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As a natural and important extension of Fan’s paper (Fan Hong-Yi 2010 Chin. Phys. B 19 040305) by employing

the formula of operators’ Weyl ordering expansion and the bipartite entangled state representation this paper finds a

new two-fold complex integration transformation about the Wigner operator A (u,v) (in its entangled form) in phase

space quantum mechanics, and its inverse transformation. In this way, some operator ordering problems regarding to

G

and (al + a%) can be solved and the contents of phase space quantum mechanics can be enriched, where

a;, az are bosonic creation and annihilation operators, respectively.
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1. Introduction

Integration transformations are very useful in
mathematical physics. In the preceding paper!) we
have reported a new integration transformation in g—p
phase space

™

/ﬂﬁ@&wﬂmﬂmmwzf@wx (1)

which is invertible

dzdy  _oip_z)(o—
/——ﬂe2@>@wﬂam=hm@, (2)

™

and proved that this transformation obeys Parseval
theorem. By virtue of the formula of operators’” Weyl
ordering expansion,?3! we find the following new two-
fold g-number integration transformation about the

Wigner operator A (¢, p")*0

7]

in phase space quan-
tum mechanics,!

/ !

=0(p—P)é(g—Q), (3)

and its inverse

/ dgdpd (p — P)§ (q — Q) e2i(p=")(a=4")
= A(d\p), (4)

where ), P are the coordinate and momentum oper-
ators, respectively, and [@Q, P] =4, (h = 1). These two
equations can be applied to studying mutual convert-
ing formulas among Q—P ordering, P—Q ordering and
Weyl ordering of operators.

In the present paper, we extend Eqgs. (3) and (4)
to the two-mode entangled case and construct the
two-fold complex integration transformation about
the Wigner operator A (u,v) (in its entangled form,
i, v are complex) in phase space quantum mechan-
ics. By mentioning the two-mode entangled case,
we naturally think of two mutually conjugate entan-
gled state representations [€) and |n) (see Section 2
below).
dering of |n) (¢| by virtue of the formula of oper-

In Section 3, after deriving the Weyl or-

ator’s Weyl ordering expansion, we give the Weyl
ordering form of ¢ (u —a; + a;) 5 (y* _ ai n a2)

o (u —ay — ag) é (,u* — aJ{ — ag |, where a;, a;f are the

bosonic creation and annihilation operators satisfy-
ing {ai,aq Then in Section 4, we find a

. = (5~<.
J v
new two-fold complex integration transformation re-
lating the Wigner operator A (u,v) and the opera-

toré(y—alJra;) 5(V**GJ{+GQ> 5(#*01*61;)
(5(,u*—a];—a2>

tor ordering problems with regard to (aJ{ — a2> and

. In Section 5 we tackle some opera-
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(al + a%). In this way, the contents of phase space
quantum mechanics can be further enriched.

2. Brief review of the two mutu-

ally conjugate entangled states

The conception of quantum entanglement has
been paid much attention because of their wide uses
in quantum communication and quantum computa-
tion. The original concept of quantum entanglement
pointed out by Einstein, Podolsky and Rosen (EPR)
in their famous paper® arguing the incompleteness
of quantum mechanics is for a bipartite system char-
acteristic of continuous variables. According to the
original idea of EPR that two particles’ relative coor-
dinate operator commutes with their total momentum
Q2, P1 + P;] = 0, we have set up the
bipartite entangled state representation of continuous

operator, [Q1 —

variable in two-mode Fock space,!®) which is the com-

mon eigenvector |n) of Q1 — Q2 and Py + P, i.e.

1
o) = exp (=3 In® + = el ol ) 00) . 5

where 1 = 11 + in is a complex number, and |00) is

the two-mode vacuum state. Using [ai7 a;} = 05, we

can show that |n) obeys the eigenvector equations
(al - ag) Im) =mnln),
(a2 = al ) In) = =" In).. (6)

The real and imaginary parts of n are respectively the
Q2 and P + P,

V21 |n)
V212 n) . (7)

eigenvalue of Q1 —

(Q1—Q2)|n) =
(PL+ Py)|n) =

|n) is proved to have complete relation and orthonor-

[t mai=1 ®)

mal property

and

(M'[n)y =m6(n —n)dn™ —n")

=716 (' —n). (9)

On the other hand, |)’s conjugate state, which is the
common eigenvector of two particles’ centre-of-mass
coordinate and relative momentum, is

2
|§) = exp ( L

+¢af +€al - Iaé) 00)  (10)
with &€ = & + i&. The [£) obeys
(ar+ab) &) =¢1e), (o] +a2)le) =€"18), (11)

and

V2¢1[€),
V26 €). (12)

(Q1+Q2)[8) =
(PL—P)|§) =

The [€) is also completen and orthonormal,

2
/d Sl =1 (13)

and

(€1g)y=ms(E—-¢)o( —¢&"). (14)

It is found that |£) and |n) are of equal importance
because

(nl &) = *eXp[(nf §n) /2], (15)

which is just a complex form of the Fourier transfor-

mation, since (7*¢ — £*n) is pure imaginary, (n| £) is
a Fourier transform kernel.

3. The Weyl ordering form of
5(V—al—l—a£> é(u*—ai—l—ag)
é(u—al—aDd(u*—af{—az

Using the complete relations Eqs. (8) and (13
well as Egs. (6), (11) and (15

), as
), we have

§(V—a1+ag)5(1/* —a];+a2>5<,u—a1—a£>5(,u*—aJ{—ag)
= [EEEE (v -+ ) ) 0] €15 (1~ 1 — o)

71'

1 [ d%pd? o
— 5/7772E In) (€] e E=MED/26) (1, — 1) 5@ (1 — €)

s
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1

= S Iy (€lemy T2, (16)

where we have simplified the notation of the product of two Delta functions

6@ ( —a1+a ) 6@ ( —a; — ag)

Eé(yfalJra;)é(V*fa1+a2)5(ufa1 fag)é(p* —al 7(12). (17)
From Eq. (16) we see that once the Weyl ordering of |n) (£| is known, the Weyl ordering of § (V —a1 + a£>
1) (l/* — a{ + ag) 1) (u —a; — ag) 1) (u* — a{ — (12) is obtained. For this purpose, we recall the Weyl ordered

expansion formula of two-mode operators(? !
d2 d2 . 2 .
p:4/y <7/817 ﬂ2|p|ﬂlaﬂ2 exp l22( kakiazﬂk**azak) L (18)
. Pt :
where denotes the Weyl ordering, within which a;, a;r can be permuted, |51, 82) = |51) |B2) is a two-mode

coherent state with |8;) = exp[—|8;|2/2+ Bia]] |0),.1011] For the operator |n) (¢], using Eq. (18) and the overlaps

(€ 61,62 = exp 516+ 01+ €82 — Bufa— 515 — 1P (19)

and
(=81, =l 1) = exp (= 5lal* =61 4755 + 8155~ 1P - 516P ) (20)

we can derive the Weyl ordering of |n) (¢] in the following way:

2 24 . 2 .
In) (€| = 4/# (=B1, —B2| m) (€] B1, B2) exp lQZ(ﬂZaka25k+azak>]

k=1

425,425, - e
— 4 [ SRR ey | ID s+ 0105 1P - 6P

2 .
‘€| +& 1+ EB2 — Bifa + 22 (5;&% —al By + akak)] :

d2 .
— ge-InP-le) 2 / Lo . exp {—2|52|2 + B2 <€ — 2al — 201 + 77)
m .
+ 65 (n*+2a2+€*—2a§)+(5*_2 ) (2a1 = *22%%1 5

:2§ exp{l(fn —-n&*) + 5( 2_a1)+n(a2+ai)

— (al + a£> + & <a1 — ag) + 2a£a]£ — 2a2a1} , (21)

where we have used the integral formula

/djzexp (C|z\2+fz+nz*) :—%exp {—gg] , Re(¢) <O. (22)
It then follows from Eq. (21) that
% In) (€] e(E=nET)/2 = exp {(5 —ay — a2) (77 = ai + ag) — (77 —a + a2) (f - a“{ - ag)} . (23)
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Substituting Eq. (23) into Eq. (16) we have the Weyl ordered form

6<V—a1+a£>5(u*—aJ{—&—ag)CS(u—al—a;)é(u*—aJ{—a2>

_ exp{(ufalfag) <V*7a1+a2)7(117(11+a£) (u*fal{fagﬂ - (24)
which is in exponential form within and is easy for remembering. Noting
[ai —ag, a1 + ag} = -2, (25)

we should consider another ordering other than Eq. (24), i.e.,
IS | * T _ T * _ T
1) (u a1 a2) 0 (,u aq ag) 1) (V a1 + a2) 1 (V a; + ag)

- / dQZS 1) tal o€ /250 (4 — ) 5 (u—g) 2

Similar to the way of deriving Eq. (23), we deduce
2 16) (o] o012 = e [(n-a+al) (¢ —al —a) — (6 - —d}) (0" —al +a)| 1. @D
It then follows
5(,[1,70,17&2)5(/1,*7&17&2)5<V7a1+a£)5(u* faJ{+a2)

= exp[—(u—al—ag) (u*—aJ{—&-ag)—i—(V—al—i—a;) (,u*—a];—ag)} (28)

Comparing Eq. (24) with Eq. (28), we should point out that due to the existence of Weyl ordering symbol ,

-1

4. The mutual integration transformation between é (1/ —a; + al)
0 (1/* — a,J{ + az) 0 (u —a; — az) 0 (u* — aJ{ — a2> and the Wigner
operator

In Ref. [12] for the correlated two-body systems, we have successfully derived the Wigner operator in
entangled form, expressed in the entangled state (n| representation as

d?n nu*—n"p
Ay = [ =) 4] em s, (29)

A (p,v) plays the role of establishing the relationship between n—¢ phase space function and its Weyl-Wigner
quantum correspondence operator. Using the similar method to derive Eq. (21), we find that the Weyl ordering
of operator |v — n) (v + 7| is

lv—n)(v+n| = gé(y—al—i—a;)é(V*—aJ{—i—ag)
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X exp [77 (1/* - QaD —n*(v—2a1)—2 (aJ{ - V*) (a1 —v) + 2a£a2] .

Substituting Eq. (30) into Eq. (29) and performing the integration over d?n, we obtain
A(p,v) = E6<,u—a1—a%)d(,u*—ai—a2)5<u—a1+a§)6(u* —a]{—&—ag)

= o® (1= a1 —a}) 6@ (v—as +a})

which is also a neat Dirac’s d-operator function within the Weyl ordering symbol.
As a result of Egs. (24) and (31), we have

5(n—a1+a$)6<7]*—aJ{—I—aQ)zs(f—al—a£)6(§*—a1—a2)
= gepr{—alfaQ) (77 fa1+a2)7(777a1+a)(§ faJ{f@)}

2 2., . .
- /dﬂigy L &m0 =)= (=) (€ —p7) 5(2) (u_al _a;> 5@ (,,_al +a;) :

™

d2ud? _ o
_ /#e(&u)(n )= E I A (1)

™

(30)

(31)

(32)

This is the mutual transformation between the entangled form of Wigner operator A (i, v) and § (,u —ay — a£

o (u* —al — 0,2) ] (1/ —ay + a;) 0 (1/* —al + (12) .Due to [ d?ud?vA (p,v) = 1, we may also consider Eq. (32)
as the expansion of the four Delta operators’ product in terms of A (u,v). Taking W (u,v) = (| A (u,v) |9¥)

we see the following integration relation of the Wigner function of |¢) from Egs. (27) and (32),

d2ud?v . U () (£ — 1 P
/%e(ﬁ ) (n )—(n=v)(§"—p )W(H, v) = 3 (] m) (€ |) (M &—mg™)/2.

Moreover, the reciprocal transformation of Eq. (32) is

/ d2g;12775 (17 —ay+ a2) J (17 —al + az) J (5 —a1 — a;) 4 (5* —al — az) e~ E=mM™ =) F+n=)(€"=n7)

71'
2¢ 12 2,732

_ / d 5;1 77/ d ”/;1 V/A(//,u’) (&= ) (=" ) =(n=v") (€ =n"") o= (E=m) (" =" )+ (n—v)(€"—p")
™ ™

2 2

2 2
/ d ,u/d / /71//) e( v v — /,LV*+VM*)5(2) (1// —v) 5(2)(5(,[/ — )
A(p

/ d2/.l//d2V/A (M V/) ( U e — NV*"FV,U«*) / d2§d2n ef(V*—l//*)"rf*(Vl—V) en* (M_M/)+7/(N/*_“*)

(33)

So Egs. (32) and (33) are qualified to be new two-fold complex integration transformations about the Wigner

operator A (u,v) (in its entangled form) in phase space quantum mechanics.

Further, multiplying both sides of Eq. (33) from the left by [ d?ud?v/m?D (v, 1) and considering

aj—i—a; aj—aT.

L — 7p,:iJ7
RV R A NG

we obtain

d?ud?v
= TN

™
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d2¢d2 d2pd2y e e
= /%5@) (n—al +a£) 5 (§—a1 —ag)/iﬁp(y,u) o~ (E=m) (" =)+ (=) (67— ")

= /(:12757(25[2775(2)< —a1+a )5(2) (f—a1—a2)-7:(7775)

JESE (- ) o (e L) )
#)

P+ P P,
:]_-<Q1 Qz7 1+ 2,Q1+Q2 L — )
V2 V2
where we have introduced
d2ud? - ..
F(n,€) E/ “2 YD (v, ) o€ =1 =)= =) (6=n) (36)
T

which seems to be a new interesting transformation. We can prove that the inverse transform of Eq. (36) is

2 2
/ d¢d™n &= =V ==& =) F(y €)= D (v, ). (37)

T2

In fact, substituting Eq. (37) into Eq. (36) yields

/d2§/d2,’7/]__(77/’€/)/ dQMdQVe(flfﬂ)(77/**V*)*(WI*V)(GI**M*)‘F@**H*)(W*V)*(U**V*)(f*lﬂ)

2 2

241 92 2, 12
_ / d*¢'d 77/]:( € )eﬁ'n’**n'ﬁ'*%*n*n*&/dl‘igye(n**n'*)w(n'*n)u* (67 =€ )t (e=¢ )"
w2 T

- / A2/ A%y F(n/ &) s e =@ (5 — ) 535 (€ — ¢)
= F(n,€). (38)

Due to

™

d*¢d*n . _—
[ el - o =) = =) (€ )
= [ e ma(e - e ey, (39)
e m " —v")=(=1)(€ ~1") can be considered as a basis function in &7 phase space, or Eq. (37) can be looked

as an expansion of D (v, 1) in terms of eE=m " —v")==v)(€ ~1") " with the expansion coefficient being F(n, £).
Additionally, we can prove

d2£d2
/ 0 F (. )2
d2 d2 d2 /dZV/ . . . ;
= [ D e P [ T ety = vt + (v = )

2 2
x / d ig Texp (0" = ") n+ (1 — 1) 0" + (v = *)e + (v = v)€*]

d2ud?y
= / /fr D (v, p) |? / A2 V' exp (v — v p) + (v = V)] 6@ (u— ') P8/ — v)

2 2
- [ D wa P (40)

which shows that the transformations of Egs. (36) and (37) obey the Parseval-like theorem as well.

5. Application

By using the above transformation we can solve some operator ordering problems arising from Eq. (25), for

example, we want to put (aI — ag) (a1 + ag) into its Weyl ordered form. According to Egs. (8), (13) and
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(15), we have

1 [ d?pd2e I
§/T|’7> (€ el emmeN/2 = (41)
and L[ d2pdze
’I’] o
3 [ el o0 O — 1, (42)

As a result of Eqgs. (41) and (23), using the eigenvector equations (6) and (11), we obtain

(o) o)

1 dznd2£ *1 M *E—ng*
=5 [t ] et e

[ e (e k) o)~ 1) (¢ —od )]

dnydnedérdés a1 m\ iy o .

= /—771 ’7;2 & 6222 1k+l771 k(_nZ)k 1 lfé
k=0 1=0 k l

€

X exp {21 {—772 + N

i) 6 - 55 @i+ @a)] §

%
XeXp{2i {771 - %(Ql Qz)] [52 - % (P P2)}}

_ _27(m+n)/2ii n m
k

k=0 1=0 !

X Hy i [(Q1 = Q2) 11 (P — Py)] Hy—1 1 [(Q1 + Qa) , —1 (P + Py)] : (43)

where we have used the following integration formula:[*3]

dady , . , N :
/ — "y exp[2i(y — s) (z —t)] = <\@> (—1)" Hpnr (\/it, 1\/55) , (44)
where H,, , is the two-variable Hermite polynomials, (141!
" min(m,r) m!’r’!(—l)l l l 15
m,r(t,8) = s
() ; Nm—Oir - ° (45)

m
.I.

Equation (43) is a simple approach to turn (aJ{ — ag) (a1 + a2) into its Weyl ordering. Similarly, using
m n
Egs. (27) and (42), we see that the Weyl ordered form of (al + a%) (aJ{ — a2> is

m

(ar+af)" (ol —aa)" = (1)t tmimz 3 y

n m
k=0 1=0 k !

X Hy g1 [(Q1+Q2),i(Pr+ Po)| Hypy g [— (Q1 — Q2) i (P — P)] . (46)

In summary, as a natural extension of our preceding paper,!”) through employing operators’ Weyl ordering
expansion formula we have found a new two-fold complex integration transformation about the Wigner operator
A (p,v) (in its entangled form) in phase space quantum mechanics, which is invertible and obeys Parseval
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theorem. The new complex integration transformation is compatible with 1 — & phase space quantum mechanics

which takes entangled state representations as basis. Under this transformation the relationship between the

+

Weyl ordering and (a]; — a2> & (al + ag) ordering or (a1 + ag) & (a1 — ag) ordering of operators is revealed.

In this way, the contents of phase space quantum mechanics!

5]

can be further enriched. Studies about the multi-

mode case are in progress and new results will be reported later.
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