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Based on the constructed Lie superalgebra, the super-classical-Boussinesq hierarchy is obtained. Then, its super-

Hamiltonian structure is obtained by making use of super-trace identity. Furthermore, the super-classical-Boussinesq

hierarchy is also integrable in the sense of Liouville.
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1. Introduction

It has been an important and interesting topic in
soliton theory to search for new Lax integrable or Li-
ouville integrable systems, as many as possible, such
that they are associated with certain evolution equa-
tions with physical meaning. The simple and efficient
method to obtain continuous or discrete integrable
systems was proposed by Tu.l"2 Mal3 developed it
and called it the Tu scheme. By taking advantage of
it, a family of integrable systems and their integrable
couplings have been obtained.[*~13] For example, a ba-
sis for the Lie algebra A; was presented as
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The basis for loop algebra A; is {e1(n), ea(n), e3(n)|n €
Z} with z(n) =z ® A",z € A;. By making use of the
Tu scheme, we can obtain the isospectral problem of

the classical-Boussinesq hierarchy!*4
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L
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Taking V(™ = 3" _ (amer(n —m) + byea(n —m) +
cmes(n — m)) — cpp1e1(0), it admits the classical-
Boussinesq hierarchy
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With the development of soliton theory, super-
integrable systems and their super-Hamiltonian struc-

n.[15—20] 1

tures have been receiving growing attentio
1990, Hul'® proposed the super-trace identity first.
Then the super-trace identity was mentioned and ap-
plied to establish the super-Hamiltonian structures of
super-integrable systems.[!%17) Recently, Ma et al.l'®!
gave a systematic proof of super-trace identity and the

expression of its constant v. Meanwhile, he presented
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the super-Hamiltonian structures of super-AKNS hier-  can be worked out through Eq. (5), we call Eq. (6)
archy and super-Dirac hierarchy for application. The  a super-evolution equation. If there is a super-

main ideas in Ref. [18] are as follows: Hamiltonian operator J and a function H such that
Let A be a commutative superalgebra over R or 5H
C, and G be a matrix loop superalgebra over A with ur = K(u) = J%, (7)
the nondegenerate killing form. Based on G, we con-
sider the following isospectral problem then Eq. (6) is called a super-Hamiltonian equation.
If so, we say that Eq. (6) has a super-Hamiltonian
o = U(u, N, structure.
0r = V(u, N\, Ay = 0, (4) In this paper, we would like to consider the

super-classical-Boussinesq hierarchy and its super-

— q 3 ] 19— . . .
where u = (u1,us, ..., uq) € A? is a potential consist Hamiltonian structure, as there are some special tech-

ing of commuting and anticommuting variables, A is a niques to deal with.

spectral parameter. The compatibility of Eq. (4) gives
the zero curvature equation
2. The super-classical-Boussinesq
U —V,+[U,V]=0, (5) .
hierarchy

where [U, V] = UV — VU. If an equation
We consider the following Lie superalgebra G =

uy = K (u) (6) {3 Neihi € A,i=1,2,3,4,5.}
|
1 00 010 000 001 000
etr=10-10}, e2=1000])], es=|1001], ea=10 00|, es=]|001],
00O 000 000 0-10 100
le2, 1] = [ea, ea]l 4 = —2ea, [e3,e1] = [es5,e5]+ = 2e3, [ez,e3] = €1, [e1,es] = [e2,e5] = ey,
le1,e5] = [ea, e3] = —es5, [e2,eq] = [e3,e5] =0, [eq, 5]y = [e5, €]y = e, (8)
where ey, e, e3 are even and ey, e are odd,?! [-,-] and [-,-], denote the commutator and the anticommutator.

The corresponding loop Lie superalgebra G is given as follows:

[e1(m), e2(n)] = 2e2(m + n), [ea(m), ea(n)]4 = —2e2(m + n),

les(m), e1(n)] = 2e3(m + n), [es(m), e5(n)] 1 = 2e5(m + n),

[e2(m), e3(n)] = e1(m + n), [e1(m), es(n)] = es(m + n),

[e2(m), e5(n)] = ea(m + n), [e1(m), es(n)] = —es(m + n),

[es(m), ea(n)] = es(m + n), [e2(m), es(n)] = [e3(m), e5(n)] = 0,

[ea(m), e5(n)]+ = [es(m), ea(n)]+ = e1(m +n),m,n € Z. 9)

Consider the super-isospectral problem:

1
0. =Up,U = —e1(1) — qul(O) + rea(0) — e3(0) + uies(0) + uges(0), Ay = 0. (10)

Denoting

V= Z amer(—m) + bpea(—m) + cpes(—m) + dpmes(—m) + fmes(—m) = aeq + bes + ces + dey + fes,
m>0

solving the stationary zero curvature equation

Ve =0, V], (11)
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we have

Amy = bm +reg, + UQdm + ulfm,

1
bma: = _Qbm+1 - 2Tam - §qu - 2u1dm7
1
Crmz = 20m+1 — Qam + §qcm + 2u2fm7
1
dmw = —dm+1 — U1QAm — ’UQbm - qum + Tfma

1
fmx = fm+1 + Uy, — UICpy, — Ay, + ZQf'mu
bop = co = dy = fo = 0,a9 = a = constant # 0,

a1 = =207 ujug, by = —ar,c1 = o, dy = —auy, fi1 = —awus. (12)

1
From Egs. (12), we can obtain the following recursion relations for _§Gm+1, Cm+1s —2fmy1 and 2d,,41,

1 1
—§Gm+1 _§am
Cmtl || m (13)
_2fm+1 _2fm
2dma1 2d,,
with 1 1
*58 — 13’1115' — 2871161712 — a’lugé) Lo L3 Ly
9 18 1 1 0
- S0—2q  Su
L= 2 4 2 1 , (14)
—4ug —2uy Jd——q -1
4
4uq + 4ug0 2rus  —T —ujusy —0 — Zq +u2
1 1 1 1 1 1 1 1
\;/here Ly = —Zr— 18_17"8— 58_1(7"113 +u?), Liz= gul + 18_11“8—!— 18_1u1u§, Ly = —gUQ — 1(‘3_1113 +
18_11@5.
Denoting

Vi") = Z amer(n —m) + bpea(n —m) + cpmes(n — m) + dmes(n — m) + fres(n —m), v — \ny - V+(n)7
m=0

a direct calculation reads

V" L [U, V] = 2bps1€2(0) — 2¢011€3(0) + dps1€4(0) — fayres(0). (15)
Considering
Ve = v L AL A, = —cpiie(0), (16)
from the zero curvature equation U; — V:v(") + [T, V(”)] = 0, we obtain a new super-integrable system
U =V 4 U, V] = A + U, A,] = 0. (17)
Substituting Eq. (16) into Eq. (17), we have the following super-integrable system
1 1
q 0 40 0 O —gnt1 ~ 301
r 40 0 —Up U2 c c
up = = 1 o =T | = JP, g, (18)
w 0 —w 01 2 —2fn+1 —2fn+1
U2 ¢ 0 U _5 0 2dn+1 an.l’_l

where P, 1 meets the following: P,11 = LP,. If taking u; = us = 0 in system (18), it can be reduced to the
classical-Boussinesq hierarchy (3). So we call system (18) the super-classical-Boussinesq hierarchy.
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3. The super-Hamiltonian struc-
ture of the

Boussinesq hierarchy

super-classical-

Let a spectral matrix U be defined by
U=U(u,)\)
= eo(A) +urer(A) + ...+ ugeq(N),
UiEA,lgiSQ, (19)

where A is a commutative superalgebra over R or
C, G is a matrix loop superalgebra over A with the
nondegenerate Killing form, and e; € G,1 < i < g,
are A linearly independent. We define rank(U) =
rank(9/0x) = constant. If two solutions Vi,Vs € G
of the stationary zero curvature equation V, = [U, V]
possess the same rank, then they are A linearly de-
pendent on each other: Vi = vVa,~v = constant. Thus
we have the following two theorems:

Theorem 1 (The super-trace identity)!'®l Let
U = U(u,\) € G be homogeneous in rank. As-
sume that the stationary zero curvature equation has
a unique solution V € G of a fixed rank up to a con-
stant multiplier. Then, there is a constant v such that

5
Su / str(adyady, )dz

= /\_'YE%/\'Ystr(advadaU/au) (20)

holds for any solution V € G of stationary zero cur-
vature equation, being homogeneous in rank.

Theorem 2!'8] Let V be a solution to the sta-
tionary zero curvature equation. Then the constant
in the super-trace identity is given by

v = 7%1n|str(advadv)|v (21)

if str(adyady ) # 0.

Based on Lie superalgebra G in Egs. (8) and as-
sociated corresponding loop superalgebra G, a direct
calculation gives

0 —asz a9 as a4
—2as 2a1 0 —2a4 O
ada=1] 2a3 0 —2a;1 0 2as (22)
—ay —as 0 a1  ao
as 0 —as a3 —ai

for a = a1eq + ases + azes + ages + ases € C~¥7 where
adgb = [a,b],a,b € G, the bracket [,-] is the Lie su-
perbracket of G. If we define the compact super-trace

as follows:

str(c) = c11 + caa — c33,¢ = ab,a,b € G; (23)

str(P) = p11 + P22 + P33 — Paa — Pss,

where ¢ = (¢;j)3x3, P = (pij)5x5 and ab is the matrix
product of a and b, then we have

str(adsady) = 3str(ab). (24)
It is easy to compute that

str(adyady, ) = —6a,

Str(advadaU/aq) = —5
str(adyaday,ar) = 3¢,
(
(

a,

str(adyvaday/ou, ) = —6f,
str(adyaday/gu,) = 6d. (25)

By use of the super-trace identity (20), we have

% /(—6a)dx

T
— )\_7%)\’7 (—2@,30, —6f,6d) . (26)

Comparing the coefficient of A=~ yields

9
ou

3 T
= (y—n) (—2a,36n, —6fn, 6dn) ) (27)

(—=6ap4+1)dx

Since str(adyady) = 6a? = constant # 0, by us-
ing the computation formula (21), we obtain v = 0.
Therefore, we conclude that

67‘[7;, 2(1n+2
Po1=—, H,= | —=dux. 2
+ ou H / n+1 o (28)

Hence, the super-classical-Boussinesq hierarchy (18)
has the following super-Hamiltonian structure

OHn
Uy = JPn_H =J Su

,n > 0. (29)
Specially, the super-classical-Boussinesq hierarchy
(18) has the following super-bi-Hamiltonian structure

OHn,

Hp—
w = Py = J—=2 = M 7‘(2“17”21’

(30)

where the second compatible super-Hamiltonian oper-
ator M reads
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89 282 — g

—20% — ¢0 —Or —r0

—2U28 B 1

1 1
0 §u26+u1 - ung

1 1
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1
2
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