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A one-dimensional continuous analytic potential solution to a generic oxide–silicon–oxide system is developed.

With the analytic solution, the potential distribution in the silicon film is predicted. A physics-based relation between

surface potentials is also derived and then applied to the generic oxide–silicon–oxide metal–oxide–semiconductor field-

effect transistors (MOSFETs) for the calculation of surface potentials
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1. Introduction

Interest in the development of compact mod-

els for silicon-on-insulator (SOI) and double-gate

(DG) metal–oxide–semiconductor field-effect tran-

sistors (MOSFETs) has increased considerably

recently.[1−3] Nevertheless, a unified understanding of

the generic oxide–silicon–oxide system has not been

available so far.[4,5] In this paper, a continuous ana-

lytic potential solution to the generic oxide–silicon–

oxide system is developed. With the fixed point

method, the potential distribution in the silicon film is

predicted. A relation between the surface potentials is

also derived and then applied to SOI/DG MOSFETs

to calculate the surface potentials from the accumula-

tion region to the strong inversion region.

2. Solution derivation

As a generic oxide–silicon–oxide system, two gates

with different gate bias and geometry parameters

are assumed. For a P-type silicon body in an

oxide–silicon–oxide system, one-dimensional Poisson–

Boltzmann’s equation perpendicular to the interface

between the oxide and the silicon film is written as

d2ϕ

dx2
=

qNA

εsi

[
1− e(−2ϕF−V )/Vt

+ e(ϕ−2ϕF−V )/Vt − e−ϕ/Vt

]
, (1)

where ϕ is the electrostatic potential, q is the elemen-

tary charge, NA is the silicon doping concentration,

εsi is the silicon permittivity, Vt ≡ kBT/q is the ther-

mal voltage, with kB being the Boltzmann constant,

T the absolute temperature, and ϕF = Vt ln (NA/ni)

is the Fermi potential with ni the intrinsic carrier con-

centration, and V is the quasi-Fermi potential.

A general solution to Eq. (1) is derived by inte-

grating Eq. (1) twice thus yielding

ϕ− ϕsb = qb

[(
1− e(−2ϕF−V )/Vt

)
(1− t)

2

+ λ1 (t) e
(ϕsb−2ϕF−V )/Vt − λ2 (t) e

−ϕsb/Vt

]
+ Ebtsi (1− t) , (2)

where tsi is the thickness of the silicon film, qb =

qNAt
2
si/2εsi, ϕsb ≡ ϕ (x = tsi) is the electrostatic po-

tential at the back surface of the silicon film as the

reference point, Eb is the electric field at the reference

point, which is determined by the boundary condition

with Gauss’s law. And

λ1 (t) = 2

∫ 1

t

∫ 1

v

e(ϕ−ϕsb)/Vt dudv, (3a)

λ2 (t) = 2

∫ 1

t

∫ 1

v

e−(ϕ−ϕsb)/Vt dudv (3b)

with t, u, v = x/tsi being the normalized coordinates.
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Equation (2) together with Eq. (3) cannot be ex-

pressed by a rigorously analytic solution. But with

a fixed-point method, an approximate solution is ob-

tained. Note that equation (2) is an equation of the

form p = g (p) where p = ϕ − ϕsb, its root can be

approached by the sequence p1, p2, . . . , calculated by

pn+1 = g (pn) starting from a fixed-point p0. To ob-

tain an analytical solution of Eq. (2), this iteration is

just repeated analytically once or twice in our work

with a good initial guess. This process is very similar

to the fixed-point iteration method in the numerical

analysis and the convergence is ensured since equation

(2) satisfies the Lipschitz condition.[6,7]

The analytical approximation starts from a rough

initial solution guess ϕ − ϕsb = 0 called the local ap-

proximation. With this fixed-point solution, equations

(3a) and (3b) are simply written as

λ1 (t) = λ2 (t) = (1− t)
2
. (4)

A more accurate solution for ϕ − ϕsb is obtained by

substituting Eq. (4) into the terms on the right-hand

side of Eq. (2),

ϕ− ϕsb = qb

(
1− e(−2ϕF−V )/Vt + e(ϕsb−2ϕF−V )/Vt − e−ϕsb/Vt

)
(1− t)

2
+ Ebtsi (1− t) . (5)

Thus, solution (6) which is closer to the root of Eq. (2) is developed by substituting Eq. (5) into Eqs. (3a) and

(3b) again

λ1 (t) =
1

a

{
1− exp (c0) + c1

√
π exp

(
−c22

)
[erfi (c1)− erfi (c2)]

}
, (6a)

λ2 (t) =
1

a

{
−1 + exp (−c0) + c1

√
π exp

(
c22
)
[erf (c1)− erf (c2)]

}
, (6b)

where a = qb
[
1− e(−2ϕF−V )/Vt + e(ϕsb−2ϕF−V )/Vt − e−ϕsb/Vt

]
/Vt, b = Ebtsi/Vt, c0 = a (1− t)

2
+ b (1− t),

c1 = b/ (2
√
a) +

√
a (1− t), c2 = b/ (2

√
a) and erfi(x) is the imaginary error function, erf(x) is the error

function.

With this potential distribution relation, once the

potential at the reference point is known, the potential

distribution in the silicon film is also predicted from

Eq. (2) as shown in Fig. 1.

In the development of the compact model, the so-

lution of surface potentials is usually important. Ap-

plying Eq. (2) to the DG/SOI MOSFET structure, the

relationship between surface potentials ϕsf and ϕsb is

expressed as

ϕsf − ϕsb

= qb

[
1− e(−2ϕF−V )/Vt + λ1 (0) e

(ϕsb−2ϕF−V )/Vt

− λ2 (0) e
−ϕsb/Vt

]
+ Ebtsi. (7)

Fig. 1. Plot of the electrostatic potential distribution in

an oxide–silicon–oxide structure.

On the other hand, the surface potential is calculated

by combining with the well-known equation[4]

E2
f − E2

b =
2qNA

εsi

{
e(−2ϕF−V )/Vt

[
Vt

(
eϕsf/Vt − eϕsb/Vt

)
− (ϕsf − ϕsb)

]
+ Vt

(
e−ϕsf/Vt − e−ϕsb/Vt

)
+ (ϕsf − ϕsb)

}
, (8)
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where Ef and Eb are the surface electric fields given

by Gauss’s law

Ef =
Coxf(Vgf − ϕsf)

εsi
,

and

Eb =
Coxb(ϕsb − Vgb)

εsi
with Coxf(oxb) = εox/toxf(oxb) being the front-

gate/back-gate oxide capacitance, and Vgf/gb the ef-

fective front-gate/back-gate voltage, respectively.

The equation group of Eqs. (7) and (8) is solved

by using the Newton–Raphson method, thereby yield-

ing the surface potentials ϕsf and ϕsb. The obtained

surface potentials are shown in Fig. 2.

Fig. 2. Plot of the surface potentials from accumulation

to strong inversion in an SOI MOSFET.

3. Results and discussion

Figure 1 shows the potential distribution in the

silicon film in an oxide–silicon–oxide structure, and

figure 2 plots the surface potentials versus Vgf from ac-

cumulation to strong inversion for an SOI MOSFET.

The analytical results show good agreement with the

numerical simulations.[8] It is verified that the algo-

rithm is sufficiently robust for a large range of gate

voltages and geometry parameters. From Eq. (2), it

is evident that the obtained potential relation can de-

scribe both the monotonic and the non-monotonic dis-

tributions, depending on the boundary, e.g. the sign

of Eb. Figures 1 and 2 with different boundary con-

ditions prove that well.

We also proposed approximation (5) for ϕ − ϕsb

with simpler formulation and higher computing effi-

ciency. The practical test shows that approximation

(5) also has a high accuracy for the calculation of ϕsf ,

and just a small error of ϕsb appears in the strong

inversion region.[7]

Figure 3 shows the gate charge density Qgf as a

function of gate voltage. There are four distinct opera-

tion regions in SOI MOSFETs, i.e. the accumulation

region, the partially depleted (PD) region, the cou-

pling region, and the strong inversion region. The cou-

pling region appears only when the body is fully de-

pleted (FD), which is quite different from the conven-

tional bulk MOSFETs. Due to the fact that both the

electron and the hole are considered in the complete

Poisson–Boltzmann’s equation, thus, the obtained so-

lution is continuous and smooth from the accumula-

tion region to the strong inversion region. On the

other hand, the dynamic depletion of the SOI MOS-

FETs is perfectly captured by the developed solution

without any smooth function or fitting parameter.

Fig. 3. Front-gate charge densities in different operation

regions in a dynamic-depletion SOI MOSFET.

4. Conclusions

In this paper, a one-dimensional continuous an-

alytic potential solution to a generic oxide–silicon–

oxide system is developed. The presented solution not

only is valid to predict both the monotonic and non-

monotonic potential distributions in the silicon film,

but also captures the dynamic depletion characteris-

tics of DG/SOI MOSFETs. The proposed solution is

also quite suitable to the calculation of the surface po-

tentials from the accumulation to the strong inversion

region.
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