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A new form of Tsallis distribution based on the
probabilistically independent postulate®
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The current form of Tsallis distribution for a Hamiltonian system with an arbitrary potential is found to represent

a simple isothermal situation. This paper finds that the g-exponential of a sum can be applied as the product of the g¢-

exponential based on the probabilistically independent postulate employed in nonextensive statistical mechanics. Under

this framework, a new form of Tsallis distribution is suggested. It shows that the new form of Tsallis distribution can

supply the statistical description for the nonequilibrium dynamical property of the Hamiltonian system governed by an
arbitrary potential, and it is found to be one potential statistical distribution for the dark matter.

Keywords: nonextensive statistics, Tsallis distribution, nonequilibrium dynamics, Fokker—Planck

equation
PACC: 0520, 0540

Nonextensive statistical mechanics have since
1988 obtained very wide applications in many in-
teresting scientific fields. In principle, almost all
the formulae and the theory wusing Boltzmann—
Gibbs statistics so far could be generalized un-
der this framework™4 (for more detail, see
http://tsallis.cat.cbpf.br/biblio.htm ).

problems such as under what circumstances, e.g.

However, the

which class of nonextensive systems and under what
physical situation, should the nonextensive statisti-
cal mechanics be used for their statistical descrip-

5-20] In particular,

tions have been long-standing.!
the problem at present appears that,!'® unexpect-
edly, the current form of Tsallis distribution, f ~
1-(1- q)ﬁH]l/(kq), employed in nonextensive sta-
tistical mechanics is found to be only a simple isother-
mal or thermal equilibrium situation of the Hamilto-
nian systems governed by any potential, whether for
long-range or short-range forces, of course, which is
among the domain of Boltzmann—Gibbs statistics. For
a general Langevin equation with an arbitrary poten-
tial, it is found that there is no possible nonequilib-
rium dynamics which should use the Tsallis distribu-
tion for the statistical description.

Theoretically, the Tsallis distribution function
employed in the self-gravitating collisionless system
was found to be only an isothermal distribution for
any ¢ # 1.7 The example was reported recently
in the N-body simulation for a self-gravitating sys-

tem that the Tsallis distribution is inconsistent gener-
ally with the dark matter halos except the isothermal
parts for the polytropic index n — 00,8 in which,
unawarely, the Tsallis distribution function employed
On the other hand,
however, one can apply the Maxwell g-distribution,
f~1-0- q)ﬁva/Z]l/(l_Q), to deal with some
nonequilibrium property of the velocity distribution

was actually isothermal one.

for self-gravitating and plasma systems,['?20 where
the nonextensive parameter ¢ #1 is found to be re-
lated to the potential function ¢ (¢ can be any one)
and the temperature gradient VT by the formula,
(1 —q)Vp ~ VT. The results therefore imply clearly
that the Maxwell g-distribution can be used for the
statistical description of the dynamical system gov-
erned by an arbitrary potential when it reaches the
nonequilibrium stationary-state. The applications of
the Maxwell ¢g-distribution have included the examples
such as those in the nuclear reaction systems,?! =24 in
the astrophysical systems (see Refs. [17], [19], [2] and

the references therein), in the plasma systems, 253

in the solar wind theory,3=33] in the non-local dis-
tributions in the solar and stellar interior,[34—36] and
in others.37=421=4 Obviously, the following ques-
Why the Maxwell g-

distribution can be a possible statistical description

tions need to be answered.

for the nonequilibrium dynamical system being at the
stationary-state but the current form of Tsallis ¢-
distribution cannot? Where does the above discrep-
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ancy come from? The purpose of this work is to sug-
gest a new form of the Tsallis distribution on the ba-
sis of the probabilistically independent postulate in
nonextensive statistical mechanics, which may be as
one reasonable scheme to solve the above discrepancy.

Tsallis proposed the g-entropy in 1988 as a gen-
eralization of the Boltzmann-Gibbs entropy,*?!
by

given

Sy=—k> Pl P, (1)

where k is the Boltzmann constant, the set {P;} are
the probabilities of the microscopic configurations of
the system under investigation, the parameter ¢ is real
number different from unity, the g-logarithm is defined
as

=1 -1

Ingz = (x > 0;lny =1Inz), (2)

I—gq
the inverse function, the g-exponential, is

exp, o =[1+(1- Q)z]" 77 (exp,x = exp z), (3)

if 1+ (1~g¢)z > 0 and by exp,z = 0 otherwise.
Thus the probability of a system at the value x; reads
P; ~ exp, ;, a power-law distribution. When ¢ = 1,
all the formulae return to be Boltzmann—Gibbs statis-
tics.

Nonextensive statistical mechanics is founded on
the basis of the g-entropy and the probabilistically
independent postulate.[*3] The so-called probabilisti-
cally independent postulate is that, if the probability
of a system at the value z; is P; ~ exp, T; and at the
value z; is P; ~ exp, z;, and they are probabilistically
independent, then the probability at the value (z;+x;)
is P;j = P;Pj ~ (exp, x;)(exp, z;). The g-entropy S,
(¢ # 1) is nonextensive, namely, if a system composed
of two probabilistically independent parts A and B,

ie., PAPB = Pl-APjB V(ij) (the probabilistically inde-
pendent postulate), then the Tsallis g-entropy of the
system is

Sq(A® B) = S4(A) + S4(B)

+(1 = q)kT1S,(A)Sy(B).  (4)

Clearly, only if ¢ = 1 the entropy is extensive. Un-
der this framework, one leads to the basic form of the
Tsallis distribution used so far in the nonextensive sta-
tistical mechanics,

fel=(1—q)pHY D, (5)

with the Lagrange parameter, 8 = 1/kT, and the
Hamiltonian H. According to Eq (5), if the Hamil-
Zp? /2m +

@({ri}), one often writes the Tsallis distribution
[44—48,1—4]

tonian of a many-body system is H =

as,

r~[i-a-ap (sz/zm+so<{m}>)]l/(l_q),
(6)

which, however, actually contravenes the original pos-
tulate of the probabilistic independence. In other
words, the g-exponential of a sum cannot apply me-

chanically the definition Eq. (3), namely,

equsz [1+ 1-q)> =

7

} 1/(1—11). "

But, in fact, in terms of the probabilistically indepen-
dent postulate, we should express the g-exponential of
a sum as the product of the g-exponential,

p(z x> _ ri[p@ci), or
exp, zz:xl = Hequ Z;. (8)

Under this framework, the entropy and the energy
are both nonextensive in the power-law g-distribution.
Thus, instead of Eq. (6), a new form of Tsallis dis-
tribution for the Hamiltonian many-body system is
suggested by

fr L= =aBe{rp) V077

P2 1/(1-q)

1—(1- ! .
[ -0-0sg )
Clearly, only if taking ¢ =1, does the Tsallis ¢-
distribution Eq. (9) become the Boltzmann distribu-
tion, f ~ exp(—8H).
cle system, H = p?/2m, from the above function, di-

For an ideal gas of one parti-

rectly one can obtain the Maxwell g-distribution func-
tion, f ~ [1— (1 —q)Bp?/2m] Y079 The new form
of Tsallis g-distribution Eq. (9) is a result based on
the probabilistically independent postulate employed
With this ba-
sic postulate, not only the g-entropy is nonextensive,

in nonextensive statistical mechanics.

but also the energy.*3] However, quite questioningly,
up to now nonextensive statistical mechanics develops
without taking into consideration the nonextensivity
of energy.

We now search for possible dynamical property of
the new form of Tsallis g-distribution Eq. (9) from a
general Fokker—Planck equation. Following the lines
of previous work,[*%l we can assume the ¢-distribution
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Eq. (9) to be a stationary-state solution of the Fokker—
Planck equation and then search for it if this is a pos-
sible physical solution compatible with the dynamical
functions in the Langevin equation of a dynamical sys-
tem. If it is so, then the stationary-state solution can
describe the long-times dynamical behaviour of such
a dynamical system.

We still start with a general dynamical system of
the two-variable Brownian motion of a particle, with
mass m and the Hamiltonian, H = p?/2m + ¢(z),
in an arbitrary potential ¢(x) (whether long- range
or short-range force). The Langevin equations of the
dynamical system are

dz  p dp  de
= _r_ r
dt  m’ dt  dx C + (1),

where ( is the frictional coefficient. The noise is Gaus-

(10)

sian and it is correlated with a delta-function,

(E,(D)F,(t')) = 2Bs(t — ). (11)

Then the corresponding Fokker—Planck equation to
the Langevin equations is given for the noise-averaged
distribution function[*1¢ by

or _ _op,., (dw 1

ot dxm dz “m >f+382 (12)

The stationary-state solution of this Fokker—Planck
equation satisfies

pof dedf ¢ o) f
_+dx3p+m<1+ é)>f+B(9

24 = 0. (13)

l

Equivalently, it can be written as

p oSt dpast ¢ -

“m 6z Tz op +m{ ~tPy, }f '
2

+(1—-q)Bf~ qapf 0. (14)

According to Eq. (8) or Eq. (9), the new form of the
Tsallis g-distribution for the above dynamical system
is written as

271/(1—q)
zm}

fe~ = (1—q)Be) Y {1 —(1—-q)8

= RY/0-agt/0-a), (15)
where
2
=1—(1- =1—(1- —. (1
R (1-q9)Bp, Q (1-q)B5 . (16)

If Eq. (15) is a stationary-state solution of the Fokker—
Planck equation, then put into Eq. (14), we have

Q dBy R dB 4, BRde ¢
m dx 2m2 dzp m da:p+ mRQ
92
CB 22 Rp® + BRQ™4 2Q1/<1—Q> =0, (17)

where for the last term we have
2

9 qua-a = _Bgua-a-1 (1 _ B o-12) )

Op? m m

Then Eq. (17) becomes

m (R +0) @ (G0 - o = B Ep — mBS) Q-+ 4B = 0. (19)
Substituting @ = [1 — (1 — q)B(p?/2m)] into Eq. (19), we obtain
s la-gsn 22 - Ll v a-g6- 0ot
+ [235 +(1- )%23—5 —(1- q)ﬁR‘lcﬁp} p*+[BB* - (2-q)¢p] p°
(R-l o j“”) p+m(C— BB) =0, (20)

If ¢g = 1, we find df/dez = 0 and the fluctuation—
dissipation theorem ( = B/, a physical situation for
thermal equilibrium known well in Boltzmann—Gibbs
statistics. If ¢ # 1, very clearly, from Eq. (20) we can
determine the following three identities to be satisfied
for the Tsallis g-distribution Eq. (15). Namely, if the

Tsallis distribution Eq. (15) is a stationary-state solu-

\
tion of the Fokker—Planck equation, then it must fulfill

the following three identities:

as dy
L-9p, (21)
(=0, (22)
B=0. (23)
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The three identities can determine possible dynam-
ics compatible with the Tsallis g¢-distribution func-
tion Eq. (15). As compared with the previous three
identities,!'6l d3/dz = 0,¢ = 0, and B = 0, obtained
for the current form of Tsallis distribution, the above
identity Eq. (21) stands for one nonequilibrium dy-
namical property of the system. Unsatisfactorily, de-
termining ( = B = 0, we do not obtain a general-
ized fluctuation—dissipation theorem as expected for
the frictional coefficient ¢ and the quantity B, e.g.
Bp = (2 — q)¢, or other form.

Equations (21)—(23) represent one nonequilib-
rium dynamical property of the system with an arbi-
trary potential when it reaches to the nonequilibrium
stationary-state, with no friction (¢ = 0) and irre-
lated noise (B = 0). In this case, the corresponding
Langevin dynamical equation (10) becomes

T R0

at g (24)

where the noise is irrelated, (F,(t)F,(t')) = 0 due
to B = 0. Equation (24) is the dynamical equation
for the system governed only by the potential field
. The potential can be arbitrary one, whether long-
range or short-range force. The new form of Tsal-
lis distribution can describe the nonequilibrium dy-
namical property for such a system as governed by
the Langevin equation (24). If the potential function
is the gravitational one, it describes the dynamical
property of the particles evolving in a self-gravitating
system, where the gravitation is the only one force
among the particles, e.g. the dark matter is now just
thought of such a physical entity. In other words,
Eq. (24) is the Langevin equation for the dark matter.
Our results show that the new form of Tsallis distri-
bution Eq. (15) can be a stationary-state solution of
the Fokker—Planck equation (12) under the situation
Egs. (21)—(23) and supply one statistical description
for the nonequilibrium dynamical property of the sys-
tem characterized by Eq. (24), so it can be one poten-
tial distribution function for the dark matter distribu-
tion.

The nonextensive parameter is now given exactly
by the relation,

_dB [ pde
1qu/6 dx” (25)

The nonextensivity (¢ # 1) stands for a degree of de-
viation from the thermal equilibrium of the nonequi-
librium dynamical system governed by an arbitrary

potential field and thus has the clearly physical mean-
ing. Taking dg/dz = 0 or dT'/dx = 0 (thermal equi-
librium), we have ¢ = 1 and the Tsallis g-distribution
Eq. (15) becomes Boltzmann distribution. The reader
might also be interested in some recent applications
of nonextensive statistical mechanics, where a phys-
ical meaning of the parameter ¢ is introduced to
astrophysics!!71! and plasmas.[?"]

In the end, we would like to make remarks
on the probabilistically independent problem. The
probabilistic independence at the very start was
as a basic postulate for nonextensive statistical

mechanics.[43:1—4]

Under this postulate, the g-entropy
is nonextensive, satisfying Eq. (4), and nonextensive
statistical mechanics is studied and developed. On
the other hand, the probabilistically independent pos-
tulate also requires the energy to be nonextensive.*3!
Namely, from the probabilistic independence one also
can derive the relation for the energy U, composed of

two probabilistically independent parts a and b,
Ul@®db)=U(a)+U(D)+ (1 —q)BU(a)U(b), (26)

which appears to coexist with the relation for the g¢-
entropy, S(a®b) = S(a)+ S(b) + (1 —q)k~1S(a)S(b).
Usually, the nonextensive statistics has been devel-
oped only by taking Eq. (4) for the g-entropy as the
basic precondition but ignoring the coexisted Eq. (26)
with it for the energy, leading to the current form of
Tsallis distribution, Eq. (5) or Eq. (6).
late leads to two coexisted results. When the nonex-

One postu-

tensive statistics selected one but discarded the other
one, without interpretation, it would be incomplete
theoretically.

In fact, from the second law of thermodynamics,
e.g. dU = TdS (if the volume is fixed), we may find
that it is hard to image that the entropy is nonex-
tensive but the energy is extensive. When we use the
new form of the Tsallis distribution defined by Eq. (8)
or Eq. (9), both the relation Eq. (26) for the energy’s
nonextensivity and the relation Eq. (4) for the en-
tropy’s nonextensivity have actually been taken into
consideration.

In conclusion, we have expressed a new under-
standing for the g-exponential of a sum based on the
probabilistically independent postulate in nonexten-
sive statistical mechanics. Namely, the g-exponential
of a sum can be applied as the product of the ¢-
exponential by Eq. (8). Under this framework, we
suggest a new form of Tsallis distribution, which in-
carnates not only the entropy’s nonextensivity but
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also the energy’s nonextensivity. It is one reason-
able scheme to solve the problems such as the current
form of Tsallis distribution contravenes the basic pos-
tulate of the probabilistic independence, selects the
entropy’s nonextensivity but discards the coexisted
energy’s nonextensivity with it, and only stands for
a simple isothermal or thermal equilibrium situation
etc. The nonextensive parameter is exactly given by
the relation Eq. (25) and so it has a clearly physical
meaning. It (¢ # 1) stands for the nonequilibrium
characteristics, a degree of deviation from the ther-
mal equilibrium of the dynamical system under an ar-
bitrary potential field.

We show that the new form of Tsallis distribution
Eq. (15) based on Eq. (8) can be a stationary-state
solution of the Fokker-Planck equation (12). It is a
physical solution with the three identities Eqgs. (21)—

(23), so it can supply the statistical description for
the nonequilibrium dynamics of the Hamiltonian sys-
tem governed by any potential when it reaches to the
nonequilibrium stationary-state. If the potential is the
gravitational one, it can describe the nonequilibrium
dynamical property of the particles evolving in a self-
gravitating system, e.g. the dark matter is just such
a physical entity. The nonextensive parameter is ex-
actly given by the relation Eq. (25) and so it has a
clearly physical meaning. It (¢ # 1) stands for a de-
gree of deviation from the thermal equilibrium of the
dynamical system under an arbitrary potential field.
If the new Tsallis distribution were employed for the
N-body simulation for a self-gravitating system, the
results would be expected to be consistent with the

dark matter halos.
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