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Understanding the cooperation-competition dynamics is a long-standing challenge in studying complex systems.

Inspired by the idea of Shannon entropy, we define competition information entropy and propose an entropy evolution

model. The analytic results of the model of the relation between competition gain distribution parameters and entropy,

as well as the relation between entropy and time are compared with empirical results obtained in 14 real world systems.

They are found to be in good agreement with each other.
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1. Introduction

Simultaneous cooperation—competition of com-

plex system elements has been a fascinating research

1,2] 3—5] [6—8]

ecological, | social,

8—10]

topic in commercial,|

biochemical,’® economical,! and some techno-

[11=19] Different models have been

logical systems.
proposed for the description of the cooperation—
competition dynamics.[*~1% Among the systems, the
cooperation—competition networks described by bipar-

t,11=191 which contain two

tite graphs are of interes
types of nodes.l2% One is called the “acts”, which can
be organizations, events, or activities, and the other is
named the “actors”, who are participants. The actors
may be human beings, such as movie actors who take
part in screening a movie (an act), or athletes who
join a sport event (an act) in the Olympic Games.['®!
They may also be something abiotic, but influenced by
human beings. The actors, for example, can be some
languages, which coexist in a geographical or political
region (an act). After long consideration, the language
can be regarded as being a competition to be used by
more people. Cocktail ingredients may be mentioned
as another example for actors, which compete in a
cocktail to occupy more content.'8] Often in each act
some actors make concerted efforts to accomplish a
task and often create a type of production. The pro-
duction often induces several kinds of resources. The

actors, when they are cooperating, are also competing
for a larger piece of the resources. For example, some
Hollywood actors work together to produce a movie,
which should bring ticket office income and reputa-
tion. The former is countable, while the latter is not.
From a different viewpoint, some languages cooperate
to create “oral and written communications” between
different kinds of people in an act (region). The num-
ber of people who use a certain language can be re-
garded as a countable resource, which the actor (the
language) shares. In order to describe the cooperation
sharing or competition gain, Fu et al. defined an “ac-
tor node weight”." Basically it was defined as the
part of a countable resource, which the actor shares
or gains. However, the actual competition intensity
of two actors should depend on the act size, T, which
is defined as the number of the actors taking part in
the act. If Z; denotes the total countable resources in
act [, and z; denotes the part gained by actor i, the
weight of actor i in act [ is defined as Wj; = Tjzy.
The normalized node total weight (NNTW) is de-
fined as w; = (X2, W)/, [(>2, Wyy)] 1247190 In
Ref. [18] we presented definitions and interpretations
of 14 real world bipartite cooperation—competition
networks. Some information is presented in Table
1. We empirically found that in all the networks the
NNTW distributions obey the so-called “shifted power
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law (SPL) functions”.['>'8] The function can be ex-
pressed as P(w) o (w+ «)”7. When a = 0, it takes
a power law form. On condition that w is normalized
(0 <w; <1and Z{;l w; = 1, where L denotes the
total number of w), we can provel'®! that the SPL func-
tion turns into an exponential function when o — 1.

|

Therefore an SPL interpolates between a power law
and an exponential function. Actually, similar and rel-
evant interpolated distribution functions, such as the
generalized Pareto distribution, 222! the stretched ex-
ponential distribution, 23 the Pareto-Lévy law[?¥ and
the Yule-Simon distribution!?® have been proposed.

Table 1. Definitions and parameters of 14 real world collaboration—competition networks.

real world networks act actor NNTW Na ¥ T /year
2004 Athens Olympic sport events athletes sport scores 4500 3617 2.28x1074
university matriculation batches universities lowest matriculation marks 2277 3684 0.016
supermarket commodities supermarkets buyer’s marks 6.27 8.21 no data
PC selling notebook PC types shops selling price 4.15  6.063 3

IT product products factories order of evaluation 2.86  4.465 28
undergraduate courses scientific subjects general courses number of students on a course 1.21 3.16 55
university recruitment university middle school number of matriculated students 0.897 2.696 no data
human acupuncture point diseases acupuncture points acupunctured number 0.842  2.552 no data
book borrowing scientific subjects book number of books borrowed 0.035 2.187 no data
Beijing restaurant dishes restaurants grades by clients 0.122 2.118 75
training institution training courses institutions charges of a course 0.174  2.100 7
mixed drink drink ingredients content of an ingredient 0.0766 1.783 340
China mainland movie actors movies number of downloads 0.0497 1.662 26
world language countries languages population of a language 0.0086 1.632 2520

Since both of the NNTW distribution parameters,
« and y describe the heterogeneity of the competition
gain distribution, 519 after reading Table 1, one may
ask why the real world networks show such different
heterogeneity. To answer the question, an evolution
model of a network property relating to the hetero-
geneity must be proposed. In this article we present a
model of network entropy evolution. It is well known
that the Shannon entropy in information theory can
be expressed as Sg = —kg Z?:l p; Inp; where p; de-
notes the appearance probability of the i-th state, and
ks is the famous Shannon entropy constant. The en-
tropy is a measure of uncertainty, or the averaged in-
formation content one needs for knowing the value of
the random variable.[2¢! If p;=1, and all the pj (j # 1)
=0 (the most heterogeneous circumstance), Sg = 0
which means that no further information is needed
If p, = 1/n (i = 1,...,n, the
most homogeneous circumstance), Ss = kglnn, the

for the prediction.

largest information content is requested. Inspired by
this idea, we will propose an entropy description of
the NNTW distribution so that an understanding of
cooperation—competition network evolution can be ob-
tained. The rest of the present article is organized as
follows. In Section 2 we will propose the definition of
the entropy. The network evolution model by means
of the entropy and the analytic discussion on the rela-

tion between the NNTW distribution parameters and
the entropy, as well as the relation between entropy
and time, will be presented in Section 3. In Section 4
we will compare the analytic results with the empirical
results obtained for the aforementioned 14 real world
networks. In the last section, Section 5, a summary
and discussion will be presented.

2. Competition information en-

tropy

Consider a “one winner game” where N players
compete for only one award. Let the game repeat M
times, if the ¢-th player wins m times then u; = m/M
can be considered as his winning probability on con-
dition that M is large enough. In the light of Shan-

N
— > il uilnu; as
the “competition information entropy” of the system,

non entropy, we may define S, =

which interprets the total information content needed
for a winner prediction. If the i-th player wins all the
M times, i.e. he plays much better than the others
and certainly wins every time, we have u;=1, and all
the u; (j # i) =0, then S, =0, one can make the easi-
est prediction. If u; = 1/N (each player has the same
probability of winning), then S, = In N; the predic-
tion is the most difficult to make and the largest infor-
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mation content is required. Correspondingly, u; Inwu;
can be considered as the information content needed
for the i-th winner prediction.

For the aforementioned real world cooperation—
competition networks, in each empirically observed
SPL distribution function, P(w) « (w + a)~7, usu-
ally the values of w are different for different values of
i, while o remains the same for all the actors. There-
fore, we can regard « as a part of the competition
gain, which is evenly distributed due to a game rule.
We assume that all the systems start to evolve at a
common time. The reason for this will be explained in
Section 4. With this assumption the total competition
gain w + a becomes a function of common evolution
time. Then we can define the normalized evolution-
ary competition gain v; = (w; + a)/(3; (w; + a)) as
the winning probability of the i-th actor. If the i-th
actor gains all the resource at all times, i.e., he al-
ways wins, then v;(¢) = 1. If he always gets nothing,
the v;(t)=0. With a similar consideration, we define
S, =
entropy of the networks, which again denotes the to-

N o .
— Y il vilnw; as the competition information

tal information content needed for a winner predic-
tion. Also v;Inw; is the information content needed
for the i-th winner prediction.

3. Entropy evolution model and

analyses

The only important assumption in our entropy
evolution model is that the increase of the i-th actor
winning probability per time unit is proportional to
the decrease of its competition information entropy
(the information content needed for the i-th winner
prediction) per unit time. This is consistent with
the entropy definition, therefore we believe that it
should be universal at least for a type of cooperation—
competition network. Of course, the assumption must
be verified by comparison with the empirical investiga-
tions, which will be presented in the next section. The
model can then be described by the following equa-

ov; S vilnv; v lnw;
oY _ AT 1
a ¢ (tt5 t ) (1)

where v; denotes the winning probability of the i-th

tion:

actor, ts5 represents a very small positive constant, and

l

—1/v=1

c is a positive proportional constant. We label the
values of v from 1 through N in decreasing order,
ie, 0 >wvy >wvyg >--- >0 > - >wvy >1and

Zfil v; = 1. Solving the equation, we obtain

t—t
In(— Inv;) = tcln< ; 5> + B, 2)
é

where c is a constant relating to ¢/, and B} is a con-
stant depending on ¢. This leads to

c/t
v =BT, 3)

where B; is a constant relating to Bj.  Con-
g lt—ts /0]
?

i - min

sider variable v which locates in |
B lt=ts /)"

7 - max

|, where B; _pmin and B; - max denote the
minimum and the maximum values of B;, respectively.

Letting v; < v, one has

p(vi) = —&D(? =) x Ui_[t/(t_t‘;)](:/té_l =, 7", ()
Ch
where
¢ C/t5
Thus we obtain
v—2R % ot (5)

Equation (5) implies that this evolution model is suit-
able only for real world networks which show NNTW
distributions with ~ values larger than 2. According to
the discussion in Ref. [27] and the references therein,
the rank number 7 also obeys a similar power law dis-
tribution. Based on this relationship and the empirical

conclusion P(v;) oc v; 7, P(v} > v) oc v, 7, we have
P(v Zv):%cxv*V (6)
and
v; oc i~V 07D, (7)

In order to compare the entropy with the normal-
ized v and «, we redefine a normalized competition

—(Zi]\il v;lnv;)/(In N).

From the definition and Egs. (5)—(7), one can obtain

information entropy as Sy, =

Spy = (— Zvilnvi)/(lnN) ~ l_f’

i 7 di —1jam1
TR +1n (/z dz) /I N. (8)
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This leads to

Snv(7) & { NI-1/6—-1) _ 1

and

/(= DIN'"VO DN <N11/(71) - 1> 1/(y—1)

[t/(t+ )N/ () In N

Snv(t) ~ { Nc/(t-‘rc) 1

)}/mN, (9)

I-1/(y=1) ) 1-1/(y-1

n(%) —i}/lnN. (10)

In Ref. [19] we obtain an analytic and empirical conclusion, ¥ = 2 + Na, and by the above-mentioned relation
v~ 2+ ¢/t, we obtain Na ~ ¢/t. From Eq. (10) we have

NNa/(1+Na) In N

SV ~ |

4. Comparison between analytic

and empirical conclusions

In this section we will present a comparison
between the analytic and the empirical conclusions
about the relation between entropy Sy, and evolution
time ¢, as well as the relation between entropy and
NNTW parameters Na and . We have to say that
this job is not easy. Our group investigated 34 real
world cooperation—competition networks.[2%! However,
for 10 of them we were unable to find the data about
NNTW and the data number of another 10 was not
large enough to obtain reliable statistics, so only 14
real world networks could be used for an S,,—y re-
lation comparison.'®19 Among them, we could find
time evolution information only for 10 networks.['8! It
was even worse that only 7 of the 10 networks showed
parameter v values larger than 2['8] and thus could be
used for comparing S,,—t and S,,—Na relations (ac-
tually the Sy,— relation deduction does not relate to
the time evolution). Since it is so hard to find suit-
able systems, we really cannot select the systems to
suit the analytic conclusion even if we wanted to do
so. Therefore the 14 or 7 real world networks may be
considered to be obtained through random selection.
They can serve as representatives of a large number
of cooperation—competition networks. The main in-
formation about the 14 networks is shown in Table
1.

There appears another problem in comparing the
Suv—t relation. Obviously, it is almost impossible to
obtain data about the system evolution at all times.
What are listed in Table 1 are values of the so-called
“system evolution time duration” 7. In most cases,

the cooperation—competition between the actors oc-

(1+ Na)(NNa/(+Na) _ 1) +n

(N

curs right after the birth of the acts; therefore, we
can define the cooperation—competition evolution time
duration as the time duration between the act birth
and the act termination or data collection. We de-
fine the “act birth” as the time when the first actor
joins it, and the “act termination” as the time when
the cooperation task is accomplished and the actors
disband. In the second section, we have assumed that
all the networks start to evolve at a common time. If
we also assume that every system obeys the entropy
evolution model, all the systems progress with a com-
mon time. Different systems show different entropies
and NNTW distribution parameters only due to their
different evolution time durations. The empirically
obtained relation between entropy Sy, and evolution
time duration 7, and the relation between entropy and
NNTW parameters Na and - should approximately
obey Egs. (9)—(11).

1.00q

0.95 1

> 0.90 A
Wy

0.85

0.80 +

0.75 ey
10-7

10~ 1071 102
T/year

Fig. 1. Relations between evolution time duration and
competition information entropy for 7 real world networks.
The wider solid line shows the model analytic conclusion,
Eq. (10). The circles show the empirical data. The thinner

bars show the time duration error ranges of the data.[18l

We emphasize that the
cooperation—competition dynamics will certainly be in

description of the
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a logarithmic time scale because the evolution time
durations of different systems must be very different
and cross many orders of magnitude.

10 . ). 0.8
0.8 1 E
=
13)
0.6 1 4
0.4 4 E

109 101 102 103 104
v

v

Fig. 2. Relations between competition information en-
tropy and NNTW distribution parameter ~ for 14 real
world networks. The solid line shows the model analytic
conclusion, Eq. (9). The crosses show the empirical data.
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Fig. 3. Relations between competition information en-
tropy and NNTW distribution parameter o for 7 real
world networks. The solid line shows the model analytic
conclusion, Eq. (11). The crosses show the empirical data.

Therefore, it is enough to obtain reliable data of
the duration in order of magnitude. In Ref. [18] we
presented the evolution time durations of the 10 sys-
tems and explained how the data were obtained and
why the data were reliable in order of magnitude. As
can be seen in Figs. 1-3, the agreement between ana-
lytic and empirical conclusions is fairly good.

5. Summary and discussion

We proposed two quantities: winning probability
v and competition information entropy Sy,. Based on
the definitions, a micro-dynamic evolution equation
(1) is proposed, which only means that for an actor,
the smaller the competition information entropy be-
comes in the evolution, the larger the winning prob-
ability that he can obtain will be. Since we already
empirically know that the distribution of v probabil-
ity obeys a power law, the macro-dynamic relation
between system entropy Sy, and imaginary evolution
time 7, as well as the relations between S, and com-
petition gain distribution parameters, v and «, can be
analytically deduced. The conclusions then are com-
pared with the empirical results. Although the data
number is small, the comparison still shows a good
agreement. We thus believe that our model is reason-
able at least for some of the cooperation—competition
networks.

Now we can answer the question we asked before:
why do real world networks show such different het-
erogeneities? From Figs. 2 and 3 one can see that Sy,
is monotonically dependent on either v or «. Since
we already know that both v and « describe the het-
erogeneity of the competition gain distribution (the
smaller either v or « is, the larger the heterogene-

15,19]) we obtain a conclusion that Sy, also

ity will bel
monotonically shows the heterogeneity of the compe-
tition gain. This is in agreement with our qualitative
discussion in Section 2. Figure 1 clearly shows the
monotonic decreasing tendency of Sy, as the imagi-
nary time develops. This means that in all the real
world systems discussed in the current study, the het-
erogeneity becomes increasingly large with a univer-
sal dynamics. The competition gains gradually con-
centrate onto increasingly fewer actors. Different real
world networks show very different heterogeneities of
the competition gain distribution only due to the fact
that they are confined in very different evolution time
durations. This is our main finding from the model.
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