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Switching current distributions of an Nb/Al–AlOx/Nb Josephson junction are measured in a temperature range

from 25 mK to 800 mK. We analyse the phase escape properties by using the theory of Larkin and Ovchinnikov (LO)

which takes discrete energy levels into account. Our results show that the phase escape can be well described by the LO

approach for temperatures near and below the crossover from thermal activation to macroscopic quantum tunneling.

These results are helpful for further study of macroscopic quantum phenomena in Josephson junctions where discrete

energy levels need to be considered.

Keywords: Nb junctions, phase escapes, macroscopic quantum phenomena, discrete energy levels

PACC: 7450, 7490, 0367

1. Introduction

Macroscopic quantum phenomena in Josephson

junctions and circuits have attracted much attention

for nearly three decades,[1−4] and are becoming more

interesting due to the possible superconducting qubit

applications.[5] The simplest device in these studies is

the single Josephson junction biased at certain current

I. Such a device can be modeled by phase particle φ

with mass M = C(Φ0/2π)
2 and dissipative viscous

force 1/RC, which moves in a washboard potential

U(i, φ) = −EJ(iφ + cosφ). Here Φ0 = h/2e is flux

quantum, EJ = IcΦ0/2π, and i ≡ I/Ic. C and R are

the capacitance and effective resistance of the junc-

tion, respectively. For i < 1, the phase particle may

escape (phase escape) from the potential well via ther-

mal activation (TA) at high temperature T with the

rate[6]

Γt =
ωp

2π
at exp

(
−∆U

kBT

)
, (1)

where at = 4/(
√

1 +QkBT/1.8∆U+1)2 is a damping-

dependent factor, and via macroscopic quantum tun-

neling (MQT) at low T with the rate[3]

Γq =
ωp

2π
aq exp

[
−7.2∆U

h̄ωp

(
1 +

0.87

Q

)]
, (2)

where aq ≃ [120π(7.2∆U/h̄ωp)]
1/2. In the above ex-

pressions, ωp =
√

2πIc/CΦ0(1 − i2)1/4, Q = ωpRC,

and ∆U(i) = 2EJ [
√
1− i2−i arccos(i)] are the plasma

frequency, the quality factor, and the barrier height,

respectively.

Phase escape plays a central role in many of the

fundamental studies and of the superconducting qubit

applications. When dissipation is low, it leads directly

to junctions switching from the zero-voltage state to

the finite-voltage state that results from the particle

running in the washboard potential. With the in-

crease of dissipation, the running particle may be re-

trapped into one of the potential wells so that a pro-

cess called phase diffusion occurs. The rich physics

involved herein has made the current-biased junctions

an interesting system for the study of phenomena such

as quantum dissipation.[3,4] On the other hand, an un-

derstanding of the phase escape process, especially at

low temperatures where MQT dominates, is impor-

tant in some qubit applications. For example, the

macroscopic quantum states of a flux qubit are usually

detected from the switching of a dc-SQUID, which of-

ten has a small loop inductance and is therefore iden-

tical to a current biased junction.

Equation (2), used widely for fitting the experi-

mental results, describes the MQT rate of the phase

particle in the ground state and at T = 0, by also tak-

ing into account the influence of dissipation.[3] Consid-

eration of the excited states for T ≥ 0 was discussed by

Larkin and Ovchinnikov (LO)[7] and other authors.[8,9]

∗Project supported by the National Natural Science Foundation of China (Grant Nos. 10534060 and 10874231) and National Basic

Research Program of China (Grant Nos. 2006CB601007, 2006CB921107, and 2009CB929102).
†Corresponding author. E-mail: spzhao@aphy.iphy.ac.cn

© 2010 Chinese Physical Society and IOP Publishing Ltd
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn

067401-1



Chin. Phys. B Vol. 19, No. 6 (2010) 067401

The LO theory with considering discrete energy levels

is useful in analysing resonant activation phenomena,

etc.[9] and is sometimes necessary to explain phase es-

cape results when retrapping is involved.[10] In this

work, we present experimental data measured from

an Nb/Al–AlOx/Nb Josephson junction in a temper-

ature range from 25 mK to 800 mK. We discuss the

phase escape rate by the LO theory[7] and compare the

results with those obtained from other theories.[3,4]

2. Experimental results

For the junctions with low or moderate damp-

ing, phase escape leads directly to their switching

from zero to the finite voltage state. In our ex-

periment, we measured switching current distribution

P (I) by using the time-of-flight technique as described

elsewhere.[11−13] The bias current was ramped up at

a constant rate of dI/dt = 0.4 mA/s with a repeti-

tion rate of 97 Hz. In Fig. 1, we show the sample’s

I–V curve at 25 mK and the current profile for the

measurement. The results of P (I) at some typical

temperatures between 25 mK and 800 mK are shown

in the inset of Fig. 2.

Fig. 1. (a) The I–V curve of an Nb/Al–AlOx/Nb junc-

tion at 25 mK. (b) Sweeping current profile used for the

P (I) measurement.

The open symbols in Figs. 2(a) and 2(b) show the

temperature dependences of mean (⟨Isw⟩) and width

(σ) of the measured P (I) respectively. The dotted

lines and the solid lines represent the results calcu-

lated from the TA [Eq. (1)] and MQT [Eq. (2)] the-

ories, respectively, by using the standard conversion

between Γt,q and P (I).[14] In fitting to the experi-

mental data, the sample’s parameters Ic = 1.957 µA,

C = 620 fF, and R = 300 Ω are determined. Taking

the P (I) peak position at 25 mK in the inset of Fig. 2

(i ≃ 0.953), we find that the TA-to-MQT crossover

temperature Tcr = h̄ωp[(1 + 1/4Q2)1/2 − 1/2Q]/2πkB
calculated from these parameters is 62.4 mK, which is

in fair agreement with the experimental value of about

65 mK as indicated in Fig. 2(b).

Fig. 2. Experimental results (open symbols) of the mean (a)

and width (b) of P (I) (inset). Calculated results are shown

as dotted (TA theory) and solid (MQT theory) lines and solid

symbols (LO theory) using the parameters discussed in the

text. Experimental Tcr is indicated in panel (b).

3. Phase escape in LO theory

In the LO theory, discrete energy levels Ej (j =

0, 1, . . . , n) are considered and the level occupation ρj
satisfies the master equation[7−9]

dρj
dt

=

n∑
i=0

[γi,jρi − γj,iρj ]− Γjρj , (3)

in which Γj is the level tunneling rate and γi,j is the

transition rate between two different levels. When
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only the transition between the neighbouring levels

is considered, the above equation can be written in

the matrix form as follows:

dρ

dt
= Mρ, (4)

where

ρ = (ρ0 ρ1 · · · ρn)
T (5)

and

M =



−d0 γ10

γ01 −d1
. . .

−dn−1 γn,n−1

γn−1,n −dn


, (6)

in which 
d0 = γ01 + Γ0,

dj = γj,j−1 + γj,j+1 + Γj ,

dn = γn,n−1 + Γn.

(7)

The stationary solutions of Eq. (4) can be easily

obtained by using known parameters Ej , Γj , and γi,j ,

which can be calculated as described in Ref. [8]. If the

temperature is not too high, we have ρj/ρ0 ≪ 1. In

this case, the total escape rate of the phase particle is

ΓLO =
Γ0 +

∑n
j=1 Γj(ρj/ρ0)

1 +
∑n

i=1(ρj/ρ0)
. (8)

The solid symbols in Fig. 2 represent the calculated

results by using parameters Ic = 1.98 µA, C = 574 fF,

and R = 300 Ω. The results indicate that the LO the-

ory gives a satisfactory fit to the experimental data

for temperatures near and below Tcr.

The slight changes in Ic and C compared with

those used in Eq. (2) arise from the fact that dissi-

pation is not considered for Γj in the LO theory.[7,8]

Dissipation is known to have subtle influence on Γj

as can be seen in Eq. (2).[3,8] But analogous results

considering the dissipation for the excited states are

presently not available although equation (2) was gen-

eralized for the ground state to T > 0.[4]

One advantage of the LO treatment is that it pro-

vides an interesting quantum picture for particle es-

cape near the crossover temperature Tcr. In Fig. 3(a),

we plot the energy levels at T = 65 mK from our

calculation. The dependences of the product of oc-

cupation ρj and tunneling rate Γj on level for three

different temperatures near T = 65 mK are shown in

Fig. 3(b). It can be seen that at 50 mK, the major-

ity of the particles still escape from the ground state

at E0, whereas at 80 mK, particle escape at excited

levels becomes dominant. At Tcr ∼ 65 mK, particle

escapes at different energy levels are nearly equal.

Fig. 3. (a) Calculated energy levels by using bias I cor-

responding to the peak position of P (I) at T = 65 mK

and (b) dependences of product of level occupation ρj and

tunneling rate Γj on energy-level j for three different tem-

peratures near Tcr.

This gives an example illustrating how the par-

ticle escapes cross from the MQT regime to the TA

regime, where the escapes occur almost entirely at

levels near the barrier top. From Fig. 2(b), we can

see that there is a slight deviation in σ from the ex-

perimental data and from the TA prediction at the

two highest temperatures, which is caused by increas-

ingly unsatisfied condition ρj/ρ0 ≪ 1 required in the

calculation when the temperature is far above Tcr.

4. Conclusion

Switching current distributions of an Nb junction

are measured from 25 mK to 800 mK. Phase escape

properties are analysed by using LO theory that takes

discrete energy levels into account. Our results show

that phase escape can be well described by the LO

approach for temperatures near and below Tcr. These

results are useful for future study of macroscopic quan-

tum phenomena in Josephson junctions where discrete

energy levels need to be considered.
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