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Z-scan analysis of high-order nonlinear refraction
effect induced by using elliptic Gaussian beam*

Guo Shi-Fang(#(tH77)T and Tian Qiang(FH 5#)

Department of Physics, Beijing Normal University, Beijing 100875, China

(Received 21 May 2009; revised manuscript received 14 December 2009)

The irradiance of an elliptic Gaussian beam that is high enough to excite high-order nonlinear refraction effect is

used to calculate the normalized on-axis transmittance function in the z-scan technique by introducing complex beam

parameters which make the calculation simpler. The transmittance formula is applied to the first-, first two-, and

first three-order nonlinearities. Numerical evaluation shows that the symmetry no longer holds when using an elliptic

Gaussian beam instead of a circular Gaussian beam. A distortion is observed in the central part of the curve, which

decreases as ellipticity increases. Moreover, the variation of the normalized peak-valley difference decreases as ellipticity

decreases.
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1. Introduction

The z-scan technique is a method with which
nonlinear refractions in solids, liquids and liquid so-
lutions can be rapidly measured through the Gaus-
sian decomposition method given by Weaire et al.
Simple methods of data analysis are discussed for
“thin” and “thick” ! ~2%] nonlinear medium conditions,
on-axis and off-axis conditions, 2627 thermo-optical
effect condition,?$29 two-colour z-scan,3%31 time-
resolved excite-probe z-scan,[®233] top-hat beam z-

[34,35] [36]

reflection z-scan, and eclipsing z-scan

[37—41]

scan,
(Ez-scan).

Most of them analysed only the first-order
nonlinearity,[*6—48] however, higher-order nonlinear-
ity is also involved in z-scan experiments, especially
with semiconductors and organic materials,[!3:42—44]
as more powerful lasers are used for pump sources in
this kind of experiment.

Therefore, a theoretical infrastructure for higher-
The first two-order

nonlinearity is discussed by Sheik-Bahae et al. How-

order nonlinearity is desirable.

ever their analyses were restricted to circular Gaus-
sian incident beams without dealing with the more
general case of an elliptic Gaussian beam. Then,
an extension of the Gaussian decomposition (GD)
method to higher-order nonlinearities in the general
case of an elliptic Gaussian incident beam was pre-
sented in Ref. [40], where the method was applied to
the first two-order nonlinearity, and the calculation

of the transmittance encountered tremendous difficul-
ties.

In the present paper, we introduce complex beam
parameters in deducing the on-axis transmittance for-
mula which is much simpler than the other method of
calculating high-order nonlinearities using a Gaussian
beam. The formula is applied to the first-, first two-
and first three-order nonlinearities separately.

2. Complex beam parameter

method of studying high-order
nonlinear refraction effect in-
duced by using an elliptic

Gaussian beam

In this section, we present a method to calculate
high-order nonlinearities induced by using an elliptic
Gaussian beam through introducing complex beam
parameters, which makes simpler the calculation of
the normalized transmittance in z-scan technique.

A general profile of an elliptic Gaussian beam is
presented in Fig. 1 by referring to Ref. [39], where we
set x-focus to be the origin z = 29, = 0. 2o, and zp,
are the locations of the waist in z and y directions re-
spectively. The y-focus is set at z = 209y = azr, which
also denotes the distance between z-focus and y-focus.
Here, a is a rational number, we set a = 1,2,3,4,5. ..
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in the calculation later. Meanwhile, the lengths of the
semi-axes at the waists of the beam are set to be equal
to each other (wo, = woy = wyp), and consequently the
Rayleigh lengths for each principal direction are equal
(2r, = 2R, = zr). The electric field of the elliptic
Gaussian beam is given by[*%!

I 1/2
E(xvyaz7t) = EO |:0:L’0yz):|

wnle)n 2

e [‘ wxm B w%z)l

. er [‘ 2}32) B 2;‘1/()}

x exp[—ikz +i0(2)], (1)

where k = 27/ is the wave vector, and A is the laser
wavelength, both in free space. Ey denotes the radi-
ation electric field at the focus, here, we consider an
instantaneous nonlinearity.

incident L
elliptic beam = 20y = 20\ R
(y-focus)
focusing z =20z =0
lens (z-focus)

Fig. 1. General profile of an elliptic Gaussian beam trav-
eling in the z direction.

The variations of the beam width and the ra-
dius of curvature in the two principal directions tend
towards each focus in the same fashion respectively,
which can be described by the following formula:

w?z,y(z) = w%x,Oy(l + Xi,y) ) (2)

(1+Xx2,)

Rx,y(z) = ZR. X ) (3)
zfy

where, X, = z/2g,, Xy = (2 —azgr)/zg,, and zg, , is
the Rayleigh lengths for the principal directions (z,y)
|

given by the relationship

kwd,
oy = b @

As we are concerned about the nonlinear refrac-
tion effect, when the beam traverses the sample, the
electric field encounters only a nonlinear phase shift,
which leads to external self-focusing or self-defocusing.
This is confirmed by the fact that the sample is thin
compared with the diffraction length of the beam
z Ry .y

Using the slowly varying envelope approximation
(SVEA), high-order nonlinear phase shift can be given

Ad(z,y, z)
2x 29
- A¢él)(z) ( 2 + yQ )
T wy
2 2
2) 4z 4y
(3) 6x 6y2
— Ay (2) (wg + wz)
2 2
(n) 2nx 2ny
2Nz?2  2Ny?
~adVe (B BE) o
z Yy

with A¢( (2) = A¢(Y /(1 4 22/23), where A" =
kAn(™(0,0)L is the n-order on-axis phase shift at fo-
cus x, N denotes the order number of the highest-
order nonlinearity, and L is the sample thickness.
Here,

An(O, O) = nolp + nglg + n4IS’ + -
+ Anl™(0,0) + -+ ™I, (6)

where n,; denotes the n-th order nonlinear refrac-
tion coefficient and Iy is the on-axis intensity at x-
focus.

The electric field that exits in the sample suffers
a nonlinear phase distortion, given as

Ee(xaya 2, Ad)) = E(Ivya Z) exp[fiAqS(x,y, Z)]

1/2 2 2
WozWoy . . aoL kx Cky
= Fy| —————— exp(—ikz +i0(2)) ex (—) ex {—1—1 , 7
o (e ) e @exp (<25 Jexp |-G —igh ™
where ¢, and g, are the introduced complex beam parameters on the two principal semi-axes, defined by
1 2 1 4 2x4 nx4
= i 4 AN () ——— — AP () ———— . AP (2)—— —
e e TRE M e TPk e
N x4
— AN
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1 . 2 1 _ 1 4 _ 9 2% 4 o " nx4 o
o e RO Me MYk T T M ke
N x4
— AN 9
A 0

where ¢, and g, contain all the information needed  and the imaginary parts to obtain
to specify its characteristics in the beam propagation.
The formulations of the g parameters permit the use of w2 (z 4 D) = w?(z)

ray matrices to propagate the beam through the opti-

cal systems. At the exit face of the sample the electric

2 _ 2
field propagates to the aperture plane, where the final way(z +D)= Wy ()

beam radius is Wy, qy (#) and the radius of curvature of _ S

the wave front is R,z qy(2) in the two principal semi-

axes directions. The complex beam parameters at the Ruz(z+D)=D |1— 9—12 , (14)
aperture plane and distance D from the sample, are 92+ ( 2D )
related by L kwi ) | )
Qaz = 4z + D, (10) Ray(z + D) =D |1- ] 2 ) (15)
GQay ZQy+D' (11) 954‘ (:w2>
L Y

After combining Eqgs. (8)—(11), we equate the real ~ where
|

1 1 4 9 2x4 n nx*4 N x4
gz =1+ {Rq«(z) - A%(Z)W - A%(Z)W - A%(z)m - A¢(])V(Z)lmagc(z)} D,(16)
=1+ |y ~ A sy — AR g~ A ) s~ — el () s | .07

Thus, the electric field at the aperture can be written as

Ealz,7, Ado) = Eo (“’OWO@’Z))UQ exp [—ikz + i0(2)] exp (‘“L) <“’w(z)wy(z)> Sin(2)

W, (2)wy( 2 Wa (2)Way (2)
ika? ikyQ}
X exp |— - , 18
[ 290 ZQay ( )
where y
1/2 4 .
wy (2)wy(2) in(2) 2D 9D
 Waalay — |\ s : 19
( WasWay ¢ o+ 1502 9y + Vew? (19)
1 1 2
Gon -1 20
Gax Rox (Z) ! kwgz (Z) ’ ( )
1 1 9 o
il i .
The on-axis electric field of the far field beam at the aperture plane becomes
1/2 ., .
ikz+i 2D 2D
By (2,0, Ady) = Eye—ol/? [ 0zWoy ~iketio:) (o 4 , | ’
(2, 0) 0€ wa(z)wy(z) e gz + lkw% gy + lkwg (22)

Using Eq. (22) together with Eqgs. (16), (17), (19), Eqgs.(2)—(4), we have the on-axis (closed-aperture) z-scan
transmittance of the far field beam at the aperture plane (D > zg)

2
‘Ea(z,r =0,A8(", A0P . A .,AQSE)N))‘
T(Z,A@o) =

2
’Ea(z,r =0,A8Y =0,A0Y =0,..., A0 =0,... ADN) = 0)‘
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((x—a)*+1)(1 +2%)°

= 23
(AB)1/2 ’ (23)
where
v 2 (24)
ZR
2
A= (2A¢él) +2*2*Ad5(()2)+---+2*n*Ad5E)n)+~-~+2*N*A¢8N))
2

- (1 +22° 4 2t — 20A0) — 4z ABP) — .. —2mABYY — ... — 2Nz AV >) : (25)

B = [((l‘ —a)? + 1)1 +2%) —2(z — a)A@él) —4(x — a)AQP((f) — - —2n(x — a)A@én) —
2 2
—2N(x—a)Aq§gN>] + (2A¢§)l)+2*2*A<1582)+--~+2*n*A¢é”)+--~+2*N*A¢§)N)> . (26)

When N = 1 (the first-order nonlinearity) and a = 0 (circular Gaussian beam), the on-axis (closed-aperture)
z-scan transmittance tends to be

1

dx (1) 4 I
(22 + 1)2A¢0 + (x2 +1)3 {A@O ]

71 —

(27)

Equation (27) is identical to Eq. (11) in Ref. [18].

In small nonlinear phase shift condition (AP (t) < 1) equation (27) reduces to the result of the distributed-
lens model proposed by Sheik-Bahae et al. They also derived an expression for on-axis z-scan transmittance for
a small phase shift by adopting a Gaussian decomposition method given in Ref. [7], which is expressed as

4z AP

7O =7 770
(1+22)(9+ 2?)

(28)

Therefore, we are confident to continue the discussion in Section 3.

3. Application to the first-, first two- and first three-order nonlinear-
ities
In this section, we apply Eq. (23) to the first-, first two- and first three-order nonlinearities.

For the first two-order nonlinearity, we have the on-axis (closed-aperture) z-scan transmittance

((x —a)?+1)(1 +22)3

T (2, Ady) = 29
(27 0) (A2B2)1/2 ’ ( )
2 2

Ay = (20800 +480(7) "+ (14202 + 2" — 2080 — dwa0?)”, (30)

2 2
By = [((z - @ + 1)1 +2%) — 22 — ) A" — 4w — 0)AS |+ (200(" +480(7)". (31

For the first three-order nonlinearity, we have the on-axis (closed-aperture) z-scan transmittance
—a)? +1)(1 +2°)°

Tz, Ady) = (E= D 32
(Z7 0) (A3B3)1/2 Y ( )

o\ 2 o\ 2
Ay = (mq&g” +4ASP + 6Aq§ff)> + (1 +22% + 2t — 2288 — dzASP) — 63;Aq6§ﬁ)) : (33)

2
By = [((x —a)? +1)(1+2%) — 2(z — a) A — 4(z — a) ADP) — 6(z — a)mff’)]
2

+ (200" + 429 +680) . (34)
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In order to analyse the influence of the ellipticity
of the cross section of the beam at the origin on the
result, we define the ellipticity of the cross section of
the beam at the origin (z-focus) as

= = = . 35
P wy(0)  woy(1+a2)1/2 (14 a2?)1/2 (35)

Simulations of the transmittance in the close aperture

z-scan experiment, concerning the first-order nonlin-
earity, are shown in Figs. 2 and 3 for a = 0 (circular
Gaussian beam p = 1) and a = 5 (p =~ 0.2) respec-
tively. The curves in Fig. 2 are the same as those in
Fig. 1(b) in Ref. [18].

| N=1,z0y =202 =0

Normalized transmittance T'

Fig. 2. Theoretical plots of closed-aperture z-scan trans-
mittance T for only the first-order nonlinear refraction in-
duced by using a circular Gaussian beam (zoy — 204 = 0)
versus ¢ = z/zr. The curves 1, 2 and 3 correspond to
the on-axis first-order nonlinear phase shift at the z-focus
A@gl) = 6.0,A4581) = l.O,AtPél) = 0.1, respectively.

1.8

N=1,

20y = 20z = 52R [ |~

Normalized transmittance T

—10 -5 0 5 10

xT

Fig. 3. Theoretical plots of closed-aperture z-scan trans-
mittance for the first-order nonlinear refraction induced
by using an elliptic Gaussian beam with the distance be-
tween z-focus and y-focus zoy — 20 = 5zr (p =~ 0.2) ver-
sus ¢ = z/zg. The corresponding on-axis nonlinear phase
shifts at the x-focus are A<15(()1> = 1.0 and A@gl) =—1.0.

Figure 3 shows the on-axis transmittance for only
the first-order nonlinear refraction induced by using
an elliptic Gaussian beam with ellipticity p ~ 0.2. In
contrast to Fig. 2, there are two main effects induced

by using an elliptic Gaussian beam instead of a cir-
cular Gaussian beam. First, a distortion is observed
in the central part of each curve, which is due to the
astigmatism of the elliptic Gaussian beam. The dis-
tortion increases as the distance between z-focus and
y-focus, 20, — 20, = azr, increases, that is, the distor-
tion decreases as the ellipticity p increases. The other
effect is that the variation of the normalized peak—
valley difference AT},_, decreases as the ellipticity p
decreases, which we can see in Figs. 4 and 5.

2.5 :
N=1
1 =

2.0 a=0 1
2 a=1

1.5 3 a=2 2
4 a=3 !

1.0

Ry

0.5

Normalized transmittance T

—10 -5 0 5 10

Fig. 4. Simulated closed-aperture z-scan curves for the
first-order nonlinear refraction induced by using an ellip-
tic Gaussian beam with AQS(()I) = 1.0 and different values
of ellipticity p, p = 1 (circular) (curve 1), = 0.7 (curve 2),
~ 0.4 (curve 3), =~ 0.3 (curve 4) separately.

2.0 "
N=2

Normalized transmittance T

—10 -5 0 5 10

Fig. 5. Simulated closed-aperture z-scan curves for the
first two-order nonlinear refraction induced by using an
elliptic Gaussian beam with A@él) = 1.0, A@éz) = 0.1,
and different values of ellipticity p, p ~ 0.7 (curve 1),
~ 0.4 (curve 2), ~ 0.3 (curve 3) separately.

Closed-aperture z-scan transmittance for the first-
order (solid line), first two-order (dotted line) and first
three-order (dashed line) nonlinear refractions respec-
tively induced by using an elliptic Gaussian beam with
ellipticity p =~ 0.3 are all presented in Fig. 6. The dot-
ted line is so close to the dashed line compared with
the closeness between the solid line and the dashed
line that it almost overlaps the dashed line, which in-
dicates that the first three-order nonlinear refraction
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makes less contribution to the variation of the trans-
mittance than the first two-order nonlinear refraction.

e 12

2 Z0y — 20z = 3ZR A\

5 1.0 f\/\“\h—

=

% 0.8

3 |

- 3

+ U

< 0.6} 3

g A

N |

£ 04f \

o i

o \ j

“ 0.2 : . Y :
—10 —5 0 5 10

xT

Fig. 6. Theoretical plots of closed-aperture z-scan trans-
mittance for the first-order, first two-order and first three-
order nonlinear refractions induced by using an elliptic
Gaussian beam with the distance between z-focus and y-
focus zoy — 20z = 3zr (p =~ 0.3). We set Aéél) = 1.
The solid line corresponds to A@E)Q)/Aéél) = 0, the
dashed line to AQPSQ)/AQE)I) = 0.1 and the dotted line
to Ad(Y /Aaa) = 0.01.

20y — 20z = 3zRr
1.2 4

1.1 1

1.0 4

Normalized transmittance

0.9 4
distortion due to
astigmatism
0.8 1 y
0.7 T T T v T J
—12 -8 —4 0 4 8 12
T

In comparison with the result from G Tsigaridas
et al.*% who analysed the first two-order nonlinear
refraction induced by using an elliptic Gaussian in-
cident beam through Gaussian decomposition, see in
Figs. 7(a) and 7(b), we can find that the result that we
discussed above is the same as theirs. From Figs. 7(a)
and 7(b), a distortion is observed in the central part
of each curve, which decreases as ellipticity increases
(corresponding to the decrease of the distance between
a-focus and y-focus). Moreover, the variation of the
normalized peak—valley difference decreases as ellip-
ticity decreases, which is due to the asymmetry of the
elliptic Gaussian beam. The difference in the shape
of distortion between their result and ours is caused
by the different definitions of the location of z-focus.
We can obtain the same result of the first three-order
nonlinearity in the same way.
In short, the results of the first two- and
first three-order nonlinearites in this paper accord

with those obtained from the Gaussian-decomposition
method.

20y — 20z = D9ZR
o 1.2 4
Q
=}
a
E 114
&
2
s 1.0 1
B
el
_g 0.9 1
&
é 0.8 1 ; distortion due to
Zo - astigmatism
0.7 r—— Y—p——————
—12 —8 —4 4 8 12

Fig. 7. Theoretical plots of closed-aperture z-scan transmittance for the first two-order nonlinear refraction induced
by using an elliptic Gaussian beam, obtained through the Gaussian-decomposition method by G Tsigaridas et al.140]

4. Conclusions

A transmittance formula is presented for high-
order nonlinearities induced by using an elliptic Gaus-
sian beam in z-scan technique through introducing
complex beam parameters g, and g,. For the first-
order small nonlinear phase shift and the circular
Gaussian beam condition, the formula reduces to the
result of on-axis z-scan transmittance proposed by
Sheik-Bahae et al.l”) who proposed the z-scan tech-
nique. And, the results of the first two-order and
first three-order nonlinearities in this paper accord

with those obtained from the Gaussian-decomposition
method. The formula is applied to the first-, first two-
and first three-order nonlinearities separately. Numer-
ical evaluation of Eq. (24) shows that the symmetry
no longer holds due to the use of an elliptic Gaussian
beam instead of a circular Gaussian beam. A distor-
tion is observed in the central part of the curve, which
decreases as ellipticity p increases. Moreover, the vari-
ation of the normalized peak-valley difference AT},
decreases as ellipticity decreases, which is due to the
asymmetry of the elliptic Gaussian beam.
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