in terms of non-
linear differential equations.'=3! Afterwards, physi-
cists extended the classical solitons to describe ele-
mentary particles, and investigated nonautonomous
solitons in different physical system.[*~6 Actually, due
to the presence of dissipation, such as impurity influ-
ence, the soliton inevitably fades away. So we want
to construct a ‘pure’ system eliminating this influence
to study the dynamics of soliton, and the realisation
of Bose-Einstein condensation (BEC) of alkali atoms
can provide us such a system to study solitons and
thus opens a new way to realise an ideal soliton trans-
mission.

The wave function of BECs at zero tempera-
ture can be described by multi-dimensional nonlinear
Schrédinger equation with a trapped potential, the
The dy-
namical properties of BECs in different systems have

so-called Gross—Pitaevskii (GP) equation.

been studied!” and opened a new way to investigate
the nonlinear phenomena in matter wave. Because of

nonlinear interaction between atoms, the exact solu-
tion of the system is scarce and most are focused on
numerical solution, 8! so the construction of the exact
solution is most important. In the case of reduced di-
mensionality, one can derive effective one-dimensional
(1D) GP-equation which describes cigar-shaped con-
densates from 3D GP-equation.['%1] To exactly solve
the 1D GP-equation, one also can use inverse scatter-
ing method or Bethe ansatz method to obtain the an-
alytic solitary solution directly from the GP-equation.
The advent of solitons in BECs has paved the way for
new development in manipulating the soliton, such as
atom lasers and atom interferometry, so it is inter-
esting to develop a new technique which allows us to
construct a particular soliton with the assumed peak.
Liang et al.['?l have presented a family of exact soliton
solutions by Darboux transformation and analysed
the dynamics of bright soliton. Their results showed
that the bright solitons can be compressed into very
high matter densities by adjusting the atom scattering
length in a safe range of parameters, while the exact
number of the atoms in bright soliton keeps invariant
during the process of compression, so the peak of mat-
ter wave can be squeezed between the minimum and
maximum values. Recently, experimental research has
reported the observation of different types of solitons
in 1D potential, such as dark solitons for the repul-
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sive atomic interaction,['3~'8 and bright solitons for
the attractive atomic interaction,*=23] which can be
controlled via Feshbach resonance, some theoretical
soliton results are also obtained.?4=26] However, the
presence of dissipation effect makes the solitons de-
picted above unstable with time evolution, so that
they will inevitably decay and eventually disappear in
background cold atom. By feeding atoms from ther-
mal cloud, which can compensate the dissipation ef-
fect, we can realise an almost ideal soliton evolution,
which is discussed in the present paper.

In this paper, we present an analytic bright soli-
ton solution of BECs in an expulsive parabolic and
complex potential by Darboux transformation?”! from
the trivial seed solution. In a safe range of parameters,
our results show that the bright soliton in BECs can
be compressed into an assumed peak of matter wave
by adjusting the time-dependent scattering length,
which is dependent on the experimental parameter of
the ratio of axial oscillation to radial oscillation(\) or
feeding parameter(y). The peak of matter wave in-
creases with the increase of the ratio, while the width
is compressed, but the width cannot be compressed
by feeding atom from thermal cloud. Especially, when
A = 27, the soliton is stable with time evolution with-
out changing its shape and amplitude.

2. The soliton solutions

The mean-field GP equation governs the evolution
of the macroscopic wave function of BECs. Here we
consider the 1D nonlinear Schrodinger equation with
time-dependent atomic scattering length in an expul-

sive parabolic and complex potentiall24—26.28,29]
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where time ¢ and coordinate x are measured in units
2/wy and a, , witha, = \/Wandao = \/m
being linear oscillator lengths in the transverse and
cigar-axis directions respectively; the parameter w
and wq are the radial and axial oscillation frequency
The pa-
rameter m is the atomic mass and the last term of

respectively, and [\ = 2wo|/wi < 1.

Eq. (1) is the complex potential which is a small pa-
rameter related to the feeding of condensates from
the thermal cloud (when v < 0).242% The function
a(t) = 2goe* T is the time-dependent scattering
length depending on the feeding parameter(y), and
go = masmw, N //2mnk, here k is the parameter re-
flecting the feeding parameter to the scattering length
at ¢t = 0. Liang et al. presented a family of exact soli-
ton solution of Eq. (1) with v = 0, their result showed
that the bright soliton can be compressed into high
matter densities by increasing the scattering length.
Kengne and Tallal?% studied Eq. (1) with a(t) = go
and v = —\/2, they found that the amplitude of
bright soliton and the number of its peaks increase
with increasing time ¢ when feeding atom from ther-
mal cloud.
We assume that the solution of Eq. (1) is

U(z,t) = Q(z, t)exp[—iAz?/4 — A\t/2 —~t], (2)
where Q(z, t) satisfies the equation

1Q¢ + Qua — i M2Q, — i AQ + 290|Q?Q = 0.

From this ansatz, we construct a new exact so-
lution of Eq. (1) by the Lax-pair method where the
pair function should admit &, = U®, & = VP,
® = (P, $)7T, with

V90(21¢Q +1Qs + AzQ)

3
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Q* is the complex conjugate of Q, ¢ = (a +iB)e* is a time-dependent complex function, U and V satisfy the

relation Uy — V,, + UV — VU = 0. Performing the Darboux transformation from the trivial seed solution, we

can obtain the exact solitonic solution of Eq. (1)

daAcexp b

(4)

Vo[l + AZexp o]’

where
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Here A., a and g are arbitrary real constants. If « = 0
or A. = 0, the solution ¥ = 0 is trivial, thus we dis-
cuss the equations at «, A. # 0. Since A is related
to the oscillation frequency, A, @ and 8 can be ad-
justed. If v = =\/2, Ac = 0.5, 20 = /goAs and
28 = ks, then Eq. (4) becomes the well-known solitary
solution ¥ = (As/coshbs)exp(At + i¢s), with ¢s =
(k2 — goA2][exp(2Xt) — 1]/2\ — ks exp(\t) — (N /4)x?
and 0s = \/goAsz exp(At) — goAsks[exp(2At) — 1]/A.
From Eq. (4), we know that when x — 400, ¢ — 0,
the solution given by Eq. (4) is the bright soliton em-
bedded in the background. The evolution of the soli-
ton depends on the time-dependent atomic scattering
length and the feeding parameter.
From the solution of Eq. (4), one can obtain

1602 A2 explp + At — 271 5)
go[l+ AZexpo]*

Because the matter wave density is dependent on A

v =

and v, so we plot the dependence of density dis-
tribution on A and v in Figs. 1 and 2 respectively.
Here we choose the experimental parameter as that
in Ref. [16], w,
coordinate Ax =1 in the dimensionless variables cor-

= 27 x 710 Hz, so a unit scale in

responds to 1.4 pym. We take the constants gy = 0.25,

a =2, 6=0.2and A. = 100. Figure 1 shows the

evolution of matter wave density when A = —0.012,
from these values and A = —2|wg|/w), we can ob-
tain wg = 2i7m x 85 Hz. We define the width of

half wave density as the width of soliton, that is
W, = (e=*/4a)In[(3 +2v/2)/(3 — 2v/2)]. The result
shows that the peak of matter wave density increases
while its width is compressed(see the inset of Fig. 1)
with the increase of the ratio of oscillation frequencies.
So we can adjust the oscillation frequency to compress
a bright soliton in BECs into an assumed peak of mat-
ter density. By comparing the matter waves with dif-
ferent A, the soliton contrail with time evolution moves
to —x direction when ) increases, as shown in the in-
set of Fig. 1, where the offset of = is about 13.7 when
t = 20. Actually, this offset is due to coordinate x in
Eq. (5), so one can add a coordinate-dependent field
to manipulate the soliton evolution, this is worth to
consider further. Figure 2 shows the matter wave den-
sity for to the feeding parameter v = —0.02, the peak
of wave density increases as its width is broaden with
the time evolution. If the feeding parameter decreases
(feeding more atom from thermal cloud per second),
the peak of matter wave density increases, but the
width cannot be compressed at the same time, which
are shown in inset of Fig. 2, because the potential can-
not compensate the dispersion of adding more atoms,
this conclusion is different from that in Ref. [26].
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Fig. 1. The evolution of matter wave density with A = —0.012, o = 2, § = 0.2, A. = 100, v = —0.018, and
go = 0.25. The inset shows the matter wave density for different A at ¢ = 20.
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Fig. 2. The evolution of matter wave density with v = —0.02, where a =2, § = 0.2, Ac = 100, A = —0.02,
and go = 0.25. The inset shows the matter wave density for different v at ¢ = 10.

We further investigate this by calculating the ex-
act number of atoms in the bright soliton against the
background and obtain

+L

lim [|@(z,t)]? — |W(£L,t)*]dx
L—o —_L
4o
= — exp(—29t), (6)

9o

where 2L is the length of the spatial background and
must be very large compared to the width of the
soliton.'224 From Eq. (6) one can see that the scat-
tering length decreases when feeding more cold atom
from thermal cloud, but the matter wave possesses
an increase in atomic number, so the peak increases.
One can also observe that the soliton evolution with
time has the same contrail for different -, this result
is different from that of changing A. From the above
results, one can control the experimental parameters,
through changing A or 7, to compress a bright soliton
in BECs into an assumed peak of matter density. In
Ref. [12], they have reported that the peak of soliton
decreases and its width is broadened with decreas-
ing scattering length when v = 0. If one feeds cold
atom from thermal cloud to background, the dissipa-

tive effect can be suppressed. When A = —0.04 and
~v = —0.005, the density decreases with time (shown in
Fig. 3(a)), and the peak of soliton increased by feeding
atoms cannot compensate that decreased by the ratio
of oscillation frequency. However, when A = —0.03
and v = —0.02, the density increases with time (shown
in Fig. 3(b)).
keep the bright soliton stabilised with time evolution.

So one can adjust the parameters to

We found that when A\ = 2v, the maximum of wave
density should satisfy the relation A2expp — 1 = 0,
and

| ![/|r2nax = 4042/g0, (7)

which is a constant related to « and go. From Eq. (7),
we know that the maximum of bright soliton is un-
changed with time (shown in Figs. 3(c) and 3(d) when
A = —0.02 and v = —0.01), and the number of atoms
in bright soliton increases, while the width increases
slightly. The stabilised soliton has been confirmed by
many experiments in other papers,%31 and its appli-
cations have been extensively explored.[3233] We ex-
pect the stabilized soliton in BECs will be investigated
experimentally.
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Fig. 3. The evolution of matter wave density for different v and A, fora =2, 8 = 0.2, Ac = 100, and go = 0.25.
(a) A = —0.04, v = —0.005; (b) A = —0.03, v = —0.02; (¢c) A = —0.02, v = —0.01; and (d) 2D plot of (c) for

different time.

3. Conclusion

In conclusion, we have studied the bright solitonic solution in BECs by solving the 1D time-dependent

nonlinear Schrodinger equation with an expulsive parabolic and complex potential by Darboux transformation.
From our results, one can observe that the matter wave density of bright soliton is influenced greatly by
scattering length, which can be adjusted by the ratio of oscillation frequency (|A|) and the feeding parameter
(7). The bright soliton with time evolution in BECs can be compressed into an assumed peak by adjusting the

scattering length, but its width cannot be compressed by adjusting feeding parameter. Especially, when A = 2~,

the soliton is stable with time evolution without changing its shape and amplitude.
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