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Based on the vectorial Rayleigh—Sommerfeld integral formulae, this paper derives the analytical nonparaxial prop-

agation equation of a super-Lorentz—Gauss (SLG) SLGo1 mode beam in free space. The far field expression and the

scalar paraxial result are treated with special cases of the general formulae. According to the obtained analytical repre-

sentation, the nonparaxial propagation properties of the SLGp; mode beam are illustrated and analysed with numerical

examples. This research provides an approach to investigate the propagation of the SLGp; mode beam within the

framework of the nonparaxial regime.
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1. Introduction

With the same spatial extension, the angular
spreading of a Lorentz—Gaussian distribution is higher
than that of a Gaussian description.[l Therefore, the
Lorentz—Gauss beam provides an appropriate model
to describe highly divergent beams.[>3] The Lorentz
beam is a special case of Lorentz—Gauss beams. The
paraxial propagation of Lorentz—Gauss and Lorentz
beams in free space has been investigated.?l The vec-
torial structural property of a Lorentz—Gauss beam
has been examined in the far field.y On the ba-
sis of the vectorial Rayleigh—Sommerfeld integral for-
mulae, analytical propagation equations of Lorentz—
Gauss and off-axis Lorentz beams beyond the parax-
ial approximation have been derived.[>8] The focal
shift of a Lorentz—Gauss beam focused by an aperture-
lens system has been numerically investigated.[”) The
fractional Fourier transform has been applied to deal
with the propagation of a Lorentz beam.!®! The out-
come of a finite linear combination of Lorentz beams
is a super-Lorentzian beam.!?) Based on second-order
moments, the beam propagation factor of a paraxial
Lorentz beam is verified to be \@,[10] and the beam
propagation factor of a paraxial Lorentz—Gauss beam
is between 1 and v/2.'Y As a result, Lorentz—Gauss
and Lorentz beams are only valid for the description
of fundamental mode beams with high divergence.
Therefore, an orthonormal family of super-Lorentz—

Gauss (SLG) beam has been introduced to describe
high-order mode beams with high divergence.!'? The
lowest-order SLG beam is the SLGgy mode beam,
which is just the Lorentz—Gauss beam. The first-order
SLG beams are the SLGg; and SLG;o mode beams.
As to the SLG1g mode beam, it can be obtained by ex-
change of z and y in the field expression of the SLGy;
mode beam. Here, we mainly pay attention to the
SLGg; mode beam. As the physical picture of SLG
beams is similar to that of Hermite-Gaussian (HG)
beams, HG beams are chosen as the comparative ob-
ject. According to the beam order, the SLGg; mode
beam corresponds to the HGp; mode beam. In the
paraxial case, the divergence of the SLGp; mode beam
is verified to be larger than that of the corresponding
HGy; mode beam.?] Accordingly, the SLGg; mode
beam is more appropriate than the HGy; mode beam
to describe the first-order mode beams with high di-
vergence. However, the paraxial approximation is in-
valid for beams with a large divergent angle. In this
case, a nonparaxial model is in order. Therefore, the
nonparaxial propagation of the SLGy; mode beam is
investigated in this paper. Many approaches have
been proposed to deal with the nonparaxial propaga-
tion of laser beams,['3~16] and the vectorial Rayleigh—
Sommerfeld integral method is a suitable one.[!7:18! In
the present paper, the description of the SLGg; mode
beam is directly derived from the vectorial Rayleigh—
Sommerfeld integral formulae.
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2. Nonparaxial propagation of the SLGj;; mode beam

In the Cartesian coordinate system, the z-axis is taken to be the propagation axis. The SLGp; mode beam

in the source plane z=0 is described by!2l

2w01\/ WoxWoy Yo <i kp% >
E.(xg,10,0 exp
(r0.40:0)) _ o @ e "\ ) | 1)
Ey(370a3/070) 0

where pg = (22 + yg)l/ 2wy and wopy are parameters related to the beam widths of the super-Lorentzian part
in the z- and y-directions, respectively, k = 27/\ with A being the wavelength, gy = —ikw?/2 is the beam ¢
parameter in the source plane, wy is the waist of the Gaussian part. The time-dependent factor exp(—iwt) is
omitted in Eq. (1), and w is the circular frequency. By means of the vectorial Rayleigh—-Sommerfeld integral
formulae, the SLGo; mode beam propagating toward half free space z > 0 is found to bel'”!

Ey(r) = —;T/_O; /_Z EA%WOﬁ)%dxodyo, (2)
Ey(r) = _2177/—0:0 /_O; Ey(:cmyo,O)deodyo, (3)
E,(r) = 217/—2 /_Z (Ez(xo,yo,o)aGg;po) +Ey(x07y0,0)((m((;;fo))dxodyo (4)
with G(r, po) given by
G(r. po) = “PUNIT— pol) )

7 — pol

where r = xt + yj + zk, and pg = xot + yoj. The i, 7 and k are the three unit base vectors. The following

approximation is valid beyond the paraxial approximation!*9-2"]

pg — 2xwo — 2yy0)]

(6)

1
G(r,po) = —exp {ik <T+ 5

where r = (2% + y? + 22)'/2. Inserting Eqs. (1) and (6) into Egs. (2)-(4), we obtain the propagating SLGo;
mode beam as

—122W0z \/Wor Woy

E.(r)= - exp(ikr)Ti(z, 2)To(y, 2), (7)
Ey(r) =0, (8)
E.(r) = %\# exp(ikr)[xT(z,z) — To(x, 2)|T2(y, 2) (9)

with T3 (4, 2) and Tx(j, 2) given by

, iki2\ [ 1 17V R
T = - - el d 1
1(4,2) = exp < 2A7“) /,Oo jg + ng oxp [ 2r A Jo Jo; (10)

_ iki2\ [ o ikA (i N\,
Ty(j, 2) = exp ( — IO exp [ (L 11
2(J,2) = exp < 2Ar) /,Oo Jo+ ng oxp l o \Aa ° djo, (11)

where j = z or y (hereafter), and A = 14 1/qo. We note that the convolution of two functions f1(7) and fa(7)
is defined by

fin) @ = [ " R falr — n)dn, (12)

where the asterisk denotes the convolution. Equations (10) and (11) can be rewritten in convolution form as
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(. 2) :exp( i kj? ) [fl () ‘ (ix)] (13)  and fy(7) are given by
To(j,2) = exp( 12]1 > |:f3 ( ) % fa (i)] . (14) f1(§) = \/12?/2 ngl_H_Q exp(i&T)dr

T 1

where the auxiliary functions fi(7), fo(7), and f3(7) = 511)7 exp(—wo; [£]), (18)
are separately given by 0J A
2 .
1 f2(€ / (T ) exp(iér)dr
i) = s (15) "V
wo; + T e ( ; r§2>
; =4/—exp| — (19)
f2(7) = exp (12’“’4#) , (16) kA 2k
T o0 T .
Jo(r) = — T ~ (17) f3(8) = \/ﬂ/ w(2)j T2 exp(iéT)dr
W + 7
Tl - 2
The corresponding Fourier transforms of f1(7), fa(7), 13 ¢ exp(—woj; [£])- (20)
|
The convolution theorem of the Fourier transform has[?!
) s for) = [ ROR©ew(-1€n)de, (21)

Therefore, equations (13) and (14) turn out to be
- T ) [ v (o)
+/00<> exp [ 27;52 <w0_j —ii) 5] dg}, (22)
T5(j,2) = i %exp <_i§i1 ) {/OOO exp [_12;5/21 — (woj —&-ii) §}d§

[ (- 2

By performing the integrals, from Egs. (22) and (23) we obtain

1102) = go—esp (<5 ) V1 022) + ¥y Gl (29
n2) =g e (5 ) G2~ V(o) (25)

with VjjE (4, 2z) given by

. kA i\’ [kA j
+ _ .
Vi=(j,2) = exp l217“ (woj :|:1A> erfc [ 2ir <woj :|:1A> , (26)
where
erfe(x / exp(—s?)ds (27)
f

is the complementary error function. Therefore, the analytical nonparaxial equation of the SLGg; mode beam
is found to be

By(r) = Y00 1 4y V(o V(9 2) — Vi, ] exp (—")> exp [i (1 - ”)} @)

4r? w(r rw?(r)
k\/WozWoy ) ) _ _
E.(r) = Y25 (@ — iwoo) Vi (2,2) + (2 + iwon) Vi (2, 2]V, (4,2) = Vi (y,2)
2

X exp (- — (r)) exp [i (kr - Tfu"f(j) ﬂ , (29)
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where p = (22 + )2, w(r) = wo(l + r2/22)'/? is the beam radius of the Gaussian part, and z, = kw?/2.
Now, we compare the nonparaxial propagation equation of the SLGg; mode beam with that of the SLGgy mode
beam, which has been reported in Ref. [5]. The main difference is that their nonparaxial field expressions in
the y-direction are different. For the SLGo; mode beam, there is a minus between V,(y,z) and V, (y, 2),
while for the SLGop mode beam, there is a plus between V,(y, z) and V" (y, z). However, the nonparaxial field
expressions of the SLGgg and SLGg; mode beams are identical in the x-direction.

The far field and paraxial expressions of the SLGyp; mode beam can be also obtained under the far field
and paraxial approximation conditions. In the far field regime, equation (6) can be further simplified to be

G(r, po) = %exp {ik (r - W)} . (30)

r

As a result, the far field distribution of the SLGg; mode beam turns out to be

k T 2 2
butr) = e (4 g ) o (75 ) e (£ 4 7)o (35 oo (£ - 357)
X [exp (fj) erfc (J{; + Qf) — exp <_f§7’> erfc (J‘Z; — 2]”)} exp(ikr), (31)
k\/ 2 Woy 2 .
E.(r) = Zozwo exp (f2 ?2) {( — iwog) exp (ffr) erfc (J{x + Qﬁn)
+ (x + iwps) exp (_fxr) erfc (fJ; - 2?7") }

X {exp <_fjr> erfc <J{y - 2fr> exp (é) erfc <;; 23;“7") } exp(ikr), (32)

f = l/kaa faﬁ = l/kwoxa f’y = 1/kw0y7 (33)

where

are the f-parameters. The parameter f is a measure of the relative spot size of the Gaussian part wo/\. If wo/A
is much larger than 1, the paraxial approximation is allowable for the Gaussian part; otherwise the nonparaxial
correction of the Gaussian part should be taken into consideration. The parameters f, and f, are the measures
of the relative spot size of the super-Lorentzian part in the z- and y-directions wo, /A and wo, /A, respectively.
If woz /A and wo, /A are much larger than 1, the paraxial approximation is permissible for the super-Lorentzian
part; otherwise the nonparaxial correction of the super-Lorentzian part should be taken into account.

The propagation equation of the SLGp; mode beam in the paraxial regime can be treated as a special case
by using the paraxial approximation

r=z4-— =2z (34)

Accordingly, the paraxial SLGgp; mode beam yields

E.(r) = @exp {ikz—pQ} {P;< - - >+P3’( 3 3 ﬂ

wi(l+iz/z) 1+iz/z 1+iz/z 14+iz/z. 1+iz/z

Yy z

Y i -
P - P 35
. { Y <1+iz/zr’1+iz/zr> v (1+iz/zr’1+iz/zr)] (35)

with PjjE (4, 2) given by
Pi - _ k . \2 f If .
(4, 2) = exp —2iz(woji1j) erfc —Qiz(wojiu) . (36)

As the longitudinal component is negligible in comparison with the x component, it is neglected within the
(22]

paraxial approximation.
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3. Numerical calculations and analyses

Figure 1 represents the normalized intensity distribution of the SLGg; mode beam with different parameters
in the source plane, where the normalized intensity is given by (|[E.|* + |E,|> + |E-|*)/ (| Exs|” + |Ey|* + | E|*)max-
The subscript max denotes taking the maximum of intensity. For comparison, the normalized intensity of the
HGp; mode beam with the same f is also depicted in Fig. 1(d). The beam spot of the SLGy; mode beam
is composed of two lobes and located at the y-axis. In the source plane, the beam spot of the SLGg; mode
beam is smaller than that of the corresponding HGy; mode beam. The normalized intensity distributions of
the SLGg; mode beam and the HGy; mode beam in the reference plane z = 5z, are depicted in Fig. 2. For
comparison, parameters in subfigures (a)—(d) of Fig. 2 correspond to those in subfigures (a)—(d) of Fig. 1. In
the nonparaxial regime, the divergence of the SLGg; mode beams is still larger than that of the corresponding
HGy; mode beam.

Now, we quantitatively investigate the difference between the nonparaxial and the paraxial results. As
the SLGg; mode beam depends on three parameters f, f,, and f,, we investigate the influence of these three
parameters on the difference between the nonparaxial and the paraxial results.

First, an appropriate reference plane is to be selected. Figure 3 represents the normalized intensity dis-
tribution of the SLGg; mode beam in the difference reference planes. As I(0,y, z) is independent of f, and
I(z,0,2) is equal to zero, the normalized intensity distribution in the section plane y = x is examined. The
reference planes are z = z,., 5z, and 15z,, respectively. The parameters used for the calculation are chosen as
follows: f =0.2, f, =0.01, and f, = 0.02. The solid and the dotted curves correspond to the nonparaxial and
the paraxial results, respectively. As shown in Fig. 3, the difference between the nonparaxial and the paraxial
results is nearly independent of the axial propagation distance z. Therefore, the reference plane z = 5z, is used
in the following calculations.

1.0

y/A
Normalized intensity

y/A
Normalized intensity

Fig. 1. The normalized intensity distributions of the SLGp; mode beam and the HGp; mode beam in the source plane
f = 0.35. (a) SLGo1 with fr = fy = 0.35; (b) SLGo1 with fz = 0.1 and fy, = 0.2; (c¢) SLGo1 with f; = 0.01 and
fy = 0.35; (d) HGo1.
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Fig. 2. The normalized intensity distributions of the SLGp; mode beam and the HGp1 mode beam in the reference
plane z = 5z, f = 0.35: (a) SLGo1 with fz = f;, = 0.35; (b) SLGo1 with f; = 0.1 and f; = 0.2; (c) SLGo1 with
fz =0.01 and f, = 0.35; (d) HGox1.
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Fig. 3. The normalized intensity distribution of the SLGp; mode beam in the section plane y = z, f = 0.2, f; = 0.01,
and fy = 0.02: (a) 2 = zr; (b) 2 =52r; (¢c) 2 = 152,

Then, f, and f, are fixed, and we examine the influence of the parameter f on the difference between
the nonparaxial and the paraxial results. For a Gaussian beam, the paraxial approximation condition is wq >
22\ /T 0.9).123] Accordingly, the case of wy being less than the wavelength is referred to as the nonparaxial
case.[24] Here, the nonparaxial range denotes that the wg, wo., and wg, are values between 0 and A. In other
words, if f, fz, and f, are larger than 0.159, they are within the nonparaxial range; otherwise they are in
the paraxial framework. In Fig. 4, f, and f, are kept to be 0.01 and 0.02, which denotes that they are both
in the paraxial framework. The parameter f is a variable. f = 0.35, 0.2, and 0.1 in subfigures (a)—(c) of
Fig. 4, respectively. When f is relatively large such as f = 0.35, the difference between the nonparaxial and
the paraxial results is very distinct. As f decreases, the difference between the nonparaxial and the paraxial
results also decreases. When f is small such as f = 0.1, the nonparaxial result is in good agreement with the
paraxial result.
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Fig. 4. The normalized intensity distribution of the SLGo; mode beam in the section plane y = «, the reference
plane is z = 5z, fz = 0.01 and f, = 0.02: (a) f =0.35; (b) f =0.2; (c) f=0.1.

Finally, the influences of the parameters f, and f, on the difference between the nonparaxial and the
paraxial results are investigated and shown in Fig. 5. According to Fig. 4(c), f is set to be 0.1, f, = 0.5 and
fy = 0.02 in Fig. 5(a). In Fig. 5(b), f; = 0.01 and f, = 0.5, whereas f, = f, = 0.5 in Fig. 5(c).
parameter of f, and f, is within the nonparaxial range; the difference between the nonparaxial and the paraxial

Only one

results cannot be apparently detected. When the two parameters f, and f, are both within the nonparaxial
regime, the difference between the nonparaxial and the paraxial results is noticeable. Therefore, the parameter
f mainly determines the nonparaxiality of the SLGg; mode beam. When f is within the nonparaxial range
or when f, and f, are both within the nonparaxial range, the SLGy; mode beam must be treated within the

nonparaxial framework.

1.2 1.2
1 @ 1 ()

5 0.8 0.81
00
Z - 4
£ 041 0.4-
=~ -1 -

0 1 0

—-30 -—15 0 15 30 =30 15 0 15

z/A z/A

Fig. 5. The normalized intensity distribution of the SLGp1 mode beam in the section plane y = x. The reference
plane is z = 5z, f = 0.1: (a) fz = 0.5 and fy = 0.02; (b) fz = 0.01 and f, = 0.5; (¢) fz = fy =0.5.

To compare the nonparaxial propagation of the SLGg; and SLGgg mode beams, the normalized intensity
distribution of the SLGgy mode beam in the section plane y = x is depicted in Figs. 6 and 7. The parameters
in subfigures (a)—(c) of Fig. 6 correspond to those in subfigures (a)—(c) of Fig. 4, respectively. The parameters
in subfigures (a)—(c) of Fig. 7 are the same as those in subfigures (a)-(c) of Fig. 5. Through comparisons, we
can find that the influences of the parameters f, f, and f, of the SLGoy mode beam on the difference between
the nonparaxial and the paraxial results are slightly smaller than those of the SLGg; mode beam.

1.2 1.2 1.2
. { (a) 1 M 1 (o)
g 0.8 0.8 1 0.81
B 0.4 0.4 1 0.4
N - - -

01 0 0+

T T T T T T T T T
—4 -2 0 2 4 70 -35 0 35 70 —16 —8 0 8 16
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Fig. 6. The normalized intensity distribution of a SLGgp mode beam in the section plane y = z. The reference
plane is z = 5z, fz = 0.01 and f, = 0.02: (a) f =0.35; (b) f =0.2; (c) f=0.1.
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Fig. 7. The normalized intensity distribution of the SLGgp mode beam in the section plane y = x. The reference
plane is z = 5z, f = 0.1: (a) f» = 0.5 and fy = 0.02; (b) fz = 0.01 and fy = 0.5; (¢) fz = fy =0.5.

4. Conclusions

Based on the vectorial Rayleigh—Sommerfeld integral formulae, the analytical nonparaxial propagation

expression of the SLGp; mode is derived in free space. The far field expression and the scalar paraxial result

are also treated with special cases of the general formulae. According to the derived formulae, the nonparaxial

propagation properties of the SLGg; mode beam are illustrated and analysed with numerical examples. In the

nonparaxial case, the divergence of the SLGg; mode beam is still larger than that of the HGy; mode beam. The

parameter f mainly determines the nonparaxiality of the SLGg; mode beam. When f is within the nonparaxial

range or when f; and f, are both within the nonparaxial range, the SLG(; mode beam must be treated within

the nonparaxial framework. This research reveals the propagation behaviour of the SLGg; mode beam beyond

the paraxial approximation and provides an approach to investigate the nonparaxial propagation of the SLGg;

mode beam. The nonparaxial propagation of other SLG beams can be analysed by the same procedure.
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