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This paper applies the variational iteration method to obtain approximate analytic solutions of compressible Euler

equations in gas dynamics. This method is based on the use of Lagrange multiplier for identification of optimal values

of parameters in a functional. Using this method, a rapid convergent sequence is produced which converges to the exact

solutions of the problem. Numerical results and comparison with other two numerical solutions verify that this method

is very convenient and efficient.
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1. Introduction

Time-dependent Euler equations are the govern-
ing equations for the dynamics of a compressible ma-
terial, such as gases or liquids, along with closure
conditions in the form of equations of state. Equa-
tions of state are statements about the nature of
the material in question and require some notions
from thermodynamics. The Euler equations result
from neglecting the effects of viscosity, heat con-
duction and body forces on a compressible medium.
These equations are a system of hyperbolic conserva-
tion laws. Investigation of new methods for solving
these equations has become an interesting task for
the physicists and the mathematicians. During the
last few decades, the construction of exact solutions
for some nonlinear equations has been perfprmeo by
many researchers. The auxiliary equation method,
the Hirota’s bilinear method, the Jacobian elliptic
function, the powerful inverse scattering transform,
the Backlund transformations technique, the Painlevé
analysis, the Lie group theoretical methods, the direct
algebraic method, the tangent hyperbolic method, the
variable separation method and the improved map-
ping approach have been used in the construction

of exact solutions of some nonlinear equations.!!=1%!

Compared with other nonlinear equations, we find
that the solutions of Euler equations not only depend
on the prescribed initial condition but also rely on the
equations of state. They are much more difficult to
tackle and some high resolution numerical methods
are needed, such as the finite element method, finite
volume method, finite difference method and spectral

d.[16=19] Most high resolution methods are more

metho
difficult to code and need much central processing
unit time. Based on the general Lagrange multiplier
method, the variational iteration method (VIM) was
first envisioned by He[?%21] and has been successfully
applied to many nonlinear equations.?2~3% Its advan-
tages are easy to code and getting semi-analytical so-
lutions. So in this paper, we extend the VIM to one
and two-dimensional Euler equations and some ap-
proximate analytic solutions are obtained. Compari-
son with other numerical methods shows that the VIM
is also one of the most efficient methods for studying

some Euler equations.

2. The VIM

To illustrate the basic concepts of the VIM, we
consider the following nonlinear differential equation:
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Lu+ Nu = f(x), (1)

where L is a linear operator, N is a nonlinear opera-
tor and f(z) is an inhomogeneous term. According to
the VIM, we can construct a correction functional as
follows:

Uptl = Un +/ MLy, (7)
0

+ Nup () — f(2)ldr, (n>0), (2)

where A is a general Lagrange multiplier which can
be identified optimally via the variation theory, the
subscript n denotes the nth approximation, w, (1) is
considered as a restricted variation, i.e. du,(r) = 0.
The iterative formula is

x
Uptl = U +/ A[Lun(T)
0
+ Nuy,(7) — f(2)]dT, (n > 0). (3)
It is shown that this method is very effective and reli-
able. It can solve a large class of nonlinear problems.
For the linear problem, its exact solution can be ob-
tained by only one iteration, because the Lagrange

multiplier A\ can be exactly identified. For thenonlin-
ear problem, the exact solution is given by

u= lim u,.
n— oo

3. The VIM applied to compress-

ible Euler equations

In this section, we describe the implementation of
the VIM for one and two-dimensional Euler equations
with initial conditions and periodic boundary condi-
tions in detail.

3.1. One-dimensional case

Consider the one-dimensional Euler equations

u + f(u)e =0, (4)
u(z,0) = up(x), (5)

t (1) (2)
=l - (8un (,5) , Ouf <x,s>> 05,
0 s ox

A(us)?ful) + (uY)

with
p pv
u=|pv |, fluy=]| p?*+p |, (6)
E v(E +p)

here p is the density, v is the velocity, F is the total
energy, p is the pressure, which is related to the to-
tal energy by E = p/(y —1) + pv?/2 with v = 1.4.
To solve Eq. (4) with the initial condition Eq. (5),
according to the VIM, the correction functionals in
t-direction can be expressed as follows:

t —~
I un+/ NEZICR) +8f(un(x,s)) as,
0 ds ox

(n>0). (7)

Making the above correction functionals stationary,
we obtain the following stationary conditions:

A

0, 14+ A:==0. 8
=0, 14+ A= ®)

The Lagrange multiplier, therefore, can be identified
as
A(r) =—-1. 9)

As a result, we obtain the following iteration formula:

b Oun(z, Of (un(z,
o = [ (22 O,

(n>0). (10)

For compressible Euler equations, the above iterative
formula can not be used directly because there are four
variables but only three equations. To deal with this
difficulty, we use the formula E = p/(y — 1) + pv?/2
to eliminate one variable. In the following, we denote

0 u®
u = pv = u(2) . (11)
E u®

Through careful calculation, we get the following iter-

ative formulas:

(n>0), (12)

— 0.5(ui)? fub)) (y = 1)]

t (2)
9 Ouy,’ (x, 8)
== [ (500

ax' > ds, (n>0), (13)

Ol /ull (W + () — 0.5ui?)2 /D)) (v - 1))]

t (3)
3 Ouy’ (z, 8)
ugH)_l =u - /o ( Os +

o ) ds, (n>0). (14)
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Considering the initial value conditions, we can
obtain a sequence of approximate analytic solutions.

3.2. Two-dimensional case

Consider the two-dimensional Euler equations

ug + f(u)z + g(u)y =0, (15)
u(x,y,O) = Uo(.’E,y), (16)
with
p pv
2
pu pu® +p
U = ’ f(u) - 9
pv puv
E u(E + p)
pv
puv
g(u) = ) , (17)
pv? +p
v(E +p)

here p is the density, (u, v) is the velocity, E is the total
energy, p is the pressure, which is related to the total
energy by E = p/(y — 1) + p(u? +v?)/2 with v = 1.4.
To solve Eq. (15) with the initial condition Eq. (16),
according to the VIM, we can express the correction
functionals in ¢-direction expressed as follows

t —~
0

Os ox

N ag(ﬁ(ﬂc,y,S))>ds, (n>0).

o (19)

Making the above correction functionals stationary,
we obtain the following stationary conditions:

dA

— =0, 1+ A= =0.
dr ’ + A=t

(19)

The Lagrange multiplier, therefore, can be identified
as

A(r) = —1. (20)

As a result, we obtain the following iteration formula:

L Oun(z,y,8)  Of(un(z,y,s))
tnl = Un _/0 ( ds * Ox

+ ay) ds, (n>0).

For compressible Euler equations, the above iterative

(21)

formula can not be used directly because there are five
variables but only four equations. To deal with this
difficulty, we use the formula E = p/(y — 1) + p(u? +
v?)/2 to eliminate one variable. In the following, we

denote
p w®
(2)
w— pU _ u(S) (22)
pv U
E u@®
Let
(2)y2 (3)y2
1 (un )+ (un’)
= (s (V)
un

Through careful calculation, we get the following iter-
ative formulas:

t (1) (2) (3)

(1) _ (1) _ au” (.Z‘,y75) 8“’“ (CC,y, S) 67"’” (I7y75) d >0 24

un—i—l un /O ( 88 + 81’ + ay S, (n— )7 ( )
0 ) | A 4 | ol

uﬁfllzugz’)—/ ( - g;ys)Jr [ )E/)Z el [“ay“ Nas, m>o), (25)
0
K a n3) s J 8 %3) 2 ng) n a '512) ng)

u(‘i)rl:ugf’)—/o ( “ éxsys)+ (C )5/9; a1 [uéx“ D ds, (>0, (26)
0l e | O ) )] | O 08 e

uﬂl:u;‘*)—/o ( “ (;;ys)+ Lo/ a(:f ool | Ol /u a(; 2]} 4, > 0). 27)

Considering the initial value conditions, we can obtain a sequence of approximate analytic solutions.

4. Numerical results

To illustrate the method, some examples are considered here.
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Example 1 Consider the one-dimensional Euler equations with initial conditions
p(x,0) =1+ 0.2sin(rx), v(z,0)=1, p(z,0) =1,
and periodic boundary conditions. The exact solutions are

p(x,t) =14+ 02sin(r(z —t)), v(z,t)=1, p(z,t)=1.

)

Beginning with

uél) 1+ 0.2sin(7x)
u=|u? | = 1 4+ 0.2sin(7x) , (28)
1 1
u(()S) m 4 5(1 + 0.2sin(7z))

we illustrate the first three approximations as follows:

ult) = 1-0.628319¢ cos(rz) + 0.2 sin (),

uy;”’ = 1—0.628319¢ cos(mz) + 0.2 sin(mz),

uy” = 2.5 —0.314159¢ cos(mx) + 0.5(1 + 0.2 sin(7x)),

uy’ = 1—0.628319¢t cos(mx) + 0.2sin(rx) — 0.98696t% sin(rx),

uy’ = 1 —0.628319¢ cos(mz) + 0.2sin(mz) — 0.98696¢° sin(7x),

uy” = 2.5 — 0.314159¢ cos(mx) + 0.5(1 4 0.2sin(7x)) — 0.49348t2 sin(mz),

uy’ = 1—0.628319¢ cos(mx) + 0.2sin(rx) — 0.98696t% sin(rx) + 1.03354¢> cos(rx),

uy’ = 1—0.628319¢ cos(mx) + 0.2sin(rx) — 0.98696t* sin(7x) + 1.03354¢> cos(7),

uy’ = 2.5 — 0.314159¢ cos(mx) + 0.5(1 4+ 0.2sin(7x)) — 0.49348t2 sin(7z) + 0.516771¢> cos(rx),

From the above iterations, we can easily calculate the wanted physical variables. The errors for p, v and p

after 35th iterations are illustrated in Figs. 1-3. It is very clear that the approximate analytic solutions are in
excellent agreements with the accurate solutions.

Example 2 Consider the two-dimensional Euler equations with initial conditions
p(x,y,0) =14+ 02sin(r(z +y)), u(x,y,0)=0.7, v(z,y,0)=0.3, p(z,y,0) =1,
and periodic boundary conditions. The exact solutions are

plx,y,t) =1+ 02sin(r(x —y) — (v +v)t), u(z,y,0)=0.7, v(z,y,t)=0.3, p(z,y,t)=1.

b
1.’\
'A.’. 2\
R N
L7 S KIPTEA
LA,

T

S 1L ORERS (\,Q\Q\ / 1.0 o
= LT N ML 5
s A AR TLNG /08 :
i -2 .l“.’:"igﬂ 0.6 =

Ly

Fig. 1. Error for p(x,t) obtained by using the VIM after Fig. 2. Error for v(x,t) obtained by using the VIM after
35th iterations. 35th iterations.
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Beginning with

u(()l) 1+ 0.2sin(w(x +y))
e 0.7(1 + 0.2sin(m(z + y)))
U T (29)
) 0.3(1 + 0.2sin(r(z +y))) ’
1 .
u® 77 T 02901+ 02sin(n(= +4)))

we illustrate some approximations as follows

ugl) =1—0.628319¢ cos(m(z + y)) + 0.2sin(rw(z + y)),

u'? = —0.439823t cos(r(z + y)) + 0.7[1 + 0.2sin(n(z + y))].

u$? = —0.188496t cos(m(z + y)) + 0.3[1 + 0.2sin(r(z + )],

ul? = 2.5 - 0.182212¢ cos(m(z + ) + 0.29[1 + 0.2 sin(r(z + y))],

From the above iterations, we can easily calculate the wanted physical variables. The errors at time 0.1 for
p,u,v and p after second iterations are illustrated in Figs. 4-7. It is very clear that the approximate analytic
solutions are also in excellent agreement with the accurate solutions.

In order to compare the numerical results of the VIM with other numerical methods, we also do the nu-
merical simulation by the conservative finite difference schemes. Here we use the first order Lax—Friedrichs
scheme and the first order centred (FORCE) scheme. For the derivations of these two schemes, we refer

to Ref. [31]. In all calculations, the computation domain is set to be [0,2] and periodic boundary conditions

Error

%

ol %" NFTD
NN IR
VA /7 )Q\i"'

VA2 T
7K
&

Error /1016
-l

\1///)) NS
h «'l" N
XN
L (A
=

Fig. 4. Error for p(x, y, t) obtained by using the VIM after

Fig. 5. Error for u(z, y, t) obtained by using the VIM after
second iterations at time 0.1.

second iterations at time 0.1.
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——

t\k‘&[r D /
’, '\‘;"f&\\/mf'{‘\ / / A

|

N

Error /10—16
o

Fig. 6. Error for v(x, y, t) obtained by using the VIM after
second iterations at time 0.1.

are used. The computation domain is equally divided
into 100 cells. Considering the time step restriction,
we choose the Courant-Friedrichs-Lewy condition to
be 0.9. We illustrate the numerical results at time
0.5 for density in Figs. 8 and 9. We can see that

1.2+
1.1
>
Z
‘m 1.0t
=1
5
)]
0.9 r Lax-Friedrichs
exact
VIM-6
0.8 @

0 1 2
x

Fig. 8. Comparison between Lax—Friedrichs scheme and
VIM after sixth iterations at time 0.5.

1.2
1.1}
>
i
F 1.0F
5]
A
097
FORCE scheme
exact

0.8 @ VIM-6

0 1 2

x

Fig. 9. Comparison between FORCE scheme and VIM
after sixth iterations at time 0.5.

27
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M’ "l, '\Q jb

|
—

Error/10—14

Fig. 7. Error for p(x, y, t) obtained by using the VIM after
second iterations at time 0.1.

the numerical results using the VIM after sixth iter-
ation are almost the same with the exact solutions.
The numerical results obtained by the Lax—Friedrichs
scheme and FORCE scheme are inferior to the VIM.
Furthermore, by using the above two finite difference
schemes we only get the numerical solution on some
discrete points. It is more difficult to do some analyt-
ical manipulation than the numerical solutions by the
VIM. When extending the above two schemes to two
dimensional Euler equations, in general, a dimension
splitting technique has to be used. It is more complex
than the same extension of the VIM.

5. Conclusions

In this work, we have achieved an approximation
for solutions of compressible Euler equations by ap-
plying the VIM. To the best of our knowledge, this
is the first attempt to extend the use of the VIM to
such equations. The numerical results show that the
VIM is one of the most reliable and efficient methods
in solving some compressible Euler equations. Com-
pared with most methods used now, we find that the
VIM is very reliable and easy to code. We believe that
the VIM may be widely used to find the approximate
analytic solutions of other nonlinear equations.
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